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Section 1 
Introduction 

In the early 1970’s, the United States Air Force (USAF) developed a damage tolerance 
philosophy to help eliminate the type of structural failures and cracking problems that had been 
encountered on various military aircraft. Air Force review of structural failures had revealed that 
the safe life philosophy did not protect against designs that were intolerant to defects that could 
be introduced during manufacturing or during in-service use. From the standpoint of flight 
safety, it was found prudent to assume that new airframe structures could contain initial damage  
(e.g. scratches, flaws, burrs, cracks, etc) and that not all cracks would be found during 
inspections of older airframes. Accordingly, a damage tolerance philosophy was formulated 
based on the demonstration of structural safety under the assumption that pre-existing damage 
would be present at critical locations of all structurally significant details. The intent was to 
ensure that the maximum possible initial damage would not grow to a size that would endanger 
flight safety during the service life of the aircraft. Damage tolerance was formally adopted by the 
Air Force as part of the Airplane Structural Integrity Program (ASIP) [MIL-STD-1530, 1972] 
and was implemented originally through MIL-A-83444, Airplane Damage Tolerance 
Requirements. The Air Force now implements damage tolerant design through the recommended 
practices of the Department of Defense Joint Services Specification Guide, JSSG-2006 [1998]. 

The primary purpose of this handbook document is to provide guidelines and state-of-the-art 
analysis methods that should aid engineering personnel in complying with the intent of the 
USAF Airplane Damage Tolerant Guidelines for metallic structures.  A secondary purpose is to 
provide specific background data and justification for the detailed guidelines. The handbook has 
been structured to provide a clear and concise summary of the Damage Tolerant Requirements 
and the supporting data and rationale behind the critical assumptions.  Where appropriate, 
analysis methods, test techniques, and NDI methods are provided with suggested and/or 
recommended practices, limitations, etc. so stated.  In the Handbook, pertinent paragraphs of 
JSSG-2006 will be referenced. 

The remaining subsections of Section 1 provide: 

a) an historical perspective on the evolution of the Air Force approach to structural 
integrity;  

b) an overview of the Air Force Aircraft Structural Integrity Program as implemented 
through MIL-HDBK-1530; 

c) an overview of USAF damage tolerance design guidelines as specified in the Joint 
Service Specification Guide (JSSG-2006); and, 

d) an overview of sustainment in aging aircraft. 

The topics covered in Sections 2 through 11 are given in Table 1.0.1.  Relevant sample problems 
are presented in each Section.  Additional sample problems are included in the Sample Problem 
section of the Handbook.  For the convenience of the user, links to the appropriate USAF 
structural specifications are contained as an Appendix to this handbook.  Any conflict or 
discrepancy in information contained in this handbook and/or the Joint Service Specification 
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Guide is unintentional and in all cases, the governing document is the current version of the 
Guide. 

This new version of the Handbook is presented as a web-based document, allowing easy access 
for all users from any location.  The web page will allow timely updates as new methodologies 
emerge and technologies advance.  Finding information will be easier with the search capabilities 
available in electronic documents.  Hyperlinks are provided for sub-sections, figures, tables, and 
references within the handbook, as well as to other related web sites.  Links are provided to 
websites where referenced papers can be found, software can be downloaded, and additional in-
depth information is provided.  Advantages of this are to give the user the most accurate, up-to-
date information without reprinting the Handbook.   

In addition to the web pages, each Section of the Handbook, as well as the Sample Problems, is 
available as a  file in .pdf format, that can be downloaded and printed. 
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 1.0.3 

Table 1.0.1.  Summary of Sections of Damage Tolerance Design Handbook 

Section Title Description 

2 Fundamentals of 
Damage Tolerance 

Basic elements of the methodology for damage tolerant analysis. 

3 Damage Size 
Considerations 

Appropriate NDI practice, state-of-the-art procedures, 
demonstration programs to qualify NDI, in service NDI practice 
and specific examples illustrating how damage is assumed to 
exist in structures. 

4 Residual Strength Theory, methods, assumptions, material data, test verification, 
and gives examples for estimating the final fracture strength or 
crack arrest potential of cracked structures. 

5 Analysis of 
Damage Growth 

Current practice for estimating the rate of crack growth as a 
function of time, cyclic and sustained load occurrence; gives 
examples indicating limitations of methods, use of material data 
and suggested testing to support predictions and establish 
confidence. 

6 Example Damage 
Tolerance Analyses 

Detailed analysis of typical structural examples illustrating 
methodology and assumptions required. 

7 Damage Tolerance 
Testing 

Methods and recommended tests to verify methods, full-scale 
testing to verify residual strength and slow crack growth rates. 

8 Force Management/ 
Sustainment 
Engineering 

Force structural maintenance (FSM) planning and methods 
available to account for usage variations for individual aircraft 
based on a crack growth model. 

9 Structural Repairs Factors that should be considered when designing a repair, in 
order to ensure that the basic damage tolerance present in the 
original structure is not degraded by the repair. 

10 Guidelines for 
Damage Tolerant 
Design and 
Fracture Control 
Planning 

Methods and procedures for development and implementation of 
a damage tolerance control plan as required in MIL-HDBK-
1530. 

11 Summary of Stress 
Intensity Factor 
Information 

Stress intensity factors 

 



1.1 Historical Perspective on Structural Integrity in the USAF 
The current design philosophy of U.S. Air Force aircraft has come about through a long series of 
evolutionary advances.  Each advance followed the identification of a problem area that the then-
current design criteria did not envision or comprehend.  The changes in design philosophy also 
followed the advances in materials usage, from wood and fabric of the Wright Brothers era, to 
the all-metal (predominately aluminum) aircraft of World War II. 

The early fabric-covered aircraft from the Wright Brothers era used spans, ribs and bulkheads of 
wood and laminated wood for the main load-carrying structural members.  Professor Nicholas 
Hoff [1955] documented the fact that “the Wright Brothers performed a stress analysis of their first 
power machine and conducted static tests far in excess of the load that is required of it in flight.” 

This systematic, strength-based approach so dominated the early design methodology that it was 
used as the primary method for the next 50 years.  Of special interest from a materials viewpoint, 
the selection of wood as the main structural material was based on technology of the day.  Wood 
also has a very high fatigue strength compared to its tensile strength and is remarkably 
insensitive to notches. 

With the continual development of higher performance aircraft, both in speed and maneuvering 
capabilities, through the twenties and early thirties, it was clear that the fabric-skinned aircraft 
were out of their element.  This ushered in the age of aluminum as the primary aircraft structural 
material.  The early aluminum aircraft fared well from a structural standpoint, due in part to 
designer’s conservative nature associated with using a new material.  The yeoman work done by 
the C-47 in WWII (military designation for the DC-3) attests to the success of the Wright’s 
concept of strength-based design methods. 

After WWII, the first major new Air Force aircraft design was the all-jet-powered B-47.  This 
was a swept-wing, medium-range, strategic bomber which, in the 1950s, was a lynchpin in the 
post-WWII “Cold War” strategy of “massive nuclear retaliation.”  Aircraft production of the 
three models totaled 2,041 by three different manufacturers:  Boeing, Douglas, and Lockheed 
[Negaard, 1980].  No aircraft usage life was predicted for the B-47, although the calendar phase-
out was set for 1965.   

The growth in aircraft gross weight and engine thrust are documented from the various models in 
Table 1.1.1.  Many performance-oriented changes required structural strengthening and 
equipment changes, as well as additional fuel capacity to increase the range.  The original B-47 
was designed as a high-altitude bomber.  However, in the last half of 1957, the Strategic Air 
Command, with Air Proving Ground approval, began using the bomber extensively at low 
altitudes.  One of the low-level missions included a “structure-wrenching” low-altitude bombing 
system maneuver (LABS) for delivery of nuclear weapons [Patchin, 1959].  It was also called a 
toss-bomb maneuver and incorporated a strenuous “pop-up” bombing run.  The mission training 
was typically performed at altitudes under 1000 feet, which added increased load excursions due 
to atmospheric turbulence, coupled with the increased refueling requirements and the unique 
load cycles imposed by that maneuver.  The B-47 fleet had markedly changed the expected 
loading spectrum. 
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Table 1.1.1.  B-47 Aircraft Production Models 

Model Gross Weight 
(Lbs.) 

Thrust per Engine 
(Lbs.) 

Thrust 
Growth Versions 

B-47A 125,000 4,000 5,200 
B-47B 185,000 5,800 5,800 
B-47E 206,700 6,000  

Complicating Issues:  water injection takeoffs, 17% increase in takeoff power 
 JATO rocket-assisted takeoff mechanisms 
 “LAB” Maneuvers (Toss bomb arc) 

 

The history of the Air Force Structural Integrity Program (ASIP) started with the B-47.  
Fortunately, the AF Flight Dynamics Laboratory (now AFRL/VA) documented these beginnings 
through an Aeronautical Structures IAC report compiled by Gordon Negaard [1980].  Much of  
this historical synopsis was gleaned from that report. 

On March 13, 1958, two B-47Bs broke up in flight in separate incidents.  The first was a B-47B, 
which disintegrated at 15,000 feet with the initial failure occurring on the lower wing skin at Butt 
Line 45 – the aircraft had 2,070 hours.  The second aircraft, a TB-47B, was at 23,000 feet when 
the lower wing skin failed at Butt Line 35 – this aircraft had 2,418 hours total flight time. 

The investigations on these accidents were still underway when three more in-flight accidents 
occurred.  A B-47E disintegrated in midair with only 1,129 hours, another B-47E exploded at 
13,000 feet with only 1,265 hours, and yet another B-47E failed shortly after takeoff with a total 
aircraft flight time of 1,419 hours. 

The immensity of the problem with the B-47 fleet caused massive infusion of personnel and 
funding to uncover the origins of fatigue failures and prepare and apply “fixes” for them.  
Technologies had to be developed to define the loads environment that the aircraft saw:  number 
of takeoffs, landings, high-“g” pullups, rolling pullups, low-attitude maneuvers, and 
gust/turbulent weather loading. 

A test spectrum of the applied loads had to be devised which matched the actual usage as closely as 
possible.  The decision was made to run three concurrent fatigue test programs at Boeing Wichita, 
Douglas Tulsa, and at the NACA laboratory in Langley, Virginia.  After about one month of 
testing, the Boeing test aircraft failed both fuselage upper longerons at Station 508 – one month 
later, the same fate occurred in the Douglas test aircraft. 

Both the Boeing and Douglas test aircraft were repaired with improved longerons that had an 
additional reinforcement.  Subsequently, lower wing failures occurred in all three aircraft and were 
repaired, then major fuselage cracking occurred and the cyclic testing stopped in February 1959. 

The B-47 fatigue testing program accomplished a great deal towards identifying the problems 
associated with using a strength-based design criteria.  It identified a series of very critical design 
areas on the B-47 which had to be repaired before release of the aircraft for full flight.  It also 
served as a keystone for the fledgling Aircraft Structural Integrity Program (ASIP).  This program 
was also aided by a policy directive by General Curtis LeMay, Air Force Vice Chief of Staff, 
which cut through the “red tape”.  This directive emphasized the importance of the structural 
integrity program and called for the complete and active support and cooperation of all Air Force 
elements [Negaard, 1980]. 
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Throughout all the testing was an underlying learning experience for the Air Force structural 
engineers.  A technical memorandum, WCLS-TM-58-4 [1958], set the baseline design 
requirements for fatigue life, expressed in flight hours and landings, for all Air Force aircraft that 
the program was to cover.  A follow-on document to this memo entitled “ARDC-AMC Program 
Requirements for the Structural Integrity Program for High Performance Aircraft” dated 15 
February 1959, delineated the breakout of responsibilities of eleven sub-program areas: 

• Static test 
• Flight load summary 
• Fatigue test 
• Low-altitude gust environment 
• Mission profile data 
• Interim service load 
• VGH life history recording 
• Eight-channel service load recording 
• Sonic fatigue 
• High-temperature structure 
• Design criteria 

General Curtis LeMay formally approved this joint command document and directed its 
“implementation on a priority basis.” [Negaard, 1980]. 

The next several years saw minor changes in the basic ASIP document, but a major increase of 
supporting specifications were published to aid in the implementation.  These included the 
Military Specification 8800 series of specifications that sought to clarify and document all 
aspects of the original ASIP guidelines.  Table 1.1.2 lists the specifications of the MIL SPEC 
8800 series that are most pertinent to the Damage Tolerance Design Handbook.  Most were 
released 18 May 1960. 
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Table 1.1.2.  Pertinent 8800 Series Specifications of 1960 

Spec No. Title 
MIL-A-8860 Airplane Strength and Rigidity  

General Specification for 
MIL-A-8861 Airplane Strength and Rigidity 

Flight Loads 
MIL-A-8862 Airplane Strength and Rigidity 

 Landing and Ground Handling Loads 
MIL-A-8863 Airplane Strength and Rigidity 

Additional Loads for Carrier-Based Landplanes 
MIL-A-8865 Airplane Strength and Rigidity 

Miscellaneous Loads 
MIL-A-8866 Airplane Strength and Rigidity 

Reliability Requirements, Repeated Loads, and Fatigue 
MIL-A-8867 Airplane Strength and Rigidity 

Ground Tests 
MIL-A-8868 Airplane Strength and Rigidity 

Data and Reports 
MIL-A-8869 Airplane Strength and Rigidity 

Special Weapons Effects 
MIL-A-8870 Airplane Strength and Rigidity 

Vibration, Flutter, and Divergence 
MIL-A-8871 
(8 Oct. 1968) 

Airplane Strength and Rigidity 
Flight and Ground Operations Tests 

 

Even with the added attention on fatigue design issues, the learning process had many 
hesitations.  During the full-scale fatigue test of the F-105D at Wright Field, the main wing 
carry-through frame at fuselage station (F.S.) 442 failed at less than 20% of one lifetime 
[Brammer, 1963].  After review of the data and the load spectrum, a replacement fuselage with 
specially-machined attachment lugs to reduce the stress concentration was inserted and the 
testing continued with a much-reduced load spectrum.  This frame subsequently failed at 4653 
flight hours, or 116% of one lifetime (the testing requirement was for four lifetimes.)  A much 
beefier, five-piece frame was then inserted into the test fuselage and the testing resumed.  The 
finalizing structural failure was a crack that initiated in the turtledeck on the upper fuselage and 
fractured down to the lower longerons.  It was an ignominious end to a troubled test series. 

In contrast, full-scale fatigue testing on the F-104G/MAP aircraft [Boensch, 1964] went through 
the entire four-lifetime test program with no major cracking observed (1963-1964).  Following a 
fifth lifetime of 100% lateral gust loading, the airframe was cycled to 100% of the subsonic pull-
up maneuver at 5 g’s for an additional 775 cycles, at which time a catastrophic failure of the left 
wing occurred.  The conclusions from the test were that the F-104G/MAP aircraft had adequate 
fatigue life without modification based on the usage spectrum tested. 
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On 12 June 1969, the definitive establishment document from ASIP occurred with the publication 
of Air Force Regulation 80-13.  This document contained all the technical aspects of the ASIP 
programs, added a Phase VI on inspections, and assigned ASIP responsibilities to Headquarters 
USAF, Air Force Systems Command, Air Force Logistics Council and the using commands.  It 
also included the implementation authority for the program. 

On December 22, 1969, a catastrophic accident occurred when an F-111 lost a wing while on a 
training flight.  Both pilots were killed and evidence pointed to the conclusion that they never 
had a chance to eject.  The failure was found to originate at the lower wing pivot plate of this 
swing-wing fighter/bomber.  The origin, shown in Figure 1.1.1 [Rudd, et al., 1979], occurred at a 
forging lap incorporated during the primary metal-working operation.  Because of the proximity 
to a vertical reinforcement rib, it was not discovered in any of the production-level inspections. 
 

 
Figure 1.1.1.  Origin of the F-111 Wing Defect [Rudd, et al., 1979] 

This accident brought about the largest single material investigation ever, focused on D6AC 
steel.  In addition to the database formed, a concept for releasing the aircraft for flight was based 
on a cold-proof test along with state-of-the-art NDI. 

A Scientific Advisory Board assembled for the F-111 investigation subsequently recommended 
that a damage-tolerant design methodology be used for all future weapons systems.  In September 
1972, these new design concepts were incorporated into an ASIP document, MIL-STD-1530, 
Aircraft Structural Integrity Program, Airplane Requirements.  MIL-STD-1530 incorporated all 
the applicable prior documents and also instituted the requirement that each aircraft system have 
an ASIP force structural maintenance master plan that identifies inspection and modification 
requirements and estimates the economic life of the airframe.  This version of the ASIP document 
was also the most specific; it called out the Service Life Requirements clearly, as shown in Table 
1.1.3.  
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Table 1.1.3.  Service Life Requirements from MIL-STD-1530 [1972] 
 Years of 

Service 
Flight 
Hours 

Number 
of Flights Landings(1) Fuselage 

Pressurization
Fighter      
   Air Superiority      
       Long-Range 15 8,000 6,000 8,000 8,000 
       Short-Range 15 6,000 8,000 10,000 8,000 
   Ground Attack 15 8,000 8,000 10,000 8,000 
Bomber 25 15,000 3,000 5,000 5,000 
Tanker 25 20,000 5,000 7,500 7,500 
Cargo(2)      
   Medium and Heavy 25 50,000 12,500 25,000 15,000 
   Assault 25 15,000 12,500 20,000 15,000 
   Utility 25 25,000 15,000 20,000 20,000 
AEW&C(3) 20 40,000 4,000 8,000 6,000 
Trainer      
   Primary 25 15,000 15,000 40,000 15,000 
   Navigational 25 25,000 6,000 10,000 7,500 

This table constitutes minimum structural design criteria and should not be used to interpret operational use (such as hours  
per flight) 
(1)Full stop landings are assumed equivalent to the number of flights.  Remainder are touch and goes 
(2)Includes STOL & VTOL 
(3)Includes command post systems 

 
This was a period of rapid growth in both technical concepts for materials understanding and the 
development of methodologies for implementing the ASIP program. The Military Specification, 
Airplane Damage Tolerance Requirements, MIL-A-83444 (USAF), was issued in July, 1974 and 
presented detailed damage tolerance requirements as a function of design concept and degree of 
inspectability.  In 1975, MIL-STD-1530A was issued to update and revise the process.  The 
fatigue and fracture control plan of MIL-STD-1530 was replaced by the damage tolerance control 
plan of MIL-A-83444 and a durability control plan. An added section on chemical/thermal 
environment required contractors to also include these concerns in their design.  After the 
publication of MIL-STD-1530A, AF Reg. 80-13 was updated.  Since the technical responsibilities 
were now expressed in MIL-STD-1530A, Reg. 80-13 concentrated on the overall policy and 
responsibilities of the appropriate commands with respect to establishing, implementing, and 
utilizing the ASIP programs.  

In February 1985, the ASIP requirements of MIL-A-83444 were revised in format and updated in 
content in MIL-A-87221 (USAF), General Specifications for Aircraft Structures. MIL-A-87221 
was directed at specific design requirements for aircraft systems and presented guidance for 
demonstrating that the requirements were met. MIL-A-87221 (USAF) was superseded in June 
1990 by AFGS-87221A in which the same format for requirements and verification guidelines 
were retained. 

As part of the overall government acquisition reform initiative, the ASIP requirements were 
interpreted as ASIP guidelines with the issuance in November 1996 of MIL-HDBK-1530, 
“General Guidelines for Aircraft Structural Integrity Program.”  Further, the latest version of the 
structural requirements and verification guidelines were stated in the Department of Defense 
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Joint Service Specification Guide: Aircraft Structures, JSSG-2006. This guide is intended for all 
DoD departments and agencies and is predicated on a performance-based, business-environment 
approach to product development. JSSG-2006 was first released 30 October 1998 and is an 
evolving document. 

In this Damage Tolerance Design Handbook, specific references to design requirements and 
verification guidance are from JSSG-2006 [1998]. 

 



1.2 Overview of MIL-HDBK-1530 ASIP Guidance  
Overall guidance for the Aircraft Structural Integrity Program (ASIP) is contained in MIL-
HDBK-1530. This program for ensuring the structural integrity of an aircraft system throughout 
its design life is based on the damage tolerance philosophy and provides a series of time related 
tasks from initial design through the operational life of a fleet. According to Lincoln [2000], 
“The introduction of damage tolerance principles by the USAF in their structural inspection 
program in the early seventies virtually eliminated fatigue as a safety issue in their aircraft.” 

The objectives of ASIP are to: 

a) Establish, evaluate, and substantiate the structural integrity (airframe strength, rigidity, 
damage tolerance, and durability) of the airplane. 

b) Acquire, evaluate, and utilize operational usage data to provide a continual assessment of 
the in-service integrity of individual airplanes. 

c) Provide a basis for determining logistics and force planning requirements (maintenance, 
inspections, supplies, rotation of airplanes, system phase-out, and future force structure). 

d) Provide a basis to improve structural criteria and methods of design, evaluation, and 
substantiation of future systems. 

These objectives are met through five time-phased tasks that cover the structural design, 
development, and management of an aircraft structure. The ASIP tasks with major elements are 
presented in Table 1.2.1 from MIL-HDBK-1530. The first three tasks are concerned with the 
development of the ASIP Master Plan for the structure and the design information, design 
analyses, development tests, and full scale tests. The last two tasks list the recommended 
procedures for ensuring damage tolerance and durability of individual aircraft during fleet 
operations of the weapon system. These latter tasks are defined as force management and are an 
integral part of the ASIP Master Plan. 

The Force Structural Maintenance Plan of Task IV of ASIP is the basis for the estimation of the 
maintenance costs that the fleet will incur during the period of its design service life. The timing 
of maintenance actions is based on predicted crack growth in the design load and environmental 
stress spectrum.  Deviations due to individual aircraft usage are accounted for by the tracking 
program of Task V. However, as an aircraft ages, the force structural maintenance plan may have 
to be modified due to unanticipated usage, widespread fatigue cracking, corrosion, or accidental 
damage. Inspection schedules may also require changes due to extending airframe life beyond 
initial life goals. 

The process of maintaining aging aircraft in an operational state is known as sustainment. This 
topic is addressed in Subsection 1.4. 
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Table 1.2.1.  ASIP Tasks from MIL-HDBK-1530 

Task I Task II Task III Task IV Task V 
Design 

Information 
Design Analysis 
and Development 

Tests 

Full Scale 
Testing 

Force Management 
Data Package 

Force Management 

ASIP Master 
Plan 

Structural 
Design 
Criteria 

Damage 
Tolerance & 
Durability 
Control 
Process 

Selection of 
Materials, 
Processes & 
Joining 
Methods 

Design 
Service Goal 
and Design 
Usage  

Mass 
Properties 

Material & Joint 
Allowables 

Load Analysis 

Design Service 

Loads Spectra 
Design 

Chemical/Thermal 
Environment 
Spectra 

Stress Analysis 

Damage Tolerance 
Analysis 

Durability Analysis 

Aeroacoustics 
Analysis 

Vibration Analysis 

Flutter Analysis 

Nuclear Weapons 
Effects Analysis 

Non- Nuclear 
Weapons Effects 
Analysis 

Design 
Development Tests 

Mass Properties 
Analysis 

Static Tests 

Durability 
Tests 

Damage 
Tolerance 
Tests 

Flight & 
Ground 
Operations 
Tests 

Aeroacoustic 
Tests 

Flight 
Vibration Tests 

Flutter Tests 

Interpretation 
& Evaluation 
of Test Results 

Weight & 
Balance 
Testing 

Final Analyses 

Strength Summary 

Force Structural 
Maintenance Plan 

Loads/Environment 
Spectra Survey 

Individual Aircraft 
Tracking Program 

 

Loads/Environment 
Spectra Survey 

Individual Aircraft 
Tracking  Data 

Individual Aircraft 
Maintenance Times 

Structural 
Maintenance 
Records 

Weight and 
Balance Records 

 



1.3 Summary of Damage Tolerance Design Guidelines 
USAF damage tolerance design guidelines are specified in Joint Service Specification Guide 
JSSG-2006 [1998].  The guidelines apply to all safety of flight structure, i.e., structure whose 
failure could cause direct loss of the aircraft, or whose failure, if it remained undetected, could 
result in the loss of aircraft.  The guidelines stipulate that damage is assumed to exist in each 
element of new structure in a conservative fashion i.e., critical orientation with respect to stress 
field and in a region of highest stress.  The structure must successfully contain the growth of the 
initial assumed damage for a specified period of service, and must maintain a minimum level of 
residual static strength both during and at the end of this period. 

1.3.1 Summary of Guidelines 
The damage tolerance design guidelines are illustrated in Figure 1.3.1 in a diagrammatic form.  
Since residual static strength generally decreases with increased damage size, the residual 
strength and growth guidelines are coupled through the maximum allowable damage size, i.e. the 
damage size growth limit established by the minimum-required residual strength load.  The safe 
growth period (period of unrepaired service usage) is coupled to either the design life 
requirement for the air vehicle or to the scheduled in-service inspection intervals.  While the 
specific guidelines of JSSG-2006 may seem more complex than described in Figure 1.3.1, all 
essential elements are as illustrated.  The remainder of Section 1.3 will describe these individual 
elements. 

A structure can be qualified under one of two categories of defined damage, either Slow Crack 
Growth or Fail Safe.  In the Slow Crack Growth category, structures are designed such that 
initial damage will grow at a stable, slow rate under service environment and not achieve a size 
large enough to cause rapid unstable propagation. In the Fail Safe category, structures are 
designed such that propagating damage is safely contained after failing a major load path by load 
shift to adjacent intact elements or by other damage arrestment features. 
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Figure 1.3.1.  Residual Strength and Damage Growth Guidelines 

In Slow Crack Growth qualified structure, damage tolerance (and thus safety) is assured only by 
the maintenance of a slow rate of growth of damage, a residual strength capacity and the 
assurance that sub-critical damage will either be detected at the depot or will not reach unstable 
dimensions within several design life times.   

In Fail Safe qualified structure, damage tolerance (and thus safety) is assured by the allowance of 
partial structural failure, the ability to detect this failure prior to total loss of the structure, the 
ability to operate safely with the partial failure prior to inspection, and the maintenance of 
specified static residual strength through this period.  Section 1.3.2 discusses the design 
categories. 

Each structure must qualify within one of the designated categories of in-service inspectability 
(referred to as “The Degree of Inspectability” in JSSG-2006), including the option to designate 
Slow Crack Growth qualified structure as “in-service non-inspectable.”  The various degrees of 
inspectability refer to methods, equipment, and other techniques for conducting in-service 
inspections as well as accessibility and the location of the inspection (i.e., field or depot).  These 
degrees of inspectability are discussed in Section 1.3.3. 

The selection of the most appropriate damage tolerance category under which to qualify the 
structure is the choice of the designer/analyst.  The choice of degree of in-service inspectability 
is somewhat limited, however, to those described in JSSG-2006.  The inspection guidelines have 
been developed based upon past and present experiences and are felt to be reasonable estimates 
of future practice. 
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The intent of the guideline is to provide for at-least design limit load residual strength capability 
for all intact structure, i.e., for sub-critical damage sizes in slow crack growth structure and 
damage sizes less than a failed load path in fail safe qualified designs.  This requirement allows 
for full limit load design capability and thus unrestricted aircraft usage.  The imposition of the 
requirement constrains structure qualified as Slow Crack Growth to either depot level inspectable 
or in-service non-inspectable. 

As described in Section 1.3.2, fail safe structure must meet both the intact structure and 
remaining structure guidelines.  Slow crack growth structure will meet either the depot level 
inspectable or the non-inspectable structure guidelines.  For each structure, evaluation of the 
following parameters is required: 

• Design Category  

• Degree of In-Service Inspectability 

• Inspection Intervals  

• Initial Damage, In-Service Damage and Continuing Damage Assumptions 

• Minimum Required Residual Strength  

• Damage Size Growth Limits  

• Period of Unrepaired Service Usage  

• Remaining Structure Damage Sizes  

Each of these are described in the following sections, and Section 1.3.7 shows several examples. 

1.3.2 Design Category 
As specified in JSSG-2006 paragraph 3.12, all safety of flight structure must be categorized as 
either Slow Crack Growth or Fail Safe.  

Slow Crack Growth structure consists of those design concepts where flaws or defects are not 
allowed to attain the critical size required for unstable rapid crack propagation.  Safety is assured 
through slow crack growth for specified periods of usage depending upon the degree of 
inspectability.  The strength of slow crack growth structure with sub-critical damage present 
shall not be degraded below a specified limit for the period of unrepaired service usage. 

Fail Safe structure is designed and fabricated such that unstable rapid propagation will be 
stopped within a continuous area of the structure prior to complete failure.  Safety is assured 
through slow crack growth of the remaining structure and detection of the damage at subsequent 
inspections.  Strength of the remaining undamaged structure will not be degraded below a 
specified level for the period of unrepaired service usage. 

In the development of the guidelines, it was recognized that multiple load path and crack arrest 
type structure have inherent potential for tolerating damage by virtue of geometric design 
features.  On the other hand, it is not always possible to avoid primary structure with only one 
major load path, and therefore some provisions are necessary to ensure that these situations can 
be designed to be damage tolerant.  It is the intent of the guidelines to encourage the exploration 
of the potentials for damage tolerance in each type of structure.  Single load path or monolithic 
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structures must rely on the slow rate of growth of damage for safety and thus, the design stress 
level and material selection become the controlling factors. 

Single load path “monolithic” structures must be qualified as Slow Crack Growth.  However, the 
guidelines allow flexibility for qualification of multiple load path cases.  The decision may be 
made to qualify multiple load path structure as Slow Crack Growth, instead of Fail Safe, if 
sufficient performance and life cycle costs advantages are identified to offset the burdens of the 
inspectability levels for Fail Safe structure.  Therefore, the method of construction may not agree 
with the design category selected, i.e. all multiple load path structure is not Fail Safe.  When 
deciding on the design category option, the most important factor to consider is that once a 
design category is chosen, the structure must meet all the guidelines in the guidelines that cover 
that category. 

The mere fact that a structure has alternate load paths (local redundancy) in some locations does 
not necessarily qualify it as Fail Safe.  Examples are helpful in illustrating this point.  Examples 
1.3.1 and 1.3.2 illustrate the fact that a structure is often locally redundant (usually good design 
practice), but in an overall sense may have some restriction such that one is not able to take 
advantage of the localized redundancy in order to qualify the structure as Fail Safe. 

Considerable judgment is required for the selection of potential initial damage locations for the 
assessment of damage growth patterns and the selection of major load paths.  The qualification 
as Fail Safe is thus a complex procedure entailing judgment and analysis.  Because of this, the 
choice is often made to qualify the design as Slow Crack Growth regardless of the type of 
construction.  As stated in JSSG-2006 A3.12.2.3 Requirement Lessons Learned "There are 
currently no aircraft in the Air Force inventory which have been qualified as fail-safe crack arrest 
structure under Air Force criteria". 
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EXAMPLE 1.3.1 Identifying Non-Redundant Structure – Lug Example of Slow Crack 
Growth Structure 

The lug fitting illustrated here has multiple lug ends at the pinned connection.  Failure or partial 
failure of one of the lugs (A) would allow the load to be redistributed to the remaining sound 
structure.  Localized redundancy is often beneficial, and in this case is good design practice.  
However, the fitting cannot be qualified as Fail Safe Multiple Load Path structure since the 
occurrence and growth of damage at a typical location (B) would render the structure 
inoperative.  The only means of protecting the safety of this structural element would be to 
qualify it as Slow Crack Growth. 
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EXAMPLE 1.3.2  Choice Options for Redundant Structure – Wing Box Example 

As shown here, a wing box is attached to the fuselage carry through structure by multiple 
fittings.  The upper and lower skin is one piece for manufacturing and cost reduction.  The 
substructure consists of multiple spars spaced to attach to the individual attachment fittings.  A 
case could be made to qualify this structure as Fail Safe Multiple Load Path.  Depending upon 
the amount of bending carried by the spars, it would be possible to design the structure such that 
damage in the skin would be arrested at a spar prior to becoming critical.  The design might also 
tolerate failure of one spar cap and a portion of the skin, prior to catastrophic failure.  The 
attachment system could be designed to satisfy Fail Safe guidelines with one fitting failed. 

On the other hand, if the skin was the major bending member with a design stress of sufficient 
magnitude to result in a relatively short critical crack length, then the skin and spar structure 
could only be qualified as Slow Crack Growth structure. 
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1.3.3 Inspection Categories and Inspection Intervals 

For each individual aircraft system, the Air Force is obligated to specify the planned major depot 
and base level inspection intervals to be used in the design of the aircraft.  Typically, these 
intervals will be approximately 1/4 of the design service life.  The types and extent of inspection 
(i.e., equipment, accessibility, necessity for part removal, etc.) required at each of these major 
inspections is dependent upon the specific aircraft design and modifications resulting from 
development and full-scale tests or service experience.  The Air Force wants its contractors to 
design a damage tolerant structure that will minimize the need for extensive non-destructive 
depot or base level inspections.  Primary emphasis should therefore be placed on obtaining 
designs for which significant damage sizes can readily be found by visual inspection.  However, 
where periodic inspections are required to satisfy the damage tolerance guidelines, the contractor 
must recognize that the USAF will probably conduct the inspections.  The in-service damage 
sizes associated with the inspection categories of JSSG-2006 paragraph 3.12 reflect the estimated 
capability of the Air Force to find damage. 

Guidelines for degree of inspectability are contained in JSSG-2006 paragraph 6.1.15.  The 
degree of inspectability of safety of flight structure is established in accordance with the 
following definitions: 

• In-flight evident inspectable - If the nature and extent of damage occurring in flight will 
result directly in characteristics which make the flight crew immediately and unmistakably 
aware that significant damage has occurred and that the mission should not be continued. 

• Ground evident inspectable - If the nature and extent of damage will be readily and 
unmistakably obvious to ground personnel without specifically inspecting the structure 
for damage. 

• Walkaround inspectable - If the nature and extent of damage is unlikely to be overlooked 
by personnel conducting a visual inspection of the structure.  This inspection normally 
shall be a visual look at the exterior of the structure from ground level without removal of 
access panels or doors without special inspection aids. 

• Special visual inspectable - If the nature and extent of damage is unlikely to be overlooked 
by personnel conducting a detailed visual inspection of the aircraft for the purpose of 
finding damaged structure.  The procedures may include removal of access panels and 
doors, and may permit simple visual aids such as mirrors and magnifying glasses.  Removal 
of paint, sealant, etc. and use of NDI techniques such as penetrant, X-ray, etc., are not 
part of a special visual inspection. 

• Depot or base level inspectable - If the nature and extent of damage will be detected 
utilizing one or more selected nondestructive inspection procedures.  The inspection 
procedures may include NDI techniques such as penetrant, X-ray, ultrasonic, etc.  
Accessibility considerations may include removal of those components designed for removal. 

• In-service non-inspectable structure - If either damage size or accessibility preclude 
detection during one or more of the above inspections. 

The specified frequency of inspections for each of the inspectability levels is indicated in Table 
1.3.1 and is based on estimates of typical inspection intervals.  As previously mentioned, the 
typical depot or base level frequency is once every one quarter of the design lifetime but may be 
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otherwise specified in the appropriate contractual document.  Special visual inspection requires 
Air Force approval before being considered as a design constraint but, if approved, shall not be 
required more frequently than once per year.  The justification for this restriction is cost and 
maintenance schedule guidelines. 

Table 1.3.1.  Summary of In-Service Inspections from JSSG-2006 Appendix Table X 

Degree of Inspectability Typical Inspection Interval 
In-Flight evident inspectable One flight* 

Ground evident inspectable One day (two flights)* 
Walk-around inspectable Ten flights* 
Special visual inspectable One year 
Depot or base level inspection ¼ Design service lifetime 
In-Service non-inspectable structure One design service lifetime 

 * Most damaging mission 

The design of some aircraft components for intermediate special visual inspections, typically 
once per year, may be advantageous from a performance or cost standpoint and may be used by 
the contractor in satisfying the guidelines.  Normally, special visual inspections will not be 
specified by the Air Force in the design and development stage but may be dictated, subsequent 
to design, by the results of testing or service experience. 

The assumed Air Force depot or base level inspection capabilities depend on the type of 
inspection performed.  In special cases where potential benefits justify it, the contractor may 
recommend to the Air Force that specific components be removed from the aircraft and inspected 
during scheduled depot or base level inspections.  If approval is given, the recommendations may 
be incorporated during design.  In these cases, the assumed initial damage sizes subsequent to the 
inspection shall be the same as those in the original design providing the same inspection 
procedures are used and certified inspection personnel perform the inspection. 

Conventional NDI procedures such as X-ray, penetrant, magnetic particle, ultrasonic, and eddy 
current are generally available for depot or base level inspections.  Such inspection procedures 
will be performed as dictated by the specific aircraft design inspection guidelines, or as modified 
because of subsequent tests and service experience.  In establishing the design inspection 
guidelines, the contractor should attempt to minimize the need for such NDI, and should not plan 
on nor design for general fastener pulling inspections. 

1.3.4 Initial Damage Assumptions 
To insure that the airframe will have adequate residual strength capability throughout its service 
life, initial flaws are assumed to exist in the structure.  The airframe should have adequate 
residual strength in the presence of flaws for specified periods of service usage.  These flaws are 
assumed to exist initially in the structure as a result of material and structure manufacturing and 
processing. 

JSSG-2006 paragraph A3.12.1 assumes that any fastener hole in the structure can be marginal 
and can have an initial damage equivalent to a 0.005 inch radius corner flaw.  Thus, the 
guidelines requires assuming that this flaw exists at each fastener hole within the structure at the 
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time of manufacture.  Since the 0.005 inch size is based on limited data, the contractor may 
provide data representing his own manufacturing quality and negotiate with the Air Force for a 
smaller size of the apparent initial flaw to represent marginal hole quality. 

The most critical location for the initial flaw should be determined by reviewing all elements of 
the structure and considering features such as edges, fillets, holes, and other high stressed areas. 

1.3.4.1 Intact Structure Primary Damage Assumption 

The basic premise in arriving at the initial damage sizes is the assumption that the as-fabricated 
structure contains flaws of a size just smaller than the maximum undetectable flaw size found 
with the NDI procedures used on the production line.  These flaw size shapes which are intended 
to be covered by the initial flaw size assumptions include radial tears, drilling burrs, and rifle 
marks at fastener holes as well as forging defects, welding defects, heat treatment cracks, 
forming cracks, and machining damage at locations other than fastener holes. 

Table 1.3.2 and Figure 1.3.2 summarize the initial damage assumptions as specified in JSSG-
2006 paragraph A3.12.1 and Table XXX.  For slow crack growth and fail safe primary element 
structure, the assumed initial flaw at holes and cutouts is a 0.05 inch through the thickness flaw 
at one side of the hole if the material thickness is equal to or less than 0.05 inch.  For thicker 
materials (> 0.05 inch), the assumed initial flaw is a 0.05 inch radius corner flaw. 

At locations other than holes, the assumed initial flaw is a semi-circular surface flaw with a 
length of 0.25 inch and depth of 0.125 inch, or, for material thickness less than 0.125 inch, a 
through thickness flaw of 0.25 inch length. 

These assumptions - relative to the size, shape and location - were based on a review of existing 
NDI data.  The crack length values given in Figure 1.3.2 and Table 1.3.2 were selected as most 
appropriate for the types of cracks considered and for the two design categories. 

Table 1.3.2.  Initial Flaw Assumptions for Metallic Structure, JSSG-2006 Appendix Table XXX 

Category Critical Detail Initial Flaw Assumption* 
Hole, Cutouts, 

etc. 
For t ≤ 0.05”, 0.05” through thickness flaw 
For t > 0.05”, 0.05” radial corner flaw 

Other For t ≤ 0.125”, 0.25” through thickness flaw 
For t > 0.125”, 0.125” deep x 0.25” long 
surface flaw 

Slow crack growth 
and Fail Safe primary 
element 

Welds, embedded 
defects 

TBD 

* - Flaw is oritented in the most critical direction 
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Figure 1.3.2.  Summary of Initial-Flaw Assumption for Intact Structure 

The Slow Crack Growth initial damage sizes are based on NDI probability of detection (POD) 
data (90 percent probability of detection with 95 percent confidence).  The 0.050 inch crack size 
for holes and cutouts is based on POD data obtained in the lab using eddy current inspection with 
fastener removed.  The surface flaw size, 0.250 inch long by 0.125 inch deep, was obtained from 
Air Force sponsored inspection reliability programs where several techniques were used 
including ultrasonic, dye penetrant and magnetic particle.  In these programs, most techniques 
were found to be sensitive to both surface length and flaw depth and thus the NDI capability 
must be judged in terms of the flaw shape rather than simply surface length or crack depth. 

1.3.4.2 Continuing Damage 

In applying JSSG-2006 paragraph 3.12 to a built-up structure, it is noted that cyclic growth 
behavior of primary damage may be influenced by the geometry of the structure or the 
arrangement of the elements.  In order to provide an orderly and progressive path for the crack 
that eventually causes the structure to fail, the continuing damage assumptions were 
incorporated.  There are three cases where the continuing damage assumptions are made in order 
to keep the crack moving; these cases are described with examples. 

Figure 1.3.3 describes a skin-stringer construction where equivalent initial (primary) damage is 
assumed to exist in both elements of the hole marked A.  According to JSSG-2006 paragraph 
A3.12.1, all other holes are secondary cracking sites (marked B) and contain the small 
imperfections equivalent to the 0.005 inch radius corner flaw.  As the primary damage progresses 
in both the skin and stringer, eventually the radial crack in the stringer will extend to the edge of 
the stringer, shown in Figure 1.3.3 - cracking sequence (ii).  At this time, a new crack, equivalent 
to the 0.005 inch radial crack flaw plus the growth prior to the primary element failure, is 
assumed to exist on the diametrically opposite side of the failed hole, as shown in Figure 1.3.3 - 
cracking sequence (iii).  This continues the growth process until the complete stringer fails, 
shown in Figure 1.3.3 - cracking sequence (iv). 
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Figure 1.3.3.  Example of Continuing Damage Growth Terminated at Free Edge and Terminated 

by Failure of Member 

Under the condition that the primary damage terminates due to a member or element failure, 
such as the stringer illustrated in Figure 1.3.3, the designer is required to assume that continuing 
damage is present.  The continuing damage is assumed to be present at the most critical location 
in the remaining element or structure.  The continuing damage is either a corner crack that starts 
from an initial small imperfection of 0.005 inch or a surface flaw with length of 0.02 inch and 
depth of 0.01 inch, plus the amount of growth which occurs prior to element failure. 

Figure 1.3.4 illustrates several choices for potential critical locations where continuing damage 
might be assumed subsequent to the failure of the stringers.  Secondary Site 1 is assumed to be 
an adjacent hole, and the crack growth is in the skin and opposite in direction to the primary skin 
crack.  Such a situation would eventually result in a stepwise shift in the crack growth path.  Most 
logically, this type of damage could be assumed to exist at the primary damage site in the skin on 
the diametrically opposite side of the hole once the stiffener fails.  Secondary Site 2 is located in 
the skin and would provide a path for link-up with the primary crack.  Secondary Site 3 is located 
in a parallel stringer-skin hole and would also allow for possible link-up with the primary crack. 

The type of continuing damage assumption that the designer must make when the assumed 
primary damage enters into and terminates at a fastener hole is described in Figure 1.3.5.  The 
continuing damage in this case is a crack on the opposite side of the hole entered by the primary 
crack.  The continuing damage crack is taken as the crack that has grown from an initial small 
imperfection of a 0.005 inch radial corner crack through the time period that it takes the primary 
damage to terminate at the hole. 
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Figure 1.3.4.  Example of Continuing Damage Types and Locations Assumed When Primary 

Damage Terminates Due to Element Failure 

 
Figure 1.3.5.  Continuing Crack Assumed at Opposite Side of Hole When Primary Crack 

Terminates at a Hole 
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1.3.4.3 Fastener Policy 

In practice, the growth of flaws from fastener holes can be retarded by the use of interference fit 
fasteners, special hole preparation such as cold work, and to some degree, by joint assembly 
procedures like friction due to joint clamp-up.  Because these procedures delay flaw growth, the 
slow crack growth lives (or intervals) can be significantly longer than those obtained from 
structure containing conventional low torque clearance fasteners 

Experience has shown that to achieve the beneficial effects of these techniques consistently, 
exceptionally high quality process control is required during manufacture.  However, this is not 
always obtained.  As a result, it is thought unwise to consider all interference or hole preparation 
systems effective in retarding crack growth. 

As stated in JSSG-2006 paragraph A3.12.1.g, to maximize safety of flight and to minimize the 
impact of manufacturing errors, the damage tolerance guidelines should be met without 
considering the beneficial effects of specific joint design and assembly procedures such as 
interference fit fasteners, cold expanded holes, and joint clamp-up. 

Exceptions to this policy can be considered.  The limits of the beneficial effects used in design 
should be no more than derived from assuming a 0.005 inch corner flaw as initial damage in an 
as-manufactured, non-expanded hole containing a neat fit fastener in a non-clamp-up joint. 

1.3.4.4 In-Service Inspection Damage Assumptions 

The basic rationale used to write assumed sizes following an in-service inspection is essentially 
the same as for the case of intact structure.  Once it is established that reliance on in-service 
inspection is required to ensure safety, the damage size assumed to exist after an in-service 
inspection is that associated with the appropriate level of NDI capability, as opposed to that 
associated with initial manufacturing inspection capability.  In special cases where specific part 
removal at the depot is economically warranted, the contractor may recommend that this action 
be taken.  In this case, the assumed damage subsequent to part removal and inspection may be 
smaller than that associated with in-service inspection capabilities.  It may in fact be the same as 
in the original design, providing the same inspection procedures as used in production are used 
and certified inspection personnel perform the inspection. 

Figure 1.3.6 and Table 1.3.3 summarize the in-service post inspection damage sizes as a function 
of conditions and thickness, from JSSG-2006 Table XXXII.  With fasteners installed and 
sufficient accessibility to the location, the maximum undetectable damage size is 0.25 inch of 
uncovered length at fastener holes.  Depending upon part thickness, this damage may be a 
through or part-through flaw.  The flaw size was established based on limited available 
inspection reliability data where the inspection was performed on the assembled aircraft as 
opposed to the part level inspection performed during production fabrication.  These assumptions 
are considered to be applicable for penetrant, magnetic particle, and ultrasonics.  Because of lack 
of sensitivity, X-ray is not considered appropriate for detecting tight fatigue cracks and thus is 
not applicable to these flaw size assumptions. 
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Figure 1.3.6.  Summary of Initial-Flaw Sizes for Structure Qualified as In-Service-Inspectable 

Table 1.3.3.  In-Service Inspection Initial Flaw Assumptions 

Accessibility Inspection Method Initial Flaw Assumption 
Off-aircraft or on-aircraft 

with fastener removal 
Same as initial Same as initial 

On-aircraft without 
fastener removal 

Penetrant, magnetic 
particle, ultrasonic, 
eddy current 

For t ≤ 0.25”, 0.25” through thickness 
flaw at holes; 
For t ≤ 0.25”, 0.50” through thickness 
flaw at other locations; 
For t > 0.25”, 0.25” radial corner flaw at 
holes;   
For t > 0.25”, 0.25” deep x 0.50” long 
surface flaw at other locations 

On-aircraft with restricted 
accessibility 

Visual For slow crack growth, non-inspectable 
For fail-safe structure, primary load path 
failed 
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At locations other than holes or cutouts, a flaw size of surface length 0.50 inch is assumed to be 
representative of depot level capability.  Where visual inspection is performed on the assembled 
aircraft, the minimum assumed damage is an open through the thickness crack having an 
uncovered length of 2 inches.  This value was established based on visual inspection reliability 
data derived from inspection of large transport type aircraft during fatigue testing and subsequent 
teardown inspection, shown in Figure 1.3.7. 

 
Figure 1.3.7.  Development of Minimum NDI Detection for Visual Inspection 

1.3.4.5 Demonstration of Initial Flaw Sizes Smaller Than Those Specified 

The choice of smaller initial damage must be justified either through an NDI demonstration or a 
proof test.  The NDI demonstration program is described in JSSG-2006 paragraph 4.12.1.a.  The 
program must be formulated by the contractor and approved by the Air Force and must verify 
that, for the particular set of production and inspection conditions, flaws will be detected to the 
90% probability level with 95% confidence. 

Where no other means of NDI is available or where it is cost effective, the proof test can be an 
effective means of screening structure for flaws.  Proof testing generally has been successful for 
the more brittle materials which exhibit plane strain fracture behavior (e.g. high strength steels) 
and for small structural components.  The application of proof testing to complete airframe 
structure in the USAF has been somewhat limited.  The notable exception has been the cold 
proof tests (-40° F) of the F-111 aircraft to clear the D6AC steel wing carry-through and 
appendage components for flight usage.   

In general, proof testing has only been used on major airframe components as a last resort to 
allow operation (usually restricted) until extensive modifications are made to the structure (e.g. 
wing reskin modification of the B-52D).  In deriving estimates of the initial flaw size associated 
with the proof test conditions, approved upper-bound fracture toughness values shall be used for 
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the materials under proof test conditions.  Section 3 also presents more information on the proof 
test concept. 

1.3.5 Residual Strength Guidelines 
The residual strength capability is defined as the amount of static strength available at any time 
during the service exposure period considering that damage is initially present and grows as a 
function of service exposure time.  The strength degrades with increased damage size, as shown 
in Figure 1.3.8.  The intent of JSSG-2006 paragraph 3.12.2 is to provide residual strength 
capability for intact structure of at least design limit load at all times throughout the service life 
of the structure.  The requirement to maintain limit load capability is considered necessary to 
allow unrestricted operational usage. 

 

 

Figure 1.3.8.  Residual Strength Diagram 

The residual strength guidelines are specified in terms of the minimum internal member load Pxx 
that must be sustained.  The magnitude of Pxx depends upon the service exposure time of the 
structure between inspections and the overall degree of inspectability.  The load Pxx is intended 
to represent the maximum load that the aircraft might encounter during the time interval between 
inspections.   

The required Pxx is at least design limit load for all intact structure whether the structure is being 
qualified as Slow Crack Growth or Fail Safe.  The required Pxx is also at least design limit load 
when the only planned safety inspections are at the depot (i.e., the depot or base-level inspection 
category). 

In addition, all Fail Safe Structure must be designed to be at least depot level inspectable, and Pxx 
over this inspection interval must be at least limit load.  This restriction is obvious since the only 
means to protect the safety is not to allow damage growth to degrade the strength of the structure 
to less than design limit load.  Where partial failure is allowed and subsequent detection of failed 
load path is required, the limit load requirement on intact structure has two benefits.  First, it is 
the only way that the operational force can be maintained with unrestricted capability; and 
second, when coupled with the intact structure damage growth guidelines, it provides assurance 
that, under normal situations, early nuisance cracking will not occur as a result of lower stress.   
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1.3.5.1 Fail-Safe Structure at Time of Load Path Failure 

For Fail Safe Structure, there is a requirement that the remaining structure at the time of a single 
load path failure must be capable of withstanding a minimum load Pyy.  This load Pyy is at least 
the load that causes the load path failure, plus an additional increment to account for the dynamic 
conditions of the breaking member.  While most data and analyses indicate that the dynamic 
magnification factor associated with the member failure is probably very small, the current 
guidance in JSSG-2006 requires that a 1.15 dynamic factor be applied to the redistributed 
incremental load unless another value is determined by test or analysis.  For non-metallic 
structure, the dynamic factor should be verified by testing.  Figure 1.3.9 illustrates the change in 
residual strength guidelines as a result of a load path failure.  

 

 
Figure 1.3.9.  Schematic Residual Strength Guidelines for Fail Safe Structure 

1.3.5.2 Determining the Residual Strength Load for Remaining Structure 

The magnitude of the required residual strength load depends upon the exposure time in service 
because the longer the exposure time, the greater the probability of encountering a high load.  
Accordingly, the value of required Pxx load increases with an increase in the inspection interval 
or period of unrepaired service usage (allowable crack growth period).  For the short service 
exposure times between inspections for the In-Flight Evident, Ground Evident and Walk Around 
Visual categories, the probability of encountering limit load conditions is low and thus the required 
Pxx may be significantly below design limit load.  For the longer exposure times between depot 
or base level inspections, the probability of encountering limit load is much higher, and therefore 
for Depot Level and Non-Inspectable categories, the minimum required Pxx must be at least limit 
load, but Pxx need not be greater than 1.2 times the maximum load in one lifetime. 

The value of Pxx is established from load spectra data derived from a mission analysis of the 
particular aircraft considering average usage within each mission segment.  Unless otherwise 
stated, MIL-A-8866 is the basic source of load factor data for the various classes of aircraft.  
Since safe operation depends upon the residual strength capability and since any individual 
aircraft may encounter loads in excess of the average expected during the particular exposure 
time, the Pxx load required is larger than the average derived value.   
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One way to determine the level of Pxx required is to hypothetically increase the service exposure 
time for the aircraft between inspections by a factor of M.  This is the method used in JSSG-
2006.  The values of M are specified in JSSG-2006 Table X, and summarized in Table 1.3.4.  For 
example, under the ground-evident level inspectability category, the Pxx load is the maximum 
load expected to occur once in 100 flights (M x inspection interval = one flight x 100). 

Table 1.3.4.  Inspection Interval Magnification Factors from JSSG-2006 Table X 

Pxx Degree of 
Inspectability 

Typical Inspection 
Interval 

Magnification Factor 
 M 

PFE  In-Flight Evident One Flight 100 
PGE Ground Evident One Flight 100 
PWV  Walk-Around Visual Ten Flights 100 
PSV  Special Visual One Year 50 
PDM Depot or Base Level ¼ Lifetime 20 
PLT Non-Inspectable One Lifetime 20 

* Pxx = Minimum average interval member load that will occur once in M times the inspection interval.  Where 
PDM or PLT is determined to be less than the design limit load, the design limit load shall be the 
required residual strength load level. Pxx need not be greater than 1.2 times the maximum load in one 
lifetime if greater than design limit load. 

 

The basis for the specified M values is somewhat arbitrary although it is felt that the loads 
derived by this method are not unreasonably conservative.  The basis for M = 100 is exceedance 
data for transport type aircraft, where it has been observed that shifting exceedances by 
approximately two decades (i.e., M = 100) magnifies the value of load factor (or stress) by 
approximately 1.5 (Figure 1.3.10).  It was recognized that for fighter data, exceedances 
approaching or exceeding design limit values are probable but that extrapolation of the basic 
exceedances curve very far beyond limit load factor (nz) is often meaningless and unwarranted 
due to physical limitations of the vehicle and crew.  Furthermore, in most cases actual service 
data is somewhat sparse for this region of the curve.  Therefore, (1) an upper limit was required 
on Pxx for fighter aircraft and (2) the value of M should be less for longer inspection intervals in 
order that unreasonable factors would not be imposed should the actual derived Pxx be less than 
the specified upper limit.  The values of M equal to 20 and 50 are arbitrary but probably not 
unreasonable.  Where the derived Pxx is larger that that associated with the design limit conditions, 
Pxx can be taken as 1.2 times the maximum load expected to occur in one design lifetime. 
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Figure 1.3.10.  Illustration of Procedure to Derive M Factor to Apply to Exceedance Curve 

1.3.19 



 

EXAMPLE 1.3.3 Derivation of Pxx From Exceedance Data for Non-Inspectable Structure 

The procedure for obtaining Pxx is illustrated using the exceedance plot shown here.  This figure 
presents the average exceedance data for one design lifetime.  The point A represents the 
maximum load expected in one lifetime; this is shown to be larger than the limit load (Point E).  
For the core of a non-inspectable structure, the twenty lifetime (Mx inspection interval) 
exceedance curve is obtained by shifting the exceedance curve from point A to point B and 
extrapolating to point C.  The twenty lifetime exceedance curve yields Pxx (derived) at C.  The 
required load Pxx then is either the value derived at C or 1.2 × (load at point A) i.e., the load at 
point D, whichever is smaller.  In this case, Pxx (= PLT ) is the load at point C. 
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1.3.6 Required Periods Of Safe Damage Growth  

All safety of flight structure are required to maintain the required residual strength in the 
presence of damage for a specified period of unrepaired service usage.  During the period of safe 
damage growth, the initial damage, which is presumed to exist in the structure, will not grow to a 
critical size and cause failure of the structure. 

The required period of safe damage growth is a function of design category (either slow crack 
growth or fail safe) and the degree of inspectability as defined in Section 1.3.3.  In order to cover 
various uncertainties associated with crack growth during service usage that may not be 
adequately accounted for in the analyses or laboratory test, the structure must withstand a period 
of service usage longer than the planned inspection interval.  The periods of unrepaired service 
usage for the inspectability categories is given in JSSG-2006 Table XXXIII and repeated in 
Table 1.3.5. 

Table 1.3.5.  Minimum Periods of Unrepaired Service Usage for In-Service 
Inspectable Structures 

Degree of Inspectability Pxx Minimum Period of Unrepaired Service Usage 
In-Flight Evident PFE  Return to base 
Ground Evident PGE Two flights of most damaging design mission 
Walk-Around Visual PWV  5 × Inspection interval (= 5×10 flights) 
Special Visual PSV  2 × Inspection interval (= 2× one year) 
Depot or Base Level PDM 2 × Inspection interval (= 2× ¼ lifetimes) 

 
1.3.6.1 Slow Crack Growth Structure 

For slow crack growth structure, the required period of unrepaired service usage is two service 
usage lifetimes.  A factor of two is applied to cover various uncertainties associated with crack 
growth during service usage, such variability in material properties, manufacturing quality and 
inspection reliability. 

1.3.6.2 Fail Safe Multiple Load Path Structure 

Fail safe structure must be able to withstand a specified period of service usage after a primary 
load path failure.  The period of unrepaired service usage depends upon the type and frequency 
of inspection for the structure. 

An initial inspection interval is established to insure detection of any premature primary element 
failure.  The initial inspection interval is dependent on the particular geometry and degree of 
inspectability, as given in Table 1.3.5.  The initial inspection interval should not be greater than 
one half of the time to primary load path failure from the specified initial flaw for primary 
elements plus one half of remaining time to failure of adjacent structure from its flaw size at the 
time of primary element failure.  These initial flaw sizes are specified in Section 1.3.4. 

Subsequent inspection intervals are also based on the degree of inspectability of the primary 
element as given in JSSG-2006 Table XXXIV and repeated in Table 1.3.6. 
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1.3.6.3 Fail Safe Crack Arrest Structures 

Fail safe crack arrest structure must be able to withstand a specified period of service usage after 
a primary load path failure.  The period of unrepaired service usage depends upon the 
inspectability level for the structure.  The degrees of inspectability for fail safe crack arrest 
structure are the same as for fail safe multiple load path structures. 

The initial inspection intervals are given in Table 1.3.5, and subsequent inspection intervals are 
given in Table 1.3.6. 

Table 1.3.6.  Subsequent In-Service Inspection Intervals for Fail-Safe Structures 
Primary Element Degree 

of Inspectability 
Pxx Subsequent Inspection Intervals 

In-Flight Evident PFE  Each flight of most damaging design mission 
Ground Evident PGE Two flights of most damaging design mission 
Walk-Around Visual PWV  Ten flights of most damaging design mission 
Special Visual PSV  One year 
Depot or Base Level PDM One half of the remaining time to failure of the 

adjacent structure from the flaw size specified for 
adjacent load paths at the time of primary element 
failure; or, if the adjacent structure  is inspected, 
one half  of the remaining time to failure of the 
adjacent structure from in-service inspection flaw 
size for the adjacent structure as specified.  In 
either case, the primary element is assumed to be 
failed. 

 

1.3.7 Illustrative Example Of Guidelines 

These examples are based on the lower wing structure shown in Figure 1.3.11.  The structure is 
comprised of multiple skin and stringer elements.  The skin panels 1−5 are considered the major 
load paths.  At each spanwise splice, a major splicing stringer is located and the construction is 
such that the load paths are independent, i.e., no common manufacturing tie exists between the 
skin panels.   

The design service life is assumed to be 40,000 hours for these examples. 
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Figure 1.3.11.  Structural Example of Lower Wing Skin 

1.3.7.1 Slow Crack Growth Structure 

The choice of structural design concept for this example is Slow Crack Growth Structure.  The 
steps required to satisfy this requirement are outlined in the following sections.  Panel  is 
chosen to be the critical load path for purposes of illustration  

1.3.7.1.1 Initial Flaw Sizes Assumed to Result from Manufacturing 

The assumed flaws for the slow crack growth type structure are described in Section 1.3.4.  Thus, 
an 0.050 inch corner flaw is assumed to exist at the critical fastener hole joining panel  and the 
splicing stringer, as shown in Figure 1.3.12.  For this example, it is assumed that a common 
drilling operation was employed to prepare the hole with the primary damage, and therefore the 
same size crack is assumed in both elements.  Also, as explained in Section 1.3.4, initial flaws 
equivalent in stress-intensity factor level to an 0.005 inch radius corner flaw shall be assumed to 
exist in each hole of each element in the structure, such as shown in Figure 1.3.12. 
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Figure 1.3.12.  Illustration of Initial Flaws for Structure Qualified as Fail-Safe Multiple Load 

Path 

1.3.7.1.2 Choice of Inspection Category 

There are only two inspection categories that are available to the designer for Slow Crack 
Growth Structure: in-service non-inspectable and depot level inspectable.  The choice of 
inspection category directly impacts the guidelines for residual strength and for damage growth 
limits.  For purposes of this discussion, both categories are presented. 

1.3.7.1.3 In-Service Non-Inspectable Category 

For this example case, no special in-service and no depot level inspections will be required to 
protect the integrity of the lower wing structure shown in Figure 1.3.11.  The implication is that 
no inspections are desired; however, there are cases in which the flaw size at failure is so small 
that such a flaw might easily be overlooked during an inspection.  Thus, the in-service non-
inspectable category covers those cases where inspections are neither desirable nor practical. 

Residual Strength Load, Pxx 
From Table 1.3.4, the required level of residual strength Pxx for non-inspectable structure is PLT.  
This is the maximum load that could occur in one lifetime.  Example 1.3.3 describes the method 
for establishing this load level. 

Analysis Guidelines 
The slow crack growth and residual strength guidelines for this category are illustrated in Figure 
1.3.13.  This figure specifically shows that the initial manufacturing damage is restricted from 
growing to critical size and causing failure of the structure due to the application of PLT in two 
(2) design service lifetimes.  Note that the damage limit is the ultimate failure of the wing.  
Engineering judgement may dictate that a more reasonable limit and, perhaps, an easier situation 
to adhere to, would be to establish the limit at some intermediate point, such as the failure of the 
primary load path panel .  This might be accomplished in design at very little expense to 
overall weight. 
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Figure 1.3.13.  Illustration of Damage-Growth and Residual-Strength Guidelines for Example 

Problem Qualified as Slow Crack Growth Non-Inspectable 
1.3.7.1.4 Depot Level Inspectable Category 

For this example case, the damage which is presumed to exist in the structure after completion of 
the depot or base level inspection is given in Table 1.3.3. 

In-Service Flaw Assumptions Following Inspection 
The capability of inspection in the field is generally less than at the depot.  The sizes of damage 
assumed to exist following inspection are specified in Table 1.3.2.  For this example, assume that 
penetrant or ultrasonics will be used at the depot both exterior and interior to the lower surface.  
If this type of inspection is conducted, the damage likely to be found will be much smaller than 
the failed skin panel.  From Table 1.3.3, the minimum damage size to be assumed at the hole is a 
through crack of 0.25 inch uncovered length.  The locations of the 0.25 inch flaw in both the skin 
and the splicing stringer should be selected on the basis of inspectability but should be the 
location most critical to subsequent growth.  Assume for purposes of illustration, that the damage 
is as indicated in Figure 1.3.14.  The 0.005 inch flaw away from the primary damage site 
represents the initial manufacturing type damage as explained in Section 1.3.4. 
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Figure 1.3.14.  Illustration of Primary Damage Following a Depot-Level Penetrant or Ultrasonic 

Inspection 

Residual Strength Load, Pxx 
The required level of residual strength Pxx for the depot or base level inspection category is PDM, 
as shown in Table 1.3.4.  This is the maximum load that would occur in the planned ¼ lifetime 
(10,000 hour) inspection interval.  The method for establishing this particular load level follows 
the method outlined in Example 1.3.3 where the one life time exceedance curve is multiplied by 
a factor of 5 rather than 20. 

Analysis Guidelines 
Figure 1.3.15 illustrates the slow crack growth and residual strength guidelines for this category, 
as established by JSSG-2006 paragraph A3.12.2.  This figure specifically shows that the post-
inspection damage is restricted from growing a crack to critical size and thereby causing failure 
of the structure due to the application of PDM in two times the inspection interval (½ lifetime, 
20,000 flight hours). 
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Figure 1.3.15.  Illustration of Damage-Growth and Residual Strength Guidelines for Example 
Problem Qualified as Depot-Level-Inspectable 

1.3.7.2 Fail Safe Structure  

This example of fail safe structure is based on the lower wing structure shown in Figure 1.3.11.  
The structure is assumed to be a Fail Safe Multiple Load Path Structure and the steps required to 
satisfy this requirement will be outlined.  The structure will be designed to be Fail Safe by virtue 
of being able to sustain the failure of one major load path or skin panel and still maintain the 
residual strength and remaining structural guidelines.  For illustration purposes, panel  was 
chosen as the critical load path.  Although the loss of panel  is critical from a remaining 
structure point of view, every panel must be designed to meet the intact guidelines. 

1.3.7.2.1 In-Service Inspection Consideration 

Since the design is intended to satisfy the Fail Safe Multiple Load Path category, an in-service 
inspection plan is required.  It is assumed that the lower surface will be periodically inspected in 
the field by a walk-around-visual-type examination, generally unaided.  The frequency of these 
inspections is approximately every ten flights.  In addition, the structure will undergo a depot 
level inspection at approximately ¼ design lifetime intervals of every 10,000 hours.  During 
manufacture, inspections by conventional methods will be conducted and a fracture control 
program will be instituted. 

1.3.7.2.2 Initial Flaw Considerations 

Flaws assumed to result from manufacturing and/or material conditions are specified in JSSG-
2006 paragraph A3.12.2 for Fail Safe Structure.  The primary damage at a fastener hole (Figure 
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1.3.16) is an 0.05 inch corner flaw.  Since the drilling operation is common to the skin and 
splicing stringer, the 0.05 inch flaw must be assumed in both members.  Panel  is considered 
for this example because it was previously chosen to be the critical load path.  Note that only one 
primary damage site is assumed for each load path (e.g. along the path of expected damage, 
along a wing section).  Also, it is not necessary to consider the interaction of flaws from adjacent 
primary sites.  Each analysis of primary damage is conducted independently.  At each hole other 
than the assumed primary site, an 0.005 inch radius corner flaw is assumed to represent average 
or typical manufacturing quality.  The effect of interactions between the 0.005 inch flaws and the 
primary flaws must be considered when conducting the analysis. 

 
Figure 1.3.16.  Initial-Flaw Assumptions for Example Case Qualified as Fail Safe 

1.3.7.2.3 In-Service Flaw Assumptions Following Inspection 

The capability of inspection in the field is generally less than at the depot.  The sizes of damage 
assumed to exist following inspection are specified in JSSG-2006 paragraph A3.12.1.  For this 
example, assume that penetrant or ultrasonics will be used at the depot both exterior and interior 
to the lower surface.  If this type of inspection is conducted, the damage likely to be found will 
be much smaller than the failed skin panel.  From JSSG-2006 Table XXXII the minimum 
damage size to be assumed is a through crack of 0.25 inch uncovered length.  The locations of 
the 0.25 inch length both in the skin and in the splicing stringer should be selected on the basis of 
inspectability but should be the location most critical to subsequent growth.  Assume for 
purposes of illustration, that the damage is as indicated in Figure 1.3.17.  The 0.005 inch flaw 
away from the primary damage site represents the initial manufacturing type damage as specified 
in JSSG-2006 paragraph A3.12.1. 

1.3.7.2.4 Adjacent Structure Damage Following the Failure of the Major Load Path 

Figure 1.3.18 illustrates the condition of the structure following the complete failure of the 
primary load path (skin panel ) represented by the cross hatched area.  The condition of the 
remaining structure is as specified in JSSG-2006 paragraph A3.12.1c(2) since this is an example 
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of independent structure.  Each fastener hole in the structure is assumed to contain the 0.005 inch 
typical manufacturing hole quality flaw.  The ∆a2 increment is the growth of these typical flaws 
from the time of manufacture until the point at which the load path is assumed to have failed.  
The increment ∆a2 will be discussed later. 

 
Figure 1.3.17.  Illustration of Primary Damage Assumptions Following the Failure of Major 

Load Path (Panel 2) 

1.3.7.2.5 Analysis of Intact Structure–Residual Strength Guidelines and Damage Growth Limits  

The specific set of guidelines for intact structure depends upon the capability of the depot level 
inspection.  Since this example has assumed the situation where the normal inspection can detect 
less than a failed load path, this case will be examined first. 

The intact requirement is that the in-service damage, assumed to be present following the depot 
level inspection (Figure 1.3.17), shall not grow and cause failure of the major load path (panel ) 
before the next opportunity to discover the damage, i.e., the next inspection. 

Since this is merely a one-time design requirement, not specifically intended for safety, it is not 
necessary to account for prior service at the time at which the requirement was imposed.  Thus, 
the structure is considered as “new” and no incremental growth ∆a due to prior service is 
computed.  Figure 1.3.18 illustrates schematically the residual strength and growth guidelines 
that must be met for the intact structure. 
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Figure 1.3.18.  Illustration of Damage-Growth Limits and Residual-Strength for Intact Structure 

Following Depot or Base-Level Inspection for Less-Than-Failed Load Path 

1.3.7.2.6 Analysis of Intact Structure (Alternate Requirement) 

If the depot level inspection is incapable of finding damage less than a failed load path, then the 
requirement for intact structure is given in JSSG-2006 paragraph A3.12.1c.  This states that 
initial manufacturing damage shall not grow to the size required to cause load path failure due to 
the application of PLT in one design lifetime.  The initial damage assumption for this case is 
illustrated in Figure 1.3.16.  The schematic of the growth and residual strength guidelines are 
illustrated in Figure 1.3.19. 
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Figure 1.3.19.  Illustration of Damage-Growth Limits and Residual Strength; Intact Structure for 
When Depot Inspection Cannot Detect Less-Than-Failed Load Path 

1.3.7.2.7 Discussion of Intact Structure Analysis 

Although the structure in the example was assumed to be depot level inspectable for less than a 
failed load path, the intact structure requirement associated with this set of conditions might have 
been more difficult to meet than would be the case if the structure were not inspectable for less 
than a failed load path.  In the latter case, it would be satisfactory for the designer to qualify the 
structure under the alternate requirement described in Section 1.3.7.2.6.  As is often the case, the 
designer may choose to qualify the structure in the easiest (analysis) manner. 

1.3.7.2.8 Analysis of Remaining Structure Subsequent to Load Path Failure 

The fail safe characteristics of this structure, i.e., the ability to fail panel  and fly safely until 
the failed panel is detected, depends upon the residual strength capability at the time of and 
subsequent to load path failure and the capability of and frequency of in-service inspections.  The 
remaining structure guidelines are specified in JSSG-2006 paragraph A3.12.2.2.   

As stated earlier, the fail safety will be supported by walk-around-visual inspections for damage 
sizes on the order of a failed load path.  Generally, the walk-around-visual inspection can be 
aided by detectable signs such as fuel leakage.  At any rate, the minimum inspection capability 
for this example will be considered to be a failed load path. 

The damage as illustrated in Figure 1.3.17 shall not grow to a size such as to cause loss of the 
wing due to the application of PVW in 5 times the inspection interval (10 flights), i.e. in 50 flights.  
This is illustrated in Figure 1.3.20.  The load Pxx = Pyy will generally be less than the design limit 
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condition and Pyy (as discussed in Section 2.5) will always be equal to or greater than that 
associated with the design limit condition. 

 

 

Figure 1.3.20.  Illustration of Damage-Growth Limits and Strength Guidelines; Remaining 
Structure Subsequent to Load-Path Failure 

1.3.7.2.9 Derivation of Residual Strength Load  

In the analysis of the intact structure, the critical damage limit is failure of the skin panel .  The 
mode of failure was slow growth of either depot level inspection type damage or initial 
manufacturing damage (Figure 1.3.18 and 1.3.19, respectively).  In each case, the damage is 
assumed to grow in a stable manner until the critical damage size in the skin panel is reached.  
The critical damage size for this case would be that size at Pxx = PDM or Pxx = PLT where Pxx is 
bounded by 

 Plimit ≤ Pxx ≤ 1.2Pone lifetime 

For a balance fail safe design, the remaining structure must be capable of withstanding the 
effects of the major load path failing, including the redistribution of load to adjacent members at 
the time of load path failure.  This is the basis for the requirement that the remaining structure 
must support the Pyy residual strength load.  The load Pyy is dependent upon the design allowable 
for the first panel (Panel  in this case).   
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Assume for example that the Pxx allowable for first panel failure is exactly Plimit.  The remaining 
structure must be capable of supporting Plimit with adjacent panels carrying the increment or that 
portion originally carried by panel  at Plimit.  This is illustrated in Figure 1.3.21 where the 
amount of load in panel  at the limit design condition, i.e. P2 is redistributed after it is 
multiplied by 1.15 to account for dynamic effects (∆P1+∆P2+ ∆P3+ ∆P4+ ∆P5).  The total 
redistribution increment then is 

   ( )5431215.1 PPPPP ∆+∆+∆+∆=

The residual strength capability of the remaining structure is then checked against this condition; 
the Pyy requirement for panel  is . 3

3
yy

3
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Figure 1.3.21.  Illustration of Redistributed Panel Load P2 to Adjacent Structure 

 

1.3.7.2.10 Incremental Damage Growth ∆a 

The remaining structure analysis of damage growth and residual strength considers damage in 
the adjacent structure at the time of load path failure which has grown an amount ∆a from the 
time of manufacture (Figure 1.3.19).  Since the structure must met the single design lifetime 
requirement, it becomes necessary to establish at what point during the lifetime the failure of the 
load path is assumed to take place so that the proper amount of growth ∆a can be computed to 
represent growth during this time segment.   

Figure 1.3.22 illustrates the growth of the 0.005 inch manufacturing type damage from time zero 
for one design lifetime.  In this example, the walk-around-visual inspection is used to detect the 
failure of the major load path and the inspection interval is 10 flights.  JSSG-2006 Table XXXIII 
requires a factor of 5 on this interval and thus the damage growth life requirement is 50 flights.  
Therefore, the maximum amount of ∆a and the condition to be met would be growth for one 
design lifetime minus 50 flights.   
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For any other in-service inspection interval the amount ∆a would be computed in a similar 
manner.  For example, if the walk-around-visual inspection was not conducted and fail safety 
was dependent upon discovery of damage at the scheduled 10,000 hour depot level inspection, 
then the increment of growth ∆a would be one design lifetime minus 2x 10,000 hours, as in 
Figure 1.3.23. 

 

 
Figure 1.3.22.  Development of Increment of Growth ∆a2 for Walk-Around-Visual Inspectable 

Damage 

 

 
Figure 1.3.23.  Development of Increment of Growth ∆a2 for Depot-Level-Inspectable Damage 

1.3.7.2.11 Alternative-Analysis of Remaining Structure Subsequent to Load Path Failure 

As indicated in 1.3.7.2.10, the designer may choose to depend upon the depot level inspection 
instead of the walk-around visual.  This would be a satisfactory alternative and for this situation 
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the assumption would be made that the major load path failed between depot level inspections 
and that the aircraft would be designed to operate safely with the failed load path until the next 
depot inspection.  Figure 1.3.24 illustrates this case. 

 

 
Figure 1.3.24.  Illustration of Damage Growth and Residual-Strength Guidelines for Remaining 

Structure-Depot-Level-Inspectable 

1.3.7.2.12 Summary and Comments 

This example has illustrated the steps required to qualify the structure under the category of Fail 
Safe Multiple Load Path Structure.  For this category, an intact structure requirement (prior to 
load path failure), a residual strength requirement at the time of load path failure, and a 
remaining structure damage growth and residual strength requirement had to be met.   

The requirement to qualify the structure generally requires a complex set of analyses, and in the 
early design stage may be impractical.  The design could be made to satisfy Slow Crack Growth 
Structure guidelines, either non-inspectable or depot level inspectable, while still maintaining 
some level of fail safety, but not necessarily meeting the guidelines specifically.  This approach 
would generally be satisfactory and usually requires a lesser amount of analysis, particularly for 
computing residual strength and the growth increment. 
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1.4 Sustainment/Aging Aircraft 
The life of an aircraft is determined by its operational capabilities and maintenance costs rather 
than its initial design life goal. The guidelines of MIL-HDBK-1530 call for a Force Structural 
Maintenance Plan (FSMP) that is the basis of planned maintenance actions for a fleet. If 
unanticipated structural problems are identified due to design deficiencies or unplanned usage, 
the FSMP is updated using the deterministic damage tolerance methods of MIL-HDBK-1530. 
However, the effects of usage and time will cause fatigue cracks and corrosion damage to initiate 
and grow, compromising structural integrity of the fleet. Because of the uncertain nature of the 
sizes of the cracks that are in the fleet and the need to evaluate the interaction of cracks in 
multiple elements, the assessment of the effect of a population of fatigue cracks is typically made 
using probabilistic risk analysis. When such widespread fatigue cracking, corrosion, or use 
beyond the original life goals cause the deterministically based maintenance plan to be changed 
to ensure adequate structural integrity, the fleet is considered to be aging [Lincoln, 2000].  

Sustainment is the process by which an aging aircraft fleet is maintained in an operational state. 
Sustainment encompasses both the actual maintenance of the structures and the analyses and 
tests needed to plan the maintenance tasks. As such, damage tolerance analyses are an integral 
part of sustainment.  

1.4.1 Widespread Fatigue Damage 
Widespread fatigue damage (WFD) is considered a primary threat to structural safety on aircraft.  
The National Materials Advisory Board report on the aging of USAF aircraft [Tiffany, et al., 
1997] summarized this with the statement -  “The onset of WFD in a structure is characterized by 
the simultaneous presence of small cracks in multiple structural details; where the cracks are of 
sufficient size and density, the structure can no longer sustain the required residual strength load 
level in the event of a primary load-path failure or a large partial damage incident.”  Thus, the 
presence of small cracks can reduce the safe load carrying capability of a fail-safe structure 
below its design requirement.  

The objective of WFD studies is to determine when (in-service time) the crack population 
reaches the size and density to invalidate the initial design assumptions. Most older transport 
aircraft were designed (or later checked) using fail-safe damage tolerant design assumptions 
whereby if a discrete event (major local damage by fatigue or ballistic penetration) caused a 
rather large crack to form in the structure.  And then the design loads were set to preclude loss of 
the aircraft due to the nature of the redundant structure.   The assumption was that the discrete 
damage could occur anytime during the design lifetime of the aircraft.  The discrete damage was 
assumed to be of such a size that it would be evident either in flight or during routine 
inspections.  The design rules required that the structure could withstand this level of damage 
(with some growth) during an additional period of operation that was based on some multiple of 
the inspection period.  This design approach assumed that only the discrete damage was present 
and that only this damage was allowed to grow.  If the crack population in the surrounding 
structure could influence the stress intensity factors associated with this discrete damage event, 
then the initial design considerations were violated and it would be necessary to determine when 
this crack population became a threat to the behavior of the discrete damage. 

Subsets of WFD are Multi-Site Damage (MSD) and Multiple-Element Damage (MED).  MSD 
refers to the cracking scenario where cracks are developing in the same structural element 
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(fuselage joint) and MED refers to the cracking scenario where cracks are simultaneously 
developing in several elements (skin, spars, etc.) in a structural component (wing).  Multi-Site 
Damage has been found to be an important consideration in the continued safe operation of 
aircraft [Steadman, et al. 1999].  

1.4.2 The Effect of Environment and Corrosion 
In-service environments can have a broad range of effects on aircraft structural behavior.  In 
some situations, the in-service environment might affect neither the residual strength nor the 
crack growth life of a structural element or component.  However, this is not normally the case. 

Typically, the environment and choice of the structural material will change the rates at which 
cracks nucleate and grow, and can cause cracks to nucleate in locations where the risk for 
cracking damage without the environment is negligible.   As a result of using military aircraft 
past their initial planned design life (about 20-25 years), new categories of structural integrity 
problems caused by environmental attack have been identified.  Developing a damage tolerant 
design guidelines handbook that covers corrosion damage and environmental attack requires a 
more systematic approach for presenting approaches and methods that engineers can use to 
control the risk of structural failure. 

Stress corrosion cracking (SCC) is a particularly deleterious  form of environmental attack that 
will create opportunities for cracks to nucleate and grow to failure, even under limited fatigue 
loading conditions (mechanism requires constant tensile stress conditions, and low material 
resistance to this kind of attack).   SCC has caused extensive (and expensive) problems due to the 
limited resistance of older forging alloys initially used in the C-141, KC-135, B-52, C-130 and 
C-5 aircraft. These problems have been recognized and, as materials have been developed for 
service in the newer KC-10 and C-17 aircraft, the problem has been controlled.  Besides 
potentially causing SCC problems, the environment frequently will accelerate or enhance the 
fatigue process by creating corrosion sites (pits, exfoliation damage, surface roughness, etc.) 
where fatigue cracks will develop, accelerate the crack nucleation process, and then accelerate 
the rate at which these fatigue cracks grow.  In fuselage lap joints, the crevice corrosion that 
occurs will result in pressure build up between the layers, sometimes to the point where rivet 
heads will pop off and the joint will look pillowed, such as shown in Figure 1.4.1. 
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Figure 1.4.1.   Photo of Lap Joint Illustrating the Localized Pillowing Caused by Crevice 

Corrosion Occurring between the Two Layers 

There are several different features of corrosion that can be used to characterize the severity and 
extent of damage.  These corrosion metrics include thickness loss, pitting, surface roughness and 
pillowing, deformation in the metal caused by the excess corrosion by product produced between 
layers (see Figure 1.4.1).  Corrosion can grow in exposed areas, under paint, around fasteners, 
between layers of skin, and inside structural components.  Depending on the type of corrosion, it 
can grow in depth and area.  It can grow along grain boundaries.  Growth rates are influenced by 
environmental and load factors.  The impact that each of these characteristics have on structural 
integrity continues to be the subject of current research, but will depend upon the structure within 
which the corrosion is located. 

Stress corrosion cracking is another form of corrosion damage found in aircraft structures.  As 
stated in Tiffany, et al. [1996], “Stress corrosion cracking (SCC) is an environmentally induced, 
sustained-stress cracking mechanism.”  Of particular interest is the identification of the 
operational need to reevaluate, possibly during ASIP durability and damage tolerant assessments, 
SCC-susceptible components to look for potential safety risks. 

Currently the ALCs are operating under a maintenance philosophy that has been termed “find it 
– fix it”.  Under this mode of operation, when corrosion is detected, it must be dealt with by 
either repairing the damage, or replacing the component with the damage.  Corrosion is 
considered an economic issue at this time, but the costs associated with maintaining the aircraft 
in accordance with this philosophy are escalating.  Correspondingly, the readiness of the fleet is 
adversely affected.  To respond to this trend, the Air Force is pursuing the technologies 
necessary to implement a corrosion management maintenance philosophy.  This so-called 
“Anticipate and Manage” mode of operation attempts to make disposition decisions based on the 
impact of the damage to structural integrity.  This requires knowing the condition of the 
corrosion damage through nondestructive inspection, understanding the corrosion growth rates as 
affected by the environment, and predicting the future corrosion condition using models of 
corrosion growth.  The present and future states of corrosion can then be used in structural 
integrity calculations to determine remaining strength and life.  Disposition may now include 

1.4.3 



1.4.4 

flying the aircraft with known corrosion present, among other alternatives.  Economical 
disposition can then be made while maintaining safety of the aircraft. 

Other areas of ongoing research include understanding corrosion growth mechanisms, corrosion 
inhibition and arrest, coating technology and the replacement of chromate in coating systems. 
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Section 2 
Fundamentals of Damage Tolerance 

The basic elements of damage tolerant methodology are introduced in this section.  The concept 
of crack growth behavior, from an initial flaw to failure, is introduced, with a discussion of some 
of the factors that affect the rate growth.  The fundamentals of fracture mechanics, residual 
strength and life prediction methodology are presented.  Many computer programs have been 
developed for life prediction calculations, and these are discussed in subsection 2.6. 
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2.1 Introduction To Damage Concepts and Behavior 
Past experience with tests of structures under simulated flight loading has indicated that the time 
to initiation of cracks from most structural details such as sharp corners or holes is relatively 
short and that the majority of the life (i.e., 95%) is spent growing the resultant cracks to failure.  
Likewise, analyses of in-service fractures, cracking instances, etc. have indicated that a major 
source of cracks is the occurrence of initial manufacturing defects such as sharp corners, tool 
marks and the like.  Thus, it is now common practice to consider the damage accumulation 
process as entirely crack growth, with zero time to initiate the crack.  Although this assumption 
may seem unduly severe, recent studies have shown the approach feasible, of minimal detriment 
to weight, cost, etc., but most important, the consideration of initial damage in the form of cracks 
or equivalent damage is absolutely necessary to ensure structural safety. 

This subsection will detail the fundamentals of life prediction based on crack growth.  The crack 
length will be the measure of damage and the crack growth rate will define the rate of damage 
accumulation.   

2.1.1 Damage Growth Concepts 

Figure 2.1.1 presents a schematic of typical growth behavior for a crack being observed in a 
structural element as it moves from an initial damage size to a damage size that causes structural 
failure (loss of structural safety).  Note that the x-axis measures either the elapsed time (t) during 
which loading is applied or the number of loading events (N) applied, and the y-axis measures 
the corresponding length of crack observed in the structure.  Typically, the elapsed time is given 
in operational flight hours and the number of loading events is counted (grossly) by the number 
of the aircraft’s flights. 

 

 

Figure 2.1.1.  Schematic of Observed Crack Growth Behavior for a Typical Structural Cracking 
Problem 

The crack grows in response to the cyclic loading applied to the structure.  Any crack will grow a 
given increment (∆a) in a given number of loading events (∆N), the rate being measured by 
∆a/∆N.  When the crack length reaches a critical value (acr), the growth becomes unstable, 
thereby inducing failure. 
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When the crack (a) reaches the critical length, the measure of loading (t or N) reaches the 
structural life limit (tf or Nf).  The structural life limit is a measure of the maximum allowable 
service time (or number of accumulated service events) associated with driving the crack from its 
initial length (ao) to the critical length (acr).  It is the objective of the Damage Tolerant 
Requirements to ensure that cracks do not reach levels that could impair the safety of the aircraft 
during the expected lifetime (ts or Ns) of the aircraft, i.e., tf (Nf) must be greater than ts (Ns). 
As can be noted from Figure 2.1.1, when the crack is small, it grows very slowly.  As the crack 
gets longer, the rate of growth increases until the crack reaches the critical size acr, whereupon 
fracture of the structural element ensues.  While the subcritical crack growth process occurring 
for a < acr may take twenty to thirty years of service, the fracture process is almost instantaneous.  
Studies of the failure process indicate a very close relationship between the length of crack at 
failure and the load or stress that induces the onset of rapid fracture. 

Typically, this relationship between crack length and failure strength level is as shown in Figure 
2.1.2.  The cracked element strength is referred to as the residual strength (σres) since this 
represents the remaining strength of a damaged structure.  By considering the basic elements of 
Figures 2.1.1 and 2.1.2 collectively, a residual strength diagram can be developed as a function 
of elapsed time (or loading events). 

 

 

Figure 2.1.2.  Schematic of Relationship Between Failure Strength and Crack Length for a 
Typical Single Element Type Structure 

A residual strength diagram is presented in Figure 2.1.3; this diagram shows that while the 
structure is young (t<< tf) the residual strength capacity is basically unimpaired because the crack 
is both small and doesn’t grow much with time.  As the structure starts to age, the residual 
strength capacity is shown to decrease and just prior to failure, the rate of decrease in residual 
strength capacity is accelerating because now the crack is rapidly becoming very large.  When 
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the residual strength capacity equals the level of the maximum stress in the operational history, 
failure occurs. 

 

 

Figure 2.1.3.  Residual Strength Diagram Relationship Between Residual Strength Capacity and 
Elapsed Time 

As implied by the residual strength diagram, a ten to twenty percent change in the maximum 
applied stress in the operational history would not normally affect the allowable structural life 
significantly, assuming that the subcritical crack growth process (Figure 2.1.1) was unaffected.  
Normally, when the loads in the operational history change, the subcritical crack growth process 
changes its pattern of growth and this in turn affects the residual strength diagram and the 
allowable structural life. 

2.1.2 Damage Growth Behavior/Effects 
As discussed above, the crack length ao will grow to acr in some life tf, and as the crack grows 
the residual strength capability decreases.  Experiments have shown that several parameters 
affect the crack growth life; the most important of these being the initial crack size, ao, the load 
history, the material properties, and the structural properties.  The isolated effect of each 
parameter on the crack growth behavior and the residual strength curves will be discussed in turn 
using the baseline conditions identified in Figure 2.1.4.  The interrelation of these parameters 
will be developed in the discussion of life prediction methodology (Section 2.4).   
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Figure 2.1.4.  Description of Baseline Conditions for Observed Crack Growth Behavior 

Initial Crack Size – A Measure of Quality 

The effect of initial crack size is significant.  Given a configuration and loading, the smaller the 
initial crack size, the longer the life and the higher the residual strength capacity at any time.  
These observations are displayed in Figure 2.1.5a and b, respectively.  Note that the shape of the 
crack growth curve (for a given configuration and loading) remains essentially constant for any 
given crack growth increment. 

Thus, given the crack growth curve for the smaller initial crack, it is possible to construct the 
crack growth curve for the baseline condition.  This can be accomplished by shifting the crack 
growth curve with a smaller initial crack horizontally to the left until the curve intersects the 
vertical axis at the baseline initial crack size.  Also, note that the residual strength curve for the 
baseline condition can be constructed from the curve obtained for the smaller initial crack size. 
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Figure 2.1.5.  Schematic Summary of the Effects of Quality, Usage, Material, and Geometry on 

Both the Crack Growth and Residual Strength Curves 

Stress History - A Measure of Usage and Location 

As an aircraft flies different missions and different maneuvers, it experiences different loadings.  
The magnitude and sequence of aircraft loadings are noted to have a significant effect on the rate 
at which cracks grow.  The stress history describes the magnitude and sequence of stresses at one 
location that results from the sequence of missions or maneuvers that an aircraft flies.  Figure 
2.1.5c and d illustrate the effect that stress history (usage) can have on the crack growth behavior 
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and residual strength capacity, respectively.  While it was not shown, a change in stress history 
will normally also change the applied stress level at which fracture occurs. 

The stress history experienced at each location on the aircraft will also differ due to changes in 
bending moment, twisting moment, shear loading, etc., given a particular crack configuration 
(e.g., a crack growing from a fastener hole on a wing).  The loading spectra for a lower surface 
location is typically more severe than a corresponding upper surface location; and, therefore, the 
life for the lower surface will be significantly shorter than that of the upper surface all other 
conditions being equal. 

Material Properties - A measure of Material Resistant to Cracking 

Experimentally, it has been shown that for the same loading condition (i.e., the same number and 
amplitude of stress cycles) cracks will grow faster in certain alloys than in others.  The crack 
growth rate (∆a/∆N) can be derived experimentally for each material.  Given the same load and 
geometric conditions, the alloy having the slower growth rate characteristics (i.e. 2024-T3) will 
have a longer life (tf) as shown in Figure 2.1.5e.  This material also has some inherent resistance 
to fracture.  The higher this inherent resistance, the higher the residual strength capacity for any 
crack length.  This effect is described in Figure 2.1.5f. 

If the cracks are so small that the fracture process is controlled by gross yielding, then the 
residual strength curve is controlled by a net section failure criterion rather than a fracture 
criterion.  In this case, the material with the highest yield strength would have the highest 
residual strength in the region of the curve controlled by the behavior of the small cracks. 

Structural Properties - A Measure of Geometry 

The most complex of the parameters affecting crack growth behavior are the structural 
properties.  The structural properties involve such things as crack configuration, load transfer 
through fasteners, fastener hole size, part thickness, etc.  A substantial amount of experimental 
work has been performed to characterize the geometrical effects on life.  The effect of a change 
of hole radius on the crack growth behavior and on the residual strength capacity is shown in 
Figure 2.1.5g and h.  The structure with the smaller hole, and thus the smaller stress 
concentration is noted to have the longer life and higher residual strength. 

Summary of Effects 

As discussed above, there are four major parameters that affect the crack growth life and residual 
strength capacity of structures.  These parameters are in the realm of quality (initial crack size), 
usage (loading history), material (material properties), and geometry (structural properties).  
Figure 2.1.6 has been prepared to summarize the parameters’ effect on life and to illustrate 
various presentation schemes that might be employed to compare effects. 
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Figure 2.1.6.  Summary of Schemes Which Illustrate the Sensitivity of Life to Various Structural 

Parameters 
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2.2 Fracture Mechanics Fundamentals 
Fracture Mechanics is that technology concerned with the modeling of cracking phenomena.  Bulk (smooth 
specimen) properties are not normally useful in design for determining a material’s tolerance to cracks or crack-like 
defects, because material tolerance to flaws resides in a material’s ability to deform locally.  Since the source of 
fractures can be identified with the lack of material tolerance to cracks, it seems only natural that attention should be 
focused on the crack tip region where the material must resist crack extension.  This section will introduce the 
principal features of a mechanical model that characterizes a crack movement in structural components fabricated 
from materials having low tolerance to flaws. 

Some basic information that a designer should be familiar with prior to the utilization of remaining sections of this 
handbook is presented.  This subsection will define the meaning and use of the fracture mechanics model for the 
control of fracture and sub-critical crack growth processes. 

The application of a fracture mechanics model to solve crack problems came about through the following 
realization: component fractures that result from the extension of small crack-like defects are failures that depend on 
localized phenomena.  Consider the three independent modes of crack extension that are illustrated in Figure 2.2.1.  
The tensile opening mode, Mode 1, represents the principal action observed and this is the type of separation that we 
design against.  While fractures induced by shear stresses can occur, these fractures are rather infrequent.  There are 
hypotheses available for describing the combined influence of two (or three) modes of crack extension but these will 
not be discussed until Section 4.  In general, since improvement of a material’s Mode 1 fracture resistance will also 
improve the resistance to the combined mode action, the development of concepts throughout the Handbook will 
emphasize Mode 1 crack extension behavior. 

 

 

Figure 2.2.1.  The Three Modes of Crack Extension 

A linear elastic analysis of a cracked body provides a good first approximation to the localized stress state in 
materials that fracture at gross section stresses below the yield strength.  No additional refinements in the analysis 
are necessary if the gross section stresses at failure are below 0.7σys.  The elastic analysis when modified to account 
for restricted amounts of stress relaxation due to crack tip plastic deformation provides an adequate description of 
fracture that occurs above 0.7σys. 
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2.2.1 Stress Intensity Factor – What It Is 

The model referred to above is called the linear elastic fracture mechanics model and has found wide acceptance as a 
method for determining the resistance of a material to below-yield strength fractures.  The model is based on the use 
of linear elastic stress analysis; therefore, in using the model one implicitly assumes that at the initiation of fracture 
any localized plastic deformation is small and considered within the surrounding elastic stress field.  Application of 
linear elastic stress analysis tools to cracks of the type shown in Figure 2.2.2 shows that the local stress field (within 
r < a/10) is given by [Irwin, 1957; Williams, 1957; Sneddon & Lowengrub, 1969; Rice, 1968a]: 
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The stress in the third direction are given by σz = σxz = σyz = 0 for the plane stress problem, and when the third 
directional strains are zero (plane strain problem), the out of plane stresses become σxz = σyz = 0 and σz = ν (σx + 
σy).  While the geometry and loading of a component may change, as long as the crack opens in a direction normal 
to the crack path, the crack tip stresses are found to be as given by Equations 2.2.1.  Thus, the Equations 2.2.1 only 
represent the crack tip stress field for the Mode 1 crack extension described by Figure 2.2.2. 

 

Figure 2.2.2.  Infinite Plate with a Flaw that Extends Through Thickness 
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Three variables appear in the stress field equation:  the crack tip polar coordinates r and θ and the parameter K.  The 
functions of the coordinates determine how the stresses vary with distance from the right hand crack tip (point B) 
and with angular displacement from the x-axis.  As the stress element is moved closer to the crack tip, the stresses 
are seen to become infinite.  Mathematically speaking, the stresses are said to have a square root singularity in r.  
Because most cracks have the same geometrical shape at their tip, the square root singularity in r is a general feature 
of most crack problem solutions. 

The parameter K, which occurs in all three stresses, is called the stress intensity factor because its magnitude 
determines the intensity or magnitude of the stresses in the crack tip region.  The influence of external variables, i.e. 
magnitude and method of loading and the geometry of the cracked body, is sensed in the crack tip region only 
through the stress intensity factor.  Because the dependence of the stresses (Equation 2.2.1) on the coordinate 
variables remain the same for different types of cracks and shaped bodies, the stress intensity factor is a single 
parameter characterization of the crack tip stress field. 

The stress intensity factors for each geometry can be described using the general form: 

aK πσβ=  (2.2.2) 

where the factor β is used to relate gross geometrical features to the stress intensity factors.  Note that β can be a 
function of crack length (a) as well as other geometrical features 

It is seen from Equation 2.2.2 that the intensity of the stress field and hence the stresses in the crack tip region are 
linearly proportional to the remotely applied stress and proportional to the square root of the half crack length. 

A structural analyst should be able to determine analytically, numerically, or experimentally the stress-intensity 
factor relationship for almost any conceivable cracked body geometry and loading.  The analysis for stress-intensity 
factors, however, is not always straightforward and information for determining this important structural property 
will be presented subsequently in Section 11.  A mini-handbook of stress-intensity factors and some methods for 
approximating stress-intensity factors are also presented in Section 11. 

2.2.2 Application to Fracture 

Can the magnitude or intensity of this crack tip pattern be used to characterize the material instability at fracture?  
The formulation of such a hypothesis for measuring a material’s resistance to fracture was developed by G.R. Irwin 
and his co-workers at the Naval Research Laboratories in the 1950’s [Irwin, 1957; Irwin & Kies, 1954; Irwin, et al., 
1958]. 

The hypothesis can be stated: 

if the level of crack tip stress intensity factor exceeds a critical value, unstable fracture will occur.   

The concept is analogous to the criterion of stress at a point reaching a critical value such as the yield strength.  The 
value of the stress-intensity factor at which unstable crack propagation occurs is called the fracture toughness and is 
given the symbol Kc.  In equation form, the hypothesis states: 

if K = Kc, (2.2.3) 
then catastrophic crack extension (fracture) occurs. 

To verify the usefulness of the proposed hypothesis, consider the results of a wide plate fracture study given in 
Figure 2.2.3 [Boeing, 1962].  These data represent values of half crack length and gross section stress at fracture.  
The stress-intensity factor for the uniformly-loaded center-cracked finite-width panel is given by: 
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where W is the panel width.  Application of Equation 2.2.4 given in Figure 2.2.3 followed by averaging the 
calculated fracture toughness values (except for those at the two smallest crack lengths) gives the average fracture 
toughness curve shown.  This example illustrates that the fracture toughness concept can be used to adequately 
describe fractures that initiate at gross sectional stress below 70% of the yield strength. 
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Figure 2.2.3.  Results of a Wide Plate Fracture Study Compared with a Fracture Toughness Curve Calculated Using 

the Finite Width Plate Stress Intensity Factor Equation, Equation 2.2.4 (Data from Boeing [1962]) 

Note that since plastic deformation is assumed negligible in the linear elastic analysis, Equation 2.2.3 is not expected 
to yield an accurate approximation where the zone of plastic deformation is large compared to the crack length and 
specimen dimensions.  Figure 2.2.3 shows that the relationship derived on the basis of the Equation 2.2.3 hypothesis 
does not describe the crack growth behavior for small cracks in plastic stress fields. 

2.2.3 Fracture Toughness - A Material Property 

Fracture toughness (Kc) is a mechanical property that measures a material’s resistance to fracture.  This parameter 
characterizes the intensity of stress field in the material local to the crack tip when rapid crack extension takes place.  
Similar to other microstructurally sensitive material properties, fracture toughness can vary as a function of 
temperature and strain rate.  But, unlike the yield strength, Kc will be strongly dependent on the amount of crack tip 
constraint due to component thickness.  The reason why thickness has to be considered in fracture analysis is due to 
its influence on the pattern of crack tip plastic deformation.  The two thickness limiting crack tip plastic deformation 
patterns are shown in Figure 2.2.4.  For “thin” plane stress type components, a 45 degree through the thickness 
yielding pattern develops; in “thicker” plane strain components of the same material, the hinge-type plastic 
deformation pattern predominates [Hahn, & Rosenfield, 1965].  Section 4 and 7 discuss the effect of thickness and 
other factors on fracture toughness. 
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Figure 2.2.4.  Yield Zone Observed on the Surface and Cross Section of a Cracked Sheet Under Uni-axial Tensile 

Loading in: A-Plane Stress, 45 degree Shear Type; B-Plane Strain, Hinge Type 

The linear elastic fracture mechanics approach can only be expected to characterize fracture when the region in 
which plastic deformation occurs is contained within the elastic crack tip stress field.  When the crack tip plastic 
deformation is unrestricted by elastic material around the crack, the engineer must resort to using elasto-plastic 
techniques to predict the critical crack size at fracture.  Presently, it is not possible to say if these techniques will 
lead to the same type of single parameter characterization of fracture discussed above. 

2.2.4 Crack Tip Plastic Zone Size 

It is recognized that plastic deformation will occur at the crack tip as a result of the high stresses that are generated 
by the sharp stress concentration.  To estimate the extent of this plastic deformation, Irwin equated the yield strength 
to the y-direction stress along the x-axis and solved for the radius.  The radius value determined was the distance 
along the x-axis where the stress perpendicular to the crack direction would equal the yield strength; thus, Irwin 
found that the extent of plastic deformation was  
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Subsequent investigations have shown that the stresses within the crack tip region are lower than the elastic stresses 
and that the size of the plastic deformation zone in advance of the crack is between ry and 2ry.  Models of an elastic, 
perfectly plastic material have shown that the material outside the plastic zone is stressed as if the crack were 
centered in the plastic zone.  Figure 2.2.5 describes a schematic model of the plastic zone and the stresses ahead of 
the crack tip.  Note that the real crack is blunted as a result of plastic deformation. 

 
Figure 2.2.5.  Small-Scale Yield Model for Restricted Crack Tip Plastic Deformation 

If the extent of the plastic zone as estimated by Equation 2.2.5 is small with respect to features of the structural 
geometry and to the physical length of the crack, linear elastic fracture mechanics analyses apply.  Sometimes, the 
concept of contained yielding, as illustrated in Figure 2.2.5, is referred to as small scale yielding.  Most structural 
problems of interest to the aerospace community can be characterized by linear elastic fracture mechanics 
parameters because the extent of yielding is contained within a small region around the crack tip. 

2.2.5 Application to Sub-critical Crack Growth 

The only quantifiable measure of sub-critical damage is a crack.  Cracks impair the load-carrying characteristics of a 
structure.  As described above, a crack can be characterized for length and configuration using a structural parameter 
termed the stress intensity factor (K).  This structural parameter was shown to interrelate the local stresses in the 
region of the crack with crack geometry, structural geometry, and level of load on the structure.  In a manner similar 
to Irwin, who utilized the stress intensity factor for fracture studies, Paris and his colleagues at Lehigh University 
and at the Boeing Company developed a crack mechanics approach to solve sub-critical crack growth problems 
[Paris, et al., 1961; Donaldson & Anderson, 1961; Paris, 1964]. 
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The concepts that Paris and his colleagues developed were based upon a similitude hypothesis:  if the crack tip stress 
state and its waveform are the same in a given time period for two separate geometry and loading conditions, then 
the crack growth rate behavior observed by the two cracks should be the same for that time period.  This hypothesis 
is a direct extension of Equation 2.2.3 to the problem of sub-critical crack growth.  The equation representing the 
sub-critical crack growth hypothesis is simply: 
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That is, a material’s rate of crack growth is a function of the stress intensity factor.  The stress intensity factor is 
shown to explicitly depend on time in order to indicate the influence of its waveform on the crack growth rate.  The 
value of the hypothesis stated by Equation 2.2.6 is that the material behavior can be characterized in the laboratory 
and then utilized to solve structural cracking problems when the structure’s loading conditions match the laboratory 
loading conditions.  A general description of the procedure utilized will be presented in Section 2.5.  Section 5 is 
devoted to a complete description of the detailed methodology available to a designer for estimating the crack 
growth life of a structural component using a material’s crack growth rate properties.   

A verification of Paris’ Hypothesis was first conducted using fatigue crack growth data generated under constant 
amplitude type repeated loading.  The parameters that pertain to constant amplitude type loading are presented in 
Figure 2.2.6.  Figure 2.2.6a describes a repeating constant amplitude cycle with a maximum stress of σmax, a 
minimum stress of σmin, and a stress range of ∆σ.  The stress ratio (R) is given by the ratio of the minimum stress to 
the maximum stress.  In describing constant amplitude stress histories, it is only necessary to define two of the above 
four parameters; typically ∆σ and R or σmax and R are used.  A stress history is converted into a stress-intensity 
factor history by multiplying the stresses by the stress-intensity-factor coefficient (K/σ).  As can be noted from the 
figure, the coefficient is evaluated at the current crack length ai and the stress-intensity-factor history is shown to be 
a repeating cyclic history in Figure 2.2.6b.  The terms Kmax, Kmin and ∆K define the maximum, the minimum and 
range of stress-intensity factor, respectively.  Strictly speaking, the stress-intensity factor history given in Figure 
2.2.6b should not be shown constant but reflective of the changes in the stress-intensity-factor coefficient as the 
crack grows.  For small changes in crack length, however, the stress-intensity factor coefficient does not change 
much, so the portrayal in Figure 2.2.6b is reasonably accurate for the number of cycles shown. 

 

 

Figure 2.2.6.  Parameters that Define Constant Amplitude Load Histories for Fatigue Crack Growth.  The Figure 
also Illustrates the Transformation between Stress History Loading and Stress-Intensity-Factor Loading at One 

Crack Length Position 
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The fatigue crack growth rate behaviors exhibited by a plate structure subjected to two extreme loading conditions 
(but at the same nominal stress level) are compared in Figure 2.2.7 [Donaldson & Anderson, 1961; Anderson & 
James, 1970].  These loading conditions are referred to as wedge loading and remote loading.  In the remote loaded 
structure, the rate of crack length change accelerates as the crack grows.  An opposite growth rate behavior is 
exhibited by the wedge loaded structure.  These two extreme loading conditions provide a good test for the 
application of the fracture mechanics approach to the study of fatigue crack growth rates.  If the approach can be 
used to describe these opposite growth rate behaviors, then it should be generally applicable to any other type of 
structure or loading. 

 
Figure 2.2.7.  Description of Crack Growth Behavior Observed for Two Very Different Structural Geometries 

Paris, et al. [1961], suggested that the appropriate stress intensity parameter for fatigue crack propagation should be 
the difference between the maximum and minimum stress-intensity factors in a cycle of fatigue loading.  This 
difference in the stress-intensity factors is the stress intensity range (∆K) and it measures the alternating intensity of 
the crack tip stress field responsible for inducing reversed plastic deformation.  The stress-intensity range as a 
function of crack length is obtained from the static stress-intensity-factor formulas where the range in stress (load) 
replaces the static stress (load).  Section 2.5 provides a more extensive description of the calculation procedures for 
stress-intensity-factor parameters that are used to describe sub-critical crack growth.   

Approximate expressions for the small crack in a wide plate are shown in Figure 2.2.7.  The reader will note that the 
stress-intensity factor for the remotely loaded wide plate increases with crack length while just the reverse is 
observed to occur for the wedge loaded wide plate. 

Drawing tangents to the cyclic crack length curves given in Figure 2.2.7 provides estimates of the cyclic (fatigue) 

crack growth rates at various crack lengths 
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these same crack lengths provides the data plotted in Figure 2.2.8 [Donaldson & Anderson, 1961; Anderson & 
James, 1970].  Note that at the same stress-intensity range (∆K), the same crack growth rate (da/dN) is observed, 
even though both the form of the stress-intensity equations and the cycle-crack length curves are very different. 
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Figure 2.2.8.  Comparison of Crack Growth Rate Results for the Two Structural Geometries.  The Coincidence of 

the Data Shows that the Hypothesis of Equation 2.2.6 is Correct 

The general fatigue cracking behavior pattern exhibited by most structural materials is shown in Figure 2.2.9.  The 
shape of the curve is sigmoidal with no crack growth being observed below a given threshold level of stress-
intensity range and rapid crack propagation occurring when the maximum stress-intensity-factor in the fatigue cycle 
approaches the fracture toughness of the material.  In the sub-critical growth region, numerous investigators have 
indicated that the rate of cyclic growth (da/dN) can be described using a power law relation 
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where C and p are experimentally developed constants.  Fatigue crack propagation data of the type shown in Figure 
2.2.9 can be conveniently collected using the conventional specimen geometries where load is controlled and the 
crack length is measured optically (20x) as a function of applied cycles.  The details of the methodology employed 
to generate such curves are covered in Section 7. 
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Figure 2.2.9.  Schematic Illustration of the Fatigue Crack Growth Rate as a Function of Stress Intensity Range 

The application of sub-critical crack growth curves to the design of a potentially cracked structure only requires that 
the differentiation process be reversed.  In other words, given crack growth rate data of the type shown in Figure 
2.2.9, the designer integrates the crack growth rate as a function of the stress-intensity factor for the structure 
through the crack growth interval of interest. 

Other investigations have demonstrated that sub-critical crack growth processes that result from variable amplitude 
loading, stress corrosion cracking, hydrogen embrittlement and liquid metal embrittlement can in general be 
described using Equation 2.2.6.  The sub-critical cracking of structural materials has been successfully modeled with 
fracture mechanics tools primarily because the plastic deformation processes accompanying cracks are localized and 
thereby controlled by the surrounding stress field.  As suspected, the magnitude in the elastic crack tip stress field is 
found to correlate well with the rate of sub-critical crack advance. 

2.2.6 Alternate Fracture Mechanics Analysis Methods 

In the other subsections of Section 2, the emphasis has been on developments of linear elastic fracture mechanics 
(LEFM) specifically based on the crack tip characterizing parameter K, the stress-intensity factor.  This parameter 
has provided the major damage tolerance design tool for aerospace engineers since the early sixties.  It was 
discovered and justified for its universal capability for describing the magnitude of the crack tip stress field by Irwin 
[1957; 1960] and Williams [1957].  Irwin discovered this relationship through his studies of the energy balance 
equation associated with fracture.  Prior to 1957, fracture research concentrated on extending the original energy 
balance equation given by Griffith [1921]  In 1957, Irwin [1960] linked the “driving force”, G, in the energy balance 
equation to the stress-intensity factor, K, and suggested how the stress-intensity factor could be used as the driving 
force for crack tip behavior.  Subsequent to Irwin’s initial stress-intensity factor analysis, and as a result of the 
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success of the LEFM approach for solving major fracture problems, interest in the energy approach to fracture 
waned.   

In the late sixties, Rice [1968b] published a paper that again heightened the interest in the energy approach.  Rice’s 
specific contribution was to develop an integral, the J-integral, which could be used to account for observed non-
linear behavior during the fracture process.  This integral also has the useful property that it reduces to the elastic 
“driving force”, G, when the localized plastic deformation is well contained by the elastic crack tip stress field.  
Because many of the materials utilized in aerospace structures have exhibited typical LEFM behavior, aerospace 
engineers have not assumed a leadership role in the development of the J-integral technology. 

Engineers interested in the damage tolerance analysis of more ductile pressure vessels and welded steel structures 
have provided the major developments here.  Aerospace applications are being recognized each day, however, for 
this technology, e.g., residual strength analysis of tough materials and sub-critical crack growth behavior of aircraft 
gas turbine engine structures. 

Another analysis approach for characterizing the level of the local stress-strain behavior at the tip of a crack was 
initiated in Britain in the early sixties.  Wells [1961] suggested that the localized behavior at the tip of the crack was 
controlled by the amount of crack opening, which was referred to as the crack opening displacement, COD.  The 
value of the technology built on the COD concept, like that of the J-Integral technology, is that it allows for the 
coupling of the LEFM analysis and its results to the solution of problems in which the behavior approaches 
unconstrained yielding. 

The subsections below further describe the analysis methodologies based on the three fracture mechanics 
parameters: the strain energy release rate (driving force - G), the J-Integral (J), and the crack opening displacement 
(COD), respectively.  Each subsection outlines the analytical basis for the parameter and provides the principal 
equations that tie the parameter to the LEFM parameter K.  Further information on these parameters can be obtained 
by the references cited in the text. 

2.2.6.1 Strain Energy Release Rate 

Paris [1960] gave one of the better descriptions of the fracture energy balance equation associated with the stability 
of a cracking process in a set of notes prepared for a short course given to the Boeing Company in 1960.  Paris 
simply described the process of determining if a crack would extend as a comparison between the Rate of Energy 
Input and the Rate at which Energy was absorbed or dissipated.  This comparison is similar to performing as 
analysis based on the Principle of virtual work.  In equation form, Paris indicated 

 

 Rate of Energy 
Input, G 
(to drive crack) 

Rate of Energy 
Dissipated, R 
(as crack moves) 

 
 

(2.2.8) 

where the left hand side of Equation 2.2.8 represents the input rate (as a function of crack area A) and the right hand 
side represents the dissipation rate.  If the input rate, the driving force G, is equal to the dissipation rate, the 
resistance R, then the crack is in an equilibrium (stable) position, i.e., it is ready to grow but doesn’t.  If the driving 
force exceeds the resistance, then the crack grows, an unstable position.  Since a crack will not heal itself, if the 
resistance is greater than the driving force, then the crack is also stable. 

The basis for Equation 2.2.8 was further described [Paris, 1960] so that the components are identified as: 
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where < and = imply stability while > implies instability. 

The driving force (input work rate, G) components are: 

2.2.11 



 
dA
dX

 = the work done by external forces on the body unit increase in crack area, dA. 

 
dA
dG

 = the elastic strain energy released per unit increase in dA. 

And the resistance (rate of dissipation, R) components are: 

 
dA
dS

 = surface energy absorbed in creating a new surface area, dA. 

 
dA
dQ

 = plastic work dissipated throughout the body during an increase in surface area, dA. 

While Equation 2.2.9 is most general and covers fractures that initiate in either brittle or ductile materials, it is not 
always possible to estimate the individual component terms.  For linear elastic materials, the terms can be estimated; 
and in fact, this was accomplished by Griffith [1921] forty years before Paris presented the above general work rate 
analysis in 1960.  Before any further discussion of the work preceeding that of Paris, however, several additional 
points need to be made about Equation 2.2.9.  First, the component terms of the input energy rate will be defined 
relative to a specific structural geometry and loading configuration: the uniaxially loaded, center cracked panel 
shown in Figure 2.2.10.  Then the input energy rate (G) will be related to the elastic strain energy. 

 

 

 
Figure 2.2.10.  Finite Width, Center Cracked Panel, Loaded in Tension with Load P 

The two components of the energy input rate (G) are given by 
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PdL

dA
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=  (2.2.10) 

the boundary force per increment of crack extension; and by 
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dV
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the decrease in the total elastic strain energy of the plate.  With these additional definitions, it can be seen that G is 
equal to the negative of the rate of change in the potential energy of deformation (Uσ), i.e., 

dA
dUG σ−

=  (2.2.12) 

 

2.2.6.1.1 The Griffith-Irwin Energy Balance 

The earliest analysis along the above lines was conducted by Griffith [1921] in 1920.  Griffith used the crack 
geometry and loading configuration shown in Figure 2.2.11 and assumed that the stress would be constant during 
any incremental growth of the crack.  Griffith also neglected the plastic work term in Equation 2.2.9 since he was 
trying to test his fracture hypothesis with a brittle material, glass.  Griffith’s analysis showed that the input work rate 
(G) was equal to the negative of the derivative of potential energy of deformation (Uσ) as shown by Equation 2.2.12, 
and the resistance (R) was equal to the rate of increase in potential energy due to surface energy (UT ) during crack 
extension: 

dA
dU

dA
dSR T==  (2.2.13) 

 

 
Figure 2.2.11.  Griffith Crack and Loading Configuration, Uniformly Loaded, Infinite Plate with a Center Crack of 

Length 2a 

The potential energy of deformation (Uσ ) was found to be 

E
BaU

22πσ
σ =  (2.2.14) 

while the potential energy due to surface tension (UT) was given by 

aTBUT 4=  (2.2.15) 

with surface tension T, and for plate thickness B. 
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The crack area A is given by 

aBA 2=  (2.2.16) 
So the energy balance equation becomes 

R
dA
dST

'E
a

dA
dUG ====

−
= 2

2πσ
 (2.2.17) 

where E′ is dependent on the stress state in the following way 

E / (1-ν2), for plane strain 
E′ = 

E, for plane stress 
(2.2.18) 

 

Solving Equation 2.2.17 for the critical stress (σcr) associated with the point at which the crack (a) would grow, one 
finds 

a
'TE

cr π
σ

2
=  (2.2.19) 

Later, Irwin [1948] and Orowan [1949] incorporated the effects of crack tip plasticity into the analysis by taking the 
plastic dissipation term in Equation 2.2.9 as a constant, i.e. they assumed that 

q
dA
dQ

=  (2.2.20) 

so that the resistance in Equation 2.2.17 was defined as the combination of surface energy absorbed and plastic work 
dissipated.  Thus, the Griffith-Irwin-Orowan energy balance equation became 

RqT
E

aG =+== 2
'

2πσ
 (2.2.21) 

and the critical stress was 

a
'E)aT(

cr π
σ

+
=

2
 (2.2.22) 

Both Irwin and Orowan noted that the plastic dissipation rate for metals was at least a factor of 1000 greater than the 
surface energy absorption rate so that Equation 2.2.22 could be approximated by 

a
'qE

cr π
σ =  (2.2.23) 

Irwin also noted that the driving force or input energy rate G was directly related to the square of the magnitude of 
the crack tip stress field for the Griffith center crack geometry (Figure 2.2.11), i.e., that 

'E
K

'E
aG

22

==
πσ

 (2.2.24) 

Later, Irwin [1960] reported this result to be general for any cracked elastic body based upon a virtual work analysis 
of the stresses and displacements associated with crack tip behavior during an infinitesimal crack extension. 

2.2.6.1.2 The Relationship between G, Compliance, and Elastic Strain Energy 

 If one defines the relationship between the force (P) applied to the structure shown in Figure 2.2.10 and the 
deformation it induces in the direction of load as 
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∆L = C ⋅ P (2.2.25) 
where 

C = C(A) (2.2.25a) 
is the compliance, the inverse structural stiffness, which varies as a function of crack length (area).  With the 
definitions given by Equation 2.2.25, the elastic strain energy (V) can be written as 

22

2CPL.PV ==
∆

 (2.2.26) 

The change in V simultaneous to dA and dP is 

dP 
P
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∂
+
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which leads to 
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A
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∂
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 (2.2.28) 

Similar operations on changes in dL (=d(∆L)) lead to 

PCdPdA
A
CPPdL +
∂
∂

= 2  (2.2.29) 

So that the input energy rate (G) based on Equation 2.2.9 becomes 
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A
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 (2.2.30) 

Showing that the input energy rate is independent of the variation of force during any incremental crack extension.  
Thus, Equation 2.2.30 reduces to 

ttanconsP
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 (2.2.31) 

Equation 2.2.31 provides the basis for experimentally evaluating the crack driving force using compliance 
measurements and clearly shows that the rate of energy input is identically equal to the change in elastic strain 
energy considering the loading force constant.  When one conducts a similar analysis with the displacement (∆) and 
crack area (A) as independent variables, one finds that 

ttanconsL
A
VG =
∂
∂

−= ∆  (2.2.32) 

which means that the input energy rate is the negative of the areal derivative of elastic strain energy considering the 
displacement constant during crack extension.  This is the so-called fixed displacement condition.  The term strain 
energy release rate was assigned to G, the input energy rate, when it was realized that for cracked elastic bodies 
Equation 2.2.30 and 2.2.31 were generally applicable. 

Figure 2.2.12 describes the change in elastic strain energy that occurs when a crack grows under fixed load and fixed 
displacement conditions.  It can be noted that the difference between the change in elastic strain energy for the two 

cases is the infinitesimal area LdP ∆∗
2
1

, shown cross-hatched in Figure 2.2.12a.  For the case of the fixed load 

condition (Figure 2.2.12a), the elastic strain energy is seen to increase as the crack grows; the gain in elastic strain 
energy is greater than the indicated loss (by a factor of 2).  For the case of the fixed displacement condition (Figure 
2.2.12b), the elastic strain energy is seen to decrease as the crack grows; only a loss is indicated. 
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Figure 2.2.12.  Load-Displacement Diagrams for the Structure Illustrated in Figure 2.2.10.  The Diagram Shows the 
Changes that Occur in the Elastic Strain Energy as a Crack Grows Under the Two Defined Conditions 

Some important observations presented in the subsection are:  

(a) the general form of Equation 2.2.24 can be utilized to relate G and K;  

(b) G is equal to the negative rate of change in the potential energy of deformation (Equation 2.2.12); and  

(c) G is related to the areal rate of change in compliance (Equation 2.2.31).   

Note that by combining Equations 2.2.24 and 2.2.12 or 2.2.31 the analyst and/or experimentalist have energy-based 
methods for obtaining estimates of the stress-intensity factor.  These combinations are discussed in Section 11.2.1.4 
(see, for example, Equation 11.2.25). 

2.2.6.2 The J-Integral 

In 1968, Rice [1968b] published a paper describing a path independent integral (J) which was noted to be equal to 
the negative of the change in potential energy of deformation occurring during the infinitesimal growth of a crack in 
a nonlinear elastic material, i.e. he showed that 

A
UJ
∂
∂

−= σ  (2.2.33) 

Rice’s path independent integral J was defined by [Rice, 1968a; 1968b] 

∫ 
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⋅−= Γ ds

x
uTWdyJ  (2.2.34) 

where Γ is any contour surrounding the crack tip, traversing in a counter clockwise direction (see Figure 2.2.13), W 

is the strain energy density, Γ  is the traction on Γ, and u  is the displacement on an element along arc s. 
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Figure 2.2.13.  J-Integral Parameters Illustrated 

Before elaborating on a detailed description of the parameters involved in the calculation of the J-Integral, it is 
useful to note that Equation 2.2.33 is the nonlinear elastic equivalent of Equation 2.2.12.  Thus, for linear elastic 
materials, J reduces to the value of the strain energy release rate, G, i.e. 

J = G (2.2.35) 
and the J-integral is related to the stress-intensity factor through the expression 

'E
KJ

2

=  (2.2.36) 

where E′ is given by Equation 2.2.18. 

Equations 2.2.35 and 2.2.36 are noted to be valid only when the material is behaving in a linear elastic fashion.  
When values of the J-Integral are determined via Equation 2.2.34 using finite element methods applied to linear 
elastic cracked structures, Equation 2.2.36 provides the engineer with a simple energy-based method for obtaining 
stress-intensity factors as a function of crack length. 

In the first subsection below, the calculations associated with developing the J-Integral for an elastic-plastic material 
are detailed.  In the second subsection, some engineering approximation methods for calculating the J-Integral are 
outlined. 

2.2.6.2 The J-Integral 

In 1968, Rice [1968b] published a paper describing a path independent integral (J) which was noted to be equal to 
the negative of the change in potential energy of deformation occurring during the infinitesimal growth of a crack in 
a nonlinear elastic material, i.e. he showed that 

A
UJ
∂
∂

−= σ  (2.2.33) 

Rice’s path independent integral J was defined by [Rice, 1968a; 1968b] 
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where Γ is any contour surrounding the crack tip, traversing in a counter clockwise direction (see Figure 2.2.13), W 

is the strain energy density, Γ  is the traction on Γ, and u  is the displacement on an element along arc s. 

 

 

Figure 2.2.13.  J-Integral Parameters Illustrated 

Before elaborating on a detailed description of the parameters involved in the calculation of the J-Integral, it is 
useful to note that Equation 2.2.33 is the nonlinear elastic equivalent of Equation 2.2.12.  Thus, for linear elastic 
materials, J reduces to the value of the strain energy release rate, G, i.e. 

J = G (2.2.35) 
and the J-integral is related to the stress-intensity factor through the expression 

'E
KJ

2

=  (2.2.36) 

where E′ is given by Equation 2.2.18. 

Equations 2.2.35 and 2.2.36 are noted to be valid only when the material is behaving in a linear elastic fashion.  
When values of the J-Integral are determined via Equation 2.2.34 using finite element methods applied to linear 
elastic cracked structures, Equation 2.2.36 provides the engineer with a simple energy-based method for obtaining 
stress-intensity factors as a function of crack length. 

In the first subsection below, the calculations associated with developing the J-Integral for an elastic-plastic material 
are detailed.  In the second subsection, some engineering approximation methods for calculating the J-Integral are 
outlined. 

2.2.6.2.1 J-Integral Calculations 

This subsection outlines the calculation of parameters involved in the J-Integral.  Consideration is given to W, u ,T , 

and Γ as well as the choice of material stress-strain behavior. u,T rr
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The strain energy density W in Equation 2.2.34 is given by 

[ ]zzzzyzyzyyyyxzxzxyxyxxxx ddddddW εσγσεσγσγσεσ +++++∫=  (2.2.37) 

and for generalized plane stress 

[ ]yyyyxyxyxxxx dddW εσγσεσ ++∫=  (2.2.38) 

 

In Equation 2.2.34, the second integral involves the scalar product of the traction stress vector   T  and the vector 

x
u 
∂
∂

 whose components are the rate of change of displacement with respect to x.  The traction vector is given by 
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and the displacement rate vector is given by 
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 (2.2.40) 

where u and v are the displacements in the x and y directions, respectively. 

Typically, when evaluating the J-Integral value via computer, rectangular paths such as the one illustrated in Figure 
2.2.14 are chosen.  Noted on Figure 2.2.14 are the values of the outward unit normal components and the ds path 
segment for the four straightline segments.  For loading symmetry about the crack axis (x-axis), the results of the 
integration on paths 0-1, 1-2 and 2-3 are equal to the integrations on paths 6-7, 5-6 and 4-5, respectively.  Thus, for 
such loading symmetry, one can write 
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 (2.2.41) 
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Figure 2.2.14.  Rectangular Path for J Calculation 

For paths of the type shown in Figure 2.2.14, the J-Integral can be evaluated by the integrations indicated in 
Equation 2.2.41.  The strain energy density W, appearing in Equation 2.2.41, is given by Equation 2.2.37, or by 
Equation 2.2.38 for plane stress conditions.  To integrate according to Equations 2.2.37 or 2.2.38, a relationship 
between stresses and strains is required.  For material exhibiting plastic deformations, the Prandtl-Reuss equations 
provide a satisfactory relationship.  For the case of plane stress, when the Prandtl-Reuss relations are introduced into 
Equation 2.2.38, Equation 2.2.38 becomes 

[ ] [ ] pyyxyxyyyxx d
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 (2.2.42) 

where σ and pε  are the equivalent stress and equivalent plastic strain, respectively.  The strain energy density will 
have a unique value only if unloading is not permitted.  If loading into the plastic range followed by unloading is 
permitted, then W becomes multi-valued.  It follows that J is also multi-valued for this occurrence. 

The statements made in the preceding paragraph would appear to seriously limit the use of J as a fracture criterion 
since the case of loading into the plastic range followed by unloading (i.e., the case for which J is multi-valued) 
occurs when crack extension takes place.  On the basis of a number of examples, Hayes [1970] deduced that 
monotonic loading conditions prevail throughout a cracked body under steadily increasing load applied to the 
boundaries, provided that crack extension does not occur.  Thus, valid J calculations can be performed for this case. 

2.2.6.2.2 Engineering Estimates of J 

While the J-Integral was developed for nonlinear elastic material behavior, it has been extensively studies for its 
direct application to describing elastic-plastic material behavior [Begley & Landes, 1972; Verette & Wilhem, et al., 
1973; Landes, et al., 1979; Paris, 1980; Roberts, 1981].  Its nonlinear elastic foundation has provided engineers with 
some techniques which allow them to focus on the combination of linear-elastic and plastic-strain hardening 
behavior and then to separate these two components for further study of the plastic behavior.  The J-Integral for an 
elastic-plastic material is taken as the sum of two components parts: the linear elastic part (Jel) and the plastic-strain 
hardening part (Jpl), i.e.,  

ll pe JJJ +=  (2.2.43) 

which when used in conjunction with Equation 2.2.36 becomes 
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Engineering estimates of J then focus on the development of the plastic-strain hardening part Jpl.  Recently, Shih and 
coworkers have published a series of reports and technical papers [Shih & Kumar, 1979; Kumar, et al., 1980; Shih, 
1976; Kumar, et al., 1981] detailing how the Jpl term can be calculated from a series of finite element models that 
consider changes in material properties for the same structural geometry.  The following briefly describes the Shih 
and coworkers method for estimating Jpl. 

First, the material is assumed to behave according to a power hardening constitutive (σ - ε) law of the form 

n
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 (2.2.45) 

where α is a dimensionless constant, σo = Eεo, and n is the hardening exponent.  For n = 1, the material behaves as a 
linearly elastic material; as n approaches infinity, the material behaves ore and more like a perfectly plastic material.  
For a generalization of Equation 2.2.45 to multiaxial states via the J2 deformation theory of plasticity, Ilyushin 
[1946] showed that the stress at each point in the body varies linearly with a single load such as σ, the remotely 
applied stress, under certain conditions. 

Ilyushin’s analysis allowed Shih and Hutchison [1976] to use the relationship for crack tip stresses under contained 
plasticity, i.e. to use [Hutchinson, 1968; Rice & Rosengren, 1968] 
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and similar equations for σyy, σxy, etc., to relate the crack tip parameters uniquely to the remotely applied load.  Note 
that Jpl term in Equation 2.2.46 acts as a (plastic) stress field magnification factor similar to that of the stress-
intensity factor in the elastic case.  The form of the relationship that Shih and Hutchinson postulated is given by 
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where  is a function only of relative width (a/b) and n.  An alternate form of Equation 2.2.47 that has been 
previously used in computer codes [Kumar, et al., 1980; Kumar, et al., 1981; Weerasooriya & Gallagher, 1981] is 

Ĵ

1

11

+

















⋅





⋅






⋅=

n

T

o

oopl

P

Pn,
b
ah

b
afaJ εασ  (2.2.48) 

where P is the applied load (per unit thickness), PT
o is the theoretical limit load (per unit thickness), f1 is a function 

only of geometry and crack length, while h1 depends on geometry, crack length, and the strain hardening exponent 
n. Shih and coworkers [Kumar, et al., 1980; Kumar, et al., 1981] have tabulated the functions for a number of 
geometries for conditions of plant stress and plane strain.  From the reference tabulated data [also see Weerasooriya 
& Gallagher, 1981], these functions can be obtained by interpolation for any value within the a/b and n limits given; 
thus, the plastic (strain hardening) component of Equation 1.3.44 can be computed for any given applied load P 
from Equation 2.2.48. 
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EXAMPLE 2.2.1 J Estimated for Center Crack Panel 

Figure 2.2.10 describes the geometry for this example wherein the width W is set equal to 2b and the load P is 
expressed per unit thickness.  Using Equation 2.2.44 to describe the relationship between the elastic and plastic 
components, we have 

 plJ
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From elastic analysis, the stress-intensity factor is known to be (see section 11): 
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For the strain hardening analysis, Equation 2.2.48 is employed, i.e., we use 
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For a center crack panel, the function f1 is given by [Kumar, et al., 1980; Kumar, et al., 1981] 
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and the limit load (per unit thickness) is given by either 
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for plane strain or by 

  ( )abP
T

o
−= σ2

for plane stress.  The supporting data for calculating the function h1 is supplied by the following tables for plane 
strain conditions and plane stress conditions.  The other functions (h2 and h3) contained in these tables support 
displacement calculations.  As indicated above, data are available for estimating the J-integral according to this 
approach for a number of additional (simple geometries).  See Kumar, et al. [1981] and Weerasooriya & Gallagher 
[1981] for further examples.
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Table of Values of h1, h2, and h3 for the Plane Strain CCP in Tension  
[Shih, 1979; Kumar, et al., 1980; Weerasooriya & Gallagher, 1981] 

a/b  n = 1 n = 2 n = 3 n = 5 n = 7 n = 10 n = 13 n = 16 n = 20 
h1 2.535 3.009 3.212 3.289 3.181 2.915 2.625 2.340 2.028 
h2 2.680 2.989 3.014 2.847 2.610 2.618 1.971 1.712 1.450 

 
1/4 

h3 0.536 0.911 1.217 1.639 1.844 1.554 1.802 1.637 1.426 
h1 2.344 2.616 2.648 2.507 2.281 1.969 1.709 1.457 1.193 
h2 2.347 2.391 2.230 1.876 1.580 1.276 1.065 0.890 0.715 

 
3/8 

h3 0.699 1.059 1.275 1.440 1.396 1.227 1.050 0.888 0.719 
h1 2.206 2.291 2.204 1.968 1.759 1.522 1.323 1.155 0.978 
h2 2.028 1.856 1.600 1.230 1.002 0.799 0.664 0.564 0.466 

 
1/2 

h3 0.803 1.067 1.155 1.101 0.968 0.796 0.665 0.565 0.469 
h1 2.115 1.960 1.763 1.616 1.169 0.863 0.628 0.458 0.300 
h2 1.705 1.322 1.035 0.696 0.524 0.358 0.250 0.178 0.114 

 
5/8 

h3 0.844 0.937 0.879 0.691 0.522 0.361 0.251 0.178 0.115 
h1 2.072 1.732 1.471 1.108 0.895 0.642 0.461 0.337 0.216 
h2 1.345 0.857 0.596 0.361 0.254 0.167 0.114 0.081 0.051 

 
3/4 

h3 0.805 0.700 0.555 0.359 0.254 0.168 0.114 0.081 0.052 
 

Table of Values of h1, h2, and h3 for the Plane Stress CCP in Tension  
[Shih, 1979; Kumar, et al., 1980; Weerasooriya & Gallagher, 1981] 

a/b  n = 1 n = 2 n = 3 n = 5 n = 7 n = 10 n = 13 n = 16 n = 20 
h1 2.544 2.972 3.140 3.195 3.106 2.896 2.647 2.467 2.196 
h2 3.116 3.286 3.304 3.151 2.926 2.595 2.288 2.081 1.814 

 
1/4 

h3 0.611 1.010 1.352 1.830 2.083 2.191 2.122 2.009 1.792 
h1 2.344 2.533 2.515 2.346 2.173 1.953 1.766 1.608 1.431 
h2 2.710 2.621 2.414 2.032 1.753 1.473 1.279 1.134 0.988 

 
3/8 

h3 0.807 1.195 1.427 1.594 1.570 1.425 1.267 1.133 0.994 
h1 2.206 2.195 2.057 1.809 1.632 1.433 1.300 1.174 1.000 
h2 2.342 2.014 1.703 1.299 1.071 0.871 0.757 0.666 0.557 

 
1/2 

h3 0.927 1.186 1.256 1.178 1.040 0.867 0.758 0.668 0.560 
h1 2.115 1.912 1.690 1.407 1.221 1.012 0.853 0.712 0.573 
h2 1.968 1.458 1.126 0.785 0.617 0.474 0.383 0.313 0.256 

 
5/8 

h3 0.975 1.053 0.970 0.763 0.620 0.478 0.386 0.318 0.273 
h1 2.073 1.708 1.458 1.208 1.082 0.956 0.745 0.646 0.532 
h2 1.611 0.970 0.685 0.452 0.361 0.292 0.216 0.183 0.148 

 
3/4 

h3 0.933 0.802 0.642 0.450 0.361 0.292 0.216 0.183 0.149 
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In the application of Equation 2.2.44 to structural material problems, it has been found [Bucci, et al., 1972] that 
better correlation with experimental results is obtained if one uses the plasticity enhanced, effective crack length (ae) 
in plane of the physical crack length (a) in the elastic component expressions.  The effective crack length utilized by 
Bucci, et al. [1972] was based on the Irwin plastic zone size correction, i.e. the effective crack length was given by 

ye raa +=  (2.2.52) 

where 
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with x = 2 for plane stress and x = 6 for plane strain.  K represents the stress-intensity factor. 

 

2.2.6.3 Crack Opening Displacement 

The crack opening displacement (COD) parameter was proposed to provide a more physical explanation for crack 
extension processes. [Wells, 1961; Burdekin & Stone, 1966]  The philosophy was based on a crack tip strain based 
model of cracking that would allow for the occurrence of elastic-plastic material behavior.  The initial modeling, 
however, was based on elasticity solutions of crack tip displacements.  Equation 2.2.54 describes the x and y 
displacements (u and v, respectively) in the crack tip region of an elastic material: 
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where κ = 3 - 4ν for plane strain and κ = (3 - ν)/(1 + ν) for plane stress, and where G is the shear modulus (G = 
0.5E/(1 + ν)).  If the angle θ  is chosen to be 180° (π), the displacements are those associated with crack sliding (u 
component) or opening (v component).  Under mode 1 (symmetrical) loading, the case covered by Equation 1.3.54, 
the sliding displacement term is noted to be identically zero; and all displacement is perpendicular to the crack, i.e. 
only opening is observed.  Based on Equations 2.2.54 and 2.2.18 and the definition of shear modulus (G), the 
displacement of the crack relative to its longitudinal axis (x axis) is 
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 (2.2.55) 

The relative movement of the crack faces is the COD and it is twice the value obtained by Equation 2.2.55, i.e. 

COD = 2v (2.2.56) 
One immediate observation is that COD will vary as a function of position along the crack, and that the COD at the 
crack tip, i.e. at r = 0, is zero.  In the quasi-elastic-plastic analysis performed by Wells, the crack was allowed to 
extend to an effective length (ae), one plastic zone radius larger than the physical crack length (a); the crack opening 
displacement was then determined at the location of the physical crack tip.  Figure 2.2.15 describes the model used 
to define the crack tip opening displacement (CTOD).  The Wells modeling approach leads one to 
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which after some simplification gives the CTOD as 
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Figure 2.2.15.  Description of Model Used to Establish the CTOD Under Elastic Conditions 

 

It is immediately seen that the CTOD is directly related to the stress-intensity factor for elastic materials; thus, for 
elastic materials, fracture criteria based on CTOD are as viable as those based on the stress-intensity factor 
parameter.  The other relationships developed between K and G or J in this section allow one to directly relate G and 
J to the CTOD in the elastic case. 

In the late 1960’s, Dugdale [1960] conducted an elasticity analysis of a crack problem in which a zone of yielding 
was postulated to occur in a strip directly ahead of the crack tip.  The material in the strip was assumed to behave in 
a perfect plastic manner.  The extent of yielding was determined such that the singularity at the imaginary crack tip 
(see Figure 2.2.16) was canceled due to the balancing of the remote positive stress-intensity factor with the local 
yielding negative stress-intensity factor.  The Dugdale quasi-elastic-plastic analysis provided an estimate of the 
relative displacement of the crack surfaces for a center crack (crack length = 2a) in an infinite plate subjected to a 
remote tensile stress (σ) and having a yield strength equal to σo, the CTOD is 
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at the tip of the physical crack tip (a) and the extent of the plasticity ahead of the crack is 
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Figure 2.2.16.  Dugdale Type Strip Yield Zone Analysis 

For the case of small scale yielding, i.e., when σ/σ0 is low, the CTOD and extent of plasticity (ω) reduce to 
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and 
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It can first be noted that the extent of the plasticity (ω) is only about 20% higher than would be predicted using the 
Irwin estimate of the plastic zone diameter (2ry).  The level of CTOD estimated by Equation 2.2.61 also compares 
favorably with that given by Equation 2.2.58; Equation 2.2.61 gives an estimate that is about 30 percent lower than 
Equation 2.2.58.  Numerous other studies have shown that the CTOD is related to the stress-intensity factor under 
conditions of small scale yielding through 
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where the constant α ranges from about 1 to 1.5.  Experimental measurements [Bowles, 1970; Roberson & 
Tetelman, 1973] have indicated that α is close to 1.0, although there is substantial disagreement about the location 
where CTOD should be measured. 

One difficulty with elastic analyses is that the crack actually remains stationary and thus one must reposition the 
crack through a quasi-static crack extension so that the CTOD for the actual crack can be assessed.  During loading, 
cracks in ductile materials tend to extend through a slow tearing mode of cracking prior to reaching the fracture load 
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level.  In these cases, the amount of opening that occurs at the initial crack tip represents one measure of the crack 
tip strain; but, this parameter depends not only on load, initial crack length and material properties, it also depends 
on the amount of crack extension from the initial crack tip.  Rice and co-workers [Rice, 1968b; Rice & Tracey, 
1973] attempted to provide an alternate choice of locating the position where CTOD would be measured.  They 
found that when the CTOD was determined for the position shown in Figure 2.2.17, the CTOD and J integral were 
related (for ideally plastic materials) by 

o
n

JdCTOD
σ

=  (2.2.64) 

For the case of plane stress behavior, dn is unity and for plane strain behavior, dn is about 0.78. 

 

 
Figure 2.2.17.  Definition of the Crack Tip Opening Displacement (CTOD) 

For strain hardening materials controlled by Equation 2.2.45, Shih and co-workers [Shih & Kumar, 1979; Shih, 
1979] have shown that Equation 2.2.64 relates J and CTOD if the constant dn is replaced with a function that is 
strongly dependent on the strain hardening exponent and mildly dependent on the ratio σo/E.  Thus, there is a direct 
relationship between CTOD and J throughout the region of applicability of the J-Integral and CTOD can likewise be 
considered a measure of the magnitude of the crack tip stress-strain field. 
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2.3 Residual Strength Methodology 
The strength of a structure can be significantly affected by the presence of a crack and is usually 
substantially lower than the strength of the undamaged structure.  To prevent catastrophic failure, 
one must evaluate the load carrying capacity that will exist in the potentially cracked structure 
throughout its expected service life.  The load carrying capacity of a cracked structure is the 
residual strength of that structure and it is a function of material toughness, crack size, crack 
geometry and structural configuration. 
The determination of residual strength for uncracked structures is straightforward because the 
ultimate strength of the material is the residual strength.  A crack in a structure causes a high 
stress concentration resulting in a reduced residual strength.  When the load on the structure 
exceeds a certain limit, the crack will extend.  The crack extension may become immediately 
unstable and the crack may propagate in a fast uncontrollable manner causing complete fracture 
of the component. 

In general, unstable crack propagation results in fracture of the component.  Hence, unstable 
crack growth is what determines the residual strength.  In order to estimate the residual strength 
of a structure, a thorough understanding of the crack growth behavior is needed.  Also, the point 
at which the crack growth becomes unstable must be defined and this necessitates the need for a 
failure criterion.  There are several criteria available; these criteria are tailored to represent the 
ability of a material to resist failure. 

A material’s toughness depends on thickness.  When the thickness is such that the crack tip 
plastic zone size is on the order of the plate thickness, the toughness reaches a maximum value, 
Kc(max).  With increasing thickness of the plate, the plastic zone size reduces and thus the 
toughness gradually decreases, from Kc(max) to KIc.  When the thickness is large enough that the 
crack tip deformation is not affected by the thickness, plane strain conditions prevail at the crack 
tip.  The toughness in the plane strain regime is virtually independent of thickness.  For 
increasing thickness, the toughness asymptotically approaches the plane strain fracture 
toughness, KIc. 

The critical Kcr for abrupt fracture mode is denoted as KIc for plane strain conditions and Kc for 
plane stress conditions; the conditions for plane stress or plane strain are determined by 
experiment.  The test requirements necessary for generating KIc and Kc are discussed in Section 
7. 

When the crack extends by a tearing mode of fracture, which typically occurs in thin metal 
sheets or in tough materials, the crack extension is essentially slow and stable.  The failure 
condition for tearing fractures depends on the crack growth resistance (KR) behavior of the 
material and the applied stress-intensity factor K, which in turn depends on the crack and 
structural configurations. 

The crack growth resistance curve (KR) has shown good promise for materials where limited 
(small-scale) yielding occurs in front of the crack tip.  Difficulties in estimating crack tip 
plasticity under large-scale yielding conditions, led Wilhem [1974] to an alternate failure 
criterion based on the J-integral [Rice, 1968].  For a basic introduction to the J-integral see 
Section 11. 

An important element in the process of predicting residual strength of a structure experiencing 
ductile tearing is having a criterion that predicts the onset and rate of this phenomenon. Tests and 
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numerical simulations have been performed to assess the critical crack tip opening angle 
(CTOAc) criterion for predicting residual strength of structures containing MSD. Section 4 
section details the theoretical background behind the CTOAc criterion, and describes 
experimental and computational investigations into it. 
 



2.4 Life Prediction Methodology 
Currently, within the Air Force, airframe life predictions are based on a crack growth damage 
integration package that uses a data base and analysis to interrelate the following six elements: 

a) The initial flaw distribution which accounts for size variations and location of 
cracks in a given structure; 

b) aircraft usage describing the load spectra data base; 
c) constant amplitude crack growth rate material properties accounting for stress 

ratio and environmental effects; 
d) crack tip stress intensity factor analyses which account for crack size, shape, and 

structural interactions; 
e) damage integrator model which assigns a level of crack growth for each applied 

stress application and accounts for load history interactions; and 
f) the fracture or life limiting criterion which establishes the end point of the life 

calculation. 
Prior to describing each of the above itemized elements in separate subsections, the damage 
integrating equation will be introduced to show how the various elements interact.  As expressed 
in a numerical form, the damage integrating equation is 

j
t
jocr aaa f ∆∑+= =1  (2.4.1)

where ∆aj is the growth increment associated with the jth time increment.  The purpose of 
Equation 2.4.1 is to determine the life tf.  The various elements affect the quantities in Equation 
2.4.1 in the following manner: 

1. acr is determined interrelating elements b, d, and f. 

2. ao is determined using element a. 

3. ∆aj is determined by interrelating elements a, b, c, d, and e. 

2.4.1 Initial Flaw Distribution 
A measure of initial quality in a component of service hardware is given by the distribution of 
initial crack sizes as illustrated in Figure 2.4.1.  For predictions of safety limits, the initial cracks 
larger than the nondestructive inspection (NDI) detectability limit are of principal concern.  
Current specifications detail NDI limits and require verification/certification of contractor 
capability to detect cracks smaller than the specified NDI limits.  Normally, such certification is 
demonstrated with curves of the type shown in Figure 2.4.2.  The program of certification for a 
contractor’s quality control inspector/inspection techniques allows the USAF to assess the 
probability and confidence limits associated with detecting a given crack.  Section 3 will present 
a state-of-the-art summary of the technology and equipment that supports the establishment of 
initial flaws via nondestructive tools. 
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Figure 2.4.1.  Distribution of Initial Crack Size for a Given Type of Crack (e.g., Radial Cracks 
Growing from Fastener Holes) 

 

 

Figure 2.4.2.  Certification of NDI Capability 

Results generated by the F-4 Independent Review Team (IRT) provided a method of 
characterizing the initial flaw population (apparent initial quality) based on full-scale fatigue test-
induced cracking behavior [Lozano, et al., 1974].  Given the measurable flaw distribution in a 
structure at some time subsequent to test startup, the initial flaw population can be backtracked 
by analysis.  The “back” extrapolation of the flaw population is conducted using the damage 
integration package.  The process is schematically illustrated in Figure 2.4.3.  Subsequently, the 
initial flaw distribution established as illustrated in Figure 2.4.3 can be used to estimate influence 
of load factors, mission profiles, and usage changes on the life of service hardware.  The F-4 IRT 
study also provided an evaluation of statistical methods for describing the large crack length 
extremes for initial flaw distributions established in this manner.  The resulting distribution of F-
4 initial cracks is shown in Figure 2.4.4 [Lozano, et al., 1974; Pinchert, 1976]. 
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Figure 2.4.3.  Determining Initial Quality by Back Calculation 

  

Figure 2.4.4.  Initial Flaw Distribution for F-4 Based on Back Calculation 
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2.4.2 Usage 

The sum of the load levels that a structure is expected to experience is determined by a 
projection of the amount of usage expected over the life in the various possible missions; e.g., 
hours in training, air-to-air combat, reconnaissance, weapons delivery, etc.  The mission mix 
includes the relative amounts of time spent in each mission.  The most basic information needed 
is the load factor exceedances at the center of gravity (CG) of the aircraft.  This information is 
illustrated in Figure 2.4.5.  For new designs, this data is derived from actual measured 
exceedances from operational aircraft flying similar missions.  The USAF specifications contain 
such data.  The Air Force Guidelines Handbook for developing Load/Environmental Design 
Spectra [Giessler, et al., 1981] summarizes the techniques that are currently being utilized to 
develop the loading and environmental spectra based on these data for various types of 
structures. 

 

 
Figure 2.4.5.  Typical Load Factor Exceedance Information Indicating Usage 

The specific sequence of loads applied to the structure is necessary to the crack growth damage 
accumulation analysis.  Current practice is to simulate the overall life on a flight-by-flight basis.  
Each flight in the design, analysis, or test load spectrum consists of a series of cycles that 
combine the deterministic and probabilistic events describing the type of mission.  The 
deterministic events include takeoff and landing, and certain basic maneuver loads during each 
flight.  Probabilistic events such as gusts or rough field taxiing occur periodically.  Although it is 
possible to estimate the number of times these events occur, their position in the load sequences 
is determined in a probabilistic manner. 

In developing the load spectrum for crack growth damage analysis, it is necessary to determine 
the stress history for each critical area on the airframe.  This is accomplished by determining the 
relationship between the load history derived above and the stress response.  Figure 2.4.6 
schematically illustrates the load factor to stress history transformation. 
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Figure 2.4.6.  Load Factor to Stress History Transformation 

Differences in crack growth resulting from mission mix can be significant.  A fighter aircraft that 
is used primarily for air-combat or air-combat training typically accumulates more damage than 
one that is used for the same number of hours on a reconnaissance-type mission. 

2.4.3 Material Properties 
The material properties enter the damage integration package in the form of constant amplitude 
crack growth rate data.  Crack growth data are generated in the laboratory under constant cyclic 
loading on simple specimens with accepted characterizing stress intensity factors.  Crack growth 
rate data are developed and correlated on the basis of growth rate (da/dN) as a function of stress 
intensity factor range, ∆K, (∆K = Kmax - Kmin), as defined in Figure 2.4.7.  The ASTM defines 
Kmin = 0 and thus ∆K = Kmax whenever R < 0 (R = σmin/σmax); see Section 5.1 for additional 
discussion. 

 
Figure 2.4.7.  Stress-Intensity Factors – Cyclic Loading 

For a given ∆K, the crack growth rate increases with increasing stress ratio, R for R > 0.  Hence, 
the constant amplitude crack growth rate properties for a given material or alloy consist of a 
family of curves as illustrated in Figure 2.4.8.  The crack mechanics approach described in 
Section 2.2.1 considers that for a given ∆K, R combination, there is a da/dN that is independent 
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of geometry.  Thus, the damage integration package has available a growth rate for each ∆K 
determined for the given crack configuration and loading. 

 
Figure 2.4.8.  Constant Amplitude Crack Growth Rate Data for 7075-T6 Aluminum. 

When necessary, thermal or chemical environment and time (frequency of loading) effects are 
also included in the crack growth rate data generated for use with the damage integration 
package. 

Section 7 presents a summary of the currently available procedures and techniques which are 
used to establish crack growth rate data. 

2.4.4 Crack Tip Stress Intensity Factor Analysis 
The crack tip stress intensity factor (K) interrelates the crack geometry, the structural geometry, 
and the load on the structure with the local stresses in the region of the crack tip.  The stress 
intensity factor takes the form 

aK πβσ=  (2.4.2)
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where 

β - geometric term for structural configuration, can be a function of crack length 

σ - stress applied to the structure 

a - crack length 

It can be seen that any number of combinations of the parameters β, a, and σ can given rise to 
the same K.  The crack growth analysis rests on the experimentally verified proposition that a 
given K gives rise to a certain crack growth rate, regardless of the way in which the parameters 
were combined to generate that K. 

A considerable body of data exists which defines experimental and mathematical solutions for 
stress intensity factors for various structural configurations.  A review of the procedures for 
obtaining stress intensity factors is covered, and the K solutions for a number of practical 
structural geometries are presented in Section 11. 

Since stress enters Equation 2.4.2 in a linear sense it is appropriate to express the geometrical 
part of the stress intensity factor by using the stress intensity factor coefficient, K/σ.  Figure 2.4.9 
illustrates two typical solutions expressed in this manner.  For a through-the-thickness crack in a 
plate of infinite extent, the value of β is unity and K becomes 

aK πσ=  (2.4.2a)
Equation 2.4.2a provides one way of normalizing more complex K solutions in terms of the 
infinite plate solution.  Figure 2.4.10 depicts a typical solution of this type. 
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Figure 2.4.9.  Stress-Intensity-Factor Coefficients Showing Influence of Hole on K 
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Figure 2.4.10.  Influence of Hole on Geometric Correction Factor 

Through-the-thickness cracks are handled quite well analytically.  However, for corner cracks 
and semi-elliptical part-through cracks, such as illustrated in Figure 2.4.11, K varies from point 
to point around the crack perimeter.  This variation allows the crack shape to change as it grows, 
which leads to a complex three-dimensional problem.  The determination of β and K/σ for these 
complex cases have received a substantial amount of attention (see Section 11). 

 
Figure 2.4.11.  Complex Crack Geometries 

2.4.5 Damage Integration Models 
Rewriting Equation 2.4.1 such that the integration is conducted between the initial crack length 
(ao) and any intermediate crack length (aK) between ao and the critical crack length results in 

j

t

j
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 (2.4.3)

where t(N) is the elapsed time (number of load cycles) corresponding to growing the crack ao to 
the intermediate crack length aK.  The next cycle of the applied stress (the N + 1 cycle) induces a 
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crack length growth increment ∆aN+1.  The damage integration model provides the analysis 
capability to determine this crack length growth increment.  The growth increment ∆aN+1 is 
equated to the constant amplitude crack growth rate, which in turn is determined from a function 
of stress intensity factor range (∆K) and stress ratio (R), i.e., 

),( 1111 ++++ ∆==∆ NNNN RKf
dN
daa  (2.4.4)

The stress intensity factor range and stress ratio in Equation 2.4.4 are determined by using the 
maximum and minimum stresses in the N+1 cycle of the given stress history and evaluating the 
stress intensity factor coefficients associated with the given structural geometry at the crack 
length aK.  Subsequent to the direct calculation of the two crack tip parameters ∆K and R, and 
prior to their insertion in Equation 2.4.4, ∆K and R are modified to account for the effect of prior 
load history using retardation models.  Retardation models account for high-to-low load 
interaction effects, i.e., the phenomena whereby the growth of a crack is slowed by application of 
a high load in the spectrum.  Failure to account for high-to-low load interaction via a retardation 
model leads to conservative (~2 to 5 times shorter) life.   

There are numerous functional forms of Equation 2.4.4 and numerous models describing 
retardation.  The following list describe the general scheme of the crack growth calculation.  

Step 1 - Knowing crack length aK, determines the stress intensity factor coefficient, K/σ. 

Step 2 - For the given stress cycle, ∆σ, and the coefficient K/σ, determine the stress 
intensity factor cycle, ∆K, and stress ratio R. 

Step 3 - Utilizing the retardation model, modify the stress-intensity cycle ∆K and R to 
account for previous load history. 

Step 4 - Determine the growth rate for the stress-intensity factor cycle to establish the crack 
growth increment. 

Section 5 provides a current state-of-the-art summary of the procedures and techniques that are 
used in damage integration models. 

2.4.6 Failure Criteria 
The interrelationship between critical crack length, loading, and residual strength of a structure 
was first discussed in Section 2.2 using Figure 2.2.3.  Based on the information presented in 
Section 2.3.1, the residual strength (σres), the load-carrying capacity of the cracked structure, can 
be shown to monotonically∗ decrease with increasing crack length in the following manner: 

σres = Kc/f(a) (2.4.5)
where 

Kc = the material resistance to fracture, termed fracture toughness, and 

( ) ( ) aaaf πβ= , the structural property, termed the stress intensity factor coefficient. 

                                                 
∗ monotonic implies that the rate of change does not change sign. 
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When the residual strength decays to the level of the maximum stress in the service load history, 
fracture of the structure occurs.  The crack length associated with fracture (i.e., acr) is normally 
determined by solving Equation 2.4.5 for crack length, assuming that the residual strength equals 
the maximum stress in the stress history.  Note that the rate of growth of a crack is directly 
related to the rate of loss of residual strength through Equation 2.4.5, thus justifying the selection 
of the crack to quantify structural fatigue damage. 

The critical crack length (acr) is thus a function of material, structural geometry, and loading.  As 
shown in Figure 2.4.12, the relative effect of acr on life is typically small (i.e., when acr/ao ≥ 5).  
The primary advantage of designing for a large critical crack length is the increased 
inspectability it provides.  A large critical crack length increases the probability of locating the 
crack before it becomes critical, thereby enhancing aircraft safety. 

 
Figure 2.4.12.  Effect of Critical Crack Size on Life 

Determination of the critical crack size via Equation 2.4.5 would ordinarily be sufficient for 
safety limits; however, durability considerations often dictate that the final crack size, af, be 
chosen smaller than acr to represent rework of repair limits.  A choice of af along these lines is 
shown in Figure 2.4.13. 

 
Figure 2.4.13.  Economic Final Crack Size 

Section 4 provides a summary of available residual strength estimating techniques and 
procedures that are generally applicable to all different types of structures and materials.  Section 
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7 presents the experimental methods and procedures used to generate toughness data and residual 
strength data. 

 



2.5 Deterministic Versus Probablistic Approaches 
The ASIP design guidance of MIL-HDBK-1530 and JSSG-2006 is based on deterministic 
analyses. The growth of the largest, single flaw that might be in the most critical location of a 
structural element is predicted using a sequence of stresses from expected operational use of the 
aircraft. Maintenance actions for the element are conservatively scheduled from damage 
tolerance analyses of the predicted time for the flaw to grow to a critical size. This design 
philosophy has worked well. However, cracking scenarios can arise in an aging fleet that are not 
amenable to analyses based on the growth of a monolithic crack. For example, widespread 
fatigue damage can produce complex cracking scenarios in which the structural conditions of the 
elements in a load path are unknown and conservative assumptions would lead to unacceptable 
inspection intervals. In these scenarios, structural risk analyses are being used to assess the 
structural integrity of the load path. 

In a probabilistic risk analysis, structural integrity is characterized in terms of the single flight 
probability of failure of the load path. This probabilistic evaluation of strength versus stress is 
dynamic since strength degrades as fatigue cracks in the load path grow and the condition of the 
structure might change during maintenance actions. In a risk analysis, the condition of the 
structure is modeled in terms of distributions of damage at the critical locations and fracture 
mechanics tools are used to predict the growth of the damage distributions as a function of flight 
hours. Probability of failure as a function of flight hours is calculated from the distribution of 
strength at time T and the expected distribution of stress that will be experienced at time T. 
Maintenance actions would be scheduled at intervals that provide an acceptably small failure 
probability. Lincoln [2000] has suggested that 10-7 is an acceptable upper bound on single flight 
failure probability for Air Force applications. 

There are a number of approaches to defining and modeling the stochastic contributors to a 
probabilistic evaluation of a structure and for calculating the probability of failure. The simplest 
of models involves only the distributions of strength and stress. For two or three stochastic 
contributors in the model, the failure probability can be made using direct double or triple 
integration. If there are more than three random components, fracture probability must be 
calculated using a Monte Carlo simulation or a failure function (FORM/SORM) approach, 
[Madsen, 1987]. Examples of the use of risk analysis in airframe structures can be found in 
Lincoln [1997], Cochran, et al., [1991], and Berens, et al. [1998]. Examples of the use of 
probabilistic analyses in engine structures can be found in Yang and Chen [1985], Harris [1987], 
and Roth, [1992]. 
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2.6 Computer Codes 

2.6.1 Structural Analysis 
FRANC2D/L is a highly interactive finite element program for the small deformation analysis of 
two-dimensional structures. As such, it is useful for engineering calculations or for instruction in 
finite element and fracture courses. Linear elastic fracture mechanics analyses can be performed 
with automatic remeshing as the crack grows. The layered capability allows the user to model 
riveted and adhesively bonded structures, such as lap joints and bonded repairs. Elastic-plastic 
material behavior is also available. This allows the user to model tearing with the critical crack 
tip opening angle approach. This provides the full capability of growing a fatigue crack and 
calculating residual (tearing) strength as a function of crack length. 

FRANC2D/L is an extension of FRANC2D, which was originally written by Paul Wawrzynek at 
Cornell for the analysis of crack growth. A key concept in his work was the use of a winged-
edge data structure to describe the geometry. This greatly facilitates automatic remeshing during 
crack growth.  

2.6.2 Life Prediction 

2.6.2.1 NASGRO Fracture Analysis Software  
NASGRO Fracture Analysis Software is a suite of programs based on fracture mechanics 
principles. NASGRO can be used to analyze crack growth, perform assessments of structural 
life, compute stresses, and process and store fatigue crack growth properties. The package 
includes a large set of crack growth rate and fracture data.  

NASGRO was originally developed at NASA Johnson Space Center to perform fracture control 
analysis on NASA space systems. Later, after the NASA/FAA/USAF Aging Aircraft Program 
was formed and began supporting the development effort, NASGRO was developed further for 
use in damage tolerance analysis of aircraft, including that required for FAA certification.  

The software is comprised of the following three modules: 

• NASFLA - Life Assessment  

• NASBEM - 2-D Boundary Element  

• NASMAT - Database of da/dN & fracture test results 

NASFLA is part of the NASGRO 3.0 suite of programs Stress Intensity Factor -These are 
computed for the crack geometry and loading chosen from the NASFLA library of models, and 
displayed in tabular or graphical form.  

NASBEM is part of the NASGRO 3.0 suite of programs.  It is a two-dimensional boundary 
element program used to perform the following analyses:  

• Stress Intensity Factors - These can be calculated for any geometry and loading. Tables 
of stress intensity factors and corresponding crack lengths can be generated for use by the 
NASFLA module in performing life assessments.  

• Stress Fields - These can be calculated for any collection of points in the two-dimensional 
uncracked object being modeled including its boundary. 
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NASMAT is used to store, retrieve and curve fit crack growth and fracture toughness data. It has 
a database containing over 9000 sets of data. This includes over 3000 sets of fatigue crack 
growth data and over 6000 fracture toughness data points. These data can be searched, plotted, 
and fitted to either the NASGRO crack growth rate equation or a user specified growth rate 
equation, or they can be entered into a growth rate table. 

Additional information on the NASGRO software can be found at: 

http://nasgro.swri.edu  

 

2.6.2.2 AFGROW Fracture Analysis Software  
Additional information on theAFGROW software can be found at: 

http://fibec.flight.wpafb.af.mil/fibec/afgrow.html 

 

2.6.2.3 Cracks2000 Structural Integrity Software 
The CRACKS2000 program is based on the Linear Elastic Fracture Mechanics (LEFM) 
approach for estimating the fatigue life of a component with a crack.  The LEFM approach uses 
the stress intensity factor parameter, as the driving factor for crack growth.  The Cracks2000 
program has considerable flexibility in the analytical modeling of crack growth analysis 
problems.  

The program can solve both constant amplitude and variable amplitude crack growth analysis 
problems, with the user choosing the stress intensity factor, the type of loading spectrum, the 
type of retardation model, and the type of crack growth rate behavior description.  

Cracks2000 has fifty-one stress intensity factors solutions.  There are closed form equations for 
stress intensity factor solutions for 25 geometries.  Many of these solutions are the early 
Newman-Raju solutions, which are retained for comparisons with older analysis.  For the latest 
stress intensity factor solutions, tables of β-factors are generated from the equations;  the tables 
are used for the life analysis, and can be printed and plotted for β-factors comparison  

Additional information on the Cracks2000 software can be found at: 

http://www.udri.udayton.edu/cracks/ 

or contact 

Ms. Peggy C. Miedlar 
University of Dayton Research Institute 
300 College Park 
Dayton, Ohio 45469-0120 

Phone: (937) 229-4417 

email: miedlar@udri.udayton.edu 
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2.6.3 Risk/Probability 
PRobability Of Fracture (PROF) 

PROF is a computer program that was specifically written to interface with the data that are 
available as a result of ASIP. PROF runs in the Windows environment using an Excel 
spreadsheet interface with ASCII data files and two C++ calculation modules. The two 
calculation modules estimate the probability of failure as a function of flight hours due to either 
fatigue crack growth at a stress riser and the probability of failure due to discrete source damage 
in a load path. 

The PROF input requirements for estimating failure probability due to fatigue crack growth are: 

• crack growth versus flight hours (a versus T) for the expected stress sequences; 

• a versus K/σ at the stress riser; 

• distribution of critical stress intensity factors at the stress riser; 

• distribution of maximum stress per flight experienced at the stress riser; 

• distribution of crack sizes at the stress riser; 

• probability of detection as a function of crack size, POD(a), function for the inspection 
system used at inspections; 

• distribution of equivalent crack sizes at repaired stress risers; and 

• flight hour intervals between inspections. 

PROF projects the crack size distribution using the a versus T relation from the deterministic 
damage tolerance analysis of ASIP. At an inspection, PROF changes the distribution of crack 
sizes in accordance with the POD(a) function and the equivalent repair crack sizes. The post-
inspection/repair crack size distribution is then projected for the next usage interval. Single flight 
probability of failure is calculated using the Irwin abrupt fracture criterion. That is, the failure 
probability is calculated as the probability that the maximum stress intensity factor (combination 
of the distributions of maximum stress per flight and crack sizes) during the flight exceeds the 
critical stress intensity factor. This probability is obtained from a triple integration over input 
distributions.  

For failure probability due to discrete source damage, PROF requires the additional input of 
residual strength as a function of crack size in the remaining critical elements of the load path. 
The residual strength characterization replaces the stress intensity factor input. PROF again 
grows the crack size distributions with modifications, as necessary, at inspections. Single flight 
failure probability is calculated from the distribution of maximum stress per flight, crack size 
distribution at the critical element and residual strength as a function of crack size. This 
probability is obtained from a double integration over input distributions. 

The output of PROF is stored in an Excel workbook and provides both the single flight failure 
probability as a function of flight hours and the crack size distributions before and after an 
inspection. The availability of the crack size distributions permits changing the analysis due to 
known changes in usage. Further, multiple runs of PROF permit analyzing more complex 
scenarios such as multiple element damage. See Sample Problems UDRI-2, UDRI-3 and UDRI-4 
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for examples of the use of PROF for risk analysis of discrete source damage, multiple element 
damage and corrosion damage scenarios, respectively. 

PROF is proprietary to the University of Dayton but is freely available for United States 
government applications. PROF can be obtained for United States government applications from 

Mr. David Banaszak 
AFRL/VASM 
Wright-Patterson Air Force Base, Ohio 45433 

Phone: (937) 255-6104 

email: David.Banaszak@wpafb.af.mil 

 

For applications not directly related to the United States government, a license for the use of 
PROF can be arranged. Contact 

Dr. Alan Berens 
University of Dayton Research Institute 
300 College Park 
Dayton, Ohio 45469-0120 

Phone: (937) 229-4417 

email: berens@udri.udayton.edu 

 

DARWIN 
Design Assessment of Reliability WIth INspection (DARWIN) is a risk analysis program for 
calculating the probability of failure in turbine engine disks. With a graphical user interface for 
problem setup and output, DARWIN integrates finite element analysis, fracture mechanics, non-
destructive inspection, random defect occurrence and location, and other random variables to 
assess the risks of rotor fracture. Risk calculations incorporate both Monte Carlo and failure 
function/fast integration methods.  

See www.darwin.swri.org 

 

mailto:David.Banaszak@wpafb.af.mil
mailto:berens@udri.udayton.edu
http://www.darwin.swri.org/


2.7 Achieving Confidence In The Life Prediction Methodology 
As discussed in Section 2.4, airframe life predictions are based on a crack growth damage 
package that interrelates the following six elements: a) initial flaw distributions, b) aircraft usage, 
c) basic crack growth material properties, d) crack/structural properties, e) damage model, and f) 
fracture or life limiting criteria. 

Since life predictions for service hardware are based on the crack growth damage integration 
package, the confidence in a life prediction value must be based on a measure of the ability for a 
given package to predict measured phenomena.  To support evaluation of the damage integration 
package, laboratory tests are conducted which simulate the basic features of cracked hardware.  
Predictions are then compared to measured crack growth behavior.  The confidence normally 
associated with life predictions using a damage integration package is derived from the ability of 
the package to predict the laboratory generated crack growth behavior. 

Verification of the package is normally conducted in steps progressing from predictions of 
laboratory-generated fatigue crack growth data (for which all test conditions are reasonably well 
characterized and documented) to predictions of service-experienced cracking behavior.  
Verifying the package in steps allows for immediate deletion of inaccurate or erroneous 
assumptions made in developing or improving a given element of the package.  Since the 
package will be used to make life predictions where unknowns (e.g. spectra, structural load 
interactions) prevail, it is essential that confidence be established for each level of prediction 
capability that has been achieved. 

A change of any fundamental element within the package (e.g., retardation model) generally 
requires a resubstantiation of this confidence for the revised package.  An extension of 
capability, i.e., more complex geometry, would require only a substantiation for that level of 
complexity.  This approach must be taken because of the substantiated influence of each of the 
variables associated with the individual elements. 

Only when cracking is evident from service inspections can there be the necessary information to 
verify that the damage integration package is performing satisfactorily.  The difficulty of 
assessing the confidence level associated with the life prediction derived from the damage 
integration package results from extrapolating the use of the package from a simple data base to 
the more complex service hardware case. 

Figures 2.7.1 through 2.7.3 are provided as examples to show how elements within a package are 
verified.  All figures show the correlation between predicted and measured life.  Figure 2.7.1 
provides an evaluation of a new retardation model in which the database was a measure of the 
cyclic delay subsequent to an overload.  Figure 2.7.2 compares the predictions developed with 
the AFWAL-Willenborg-retardation model (damage integration package to laboratory test data) 
which show the influences of spectra and crack geometry changes.  Figure 2.7.3 shows the 
evaluation of a AFWAL modified damage integration package which accounts specifically for 
C-5A spectra changes on life observed when the crack geometry is a radial corner crack growing 
from an open or plugged hole. 

2.7.1 



 
Figure 2.7.1.  Single Overload Correlation with Modified Wheeler Retardation Model 

 
Figure 2.7.2.  Spectrum Correlation Using the AFWAL Willenborg-Retardation-Model 

(Damage Integration Package) 
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Figure 2.7.3.  Prediction Capability of Damage Integration Package (Based on 21 Laboratory 

Tests Conducted at AFWAL/FIB) 
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Section 3 
Damage Size Characterizations 

The damage tolerance approach to structural integrity assumes that cracks are present in all 
critical locations and demonstrates that these cracks will not grow undetected to a critical length 
during a period of service usage. Since the rate of crack growth depends on the crack length, the 
structural service lives or periods between inspections are greatly influenced by the crack lengths 
assumed at the beginning of a usage period. From the safety viewpoint, these initial crack lengths 
must be longer than any equivalent damage that could be present in the structure after passing 
quality inspections. From a practical viewpoint, however, the degree of conservatism introduced 
by assuming long cracks must be limited to reach realistic usage lives or periods of operation 
without inspections. This trade-off results in great emphasis being placed on quantifying the 
damage sizes that may be present in the structure at the beginning of an operational period. 

The distribution of crack lengths in any given structure can be considered to consist of the 
composite of the several distributions shown in Figure 3.0.1. The material as received from the 
vendor will contain very small flaws or defects such as inclusions, cracks, porosity and surface 
pits, scratches, and machine marks. These inherent material flaws are considerably below the 
detection capability of the non-destructive inspection (NDI) and should be sufficiently small to 
not grow appreciably in service. These small flaws form the basis of the continuing damage 
crack size assumption and are characterized by a single crack length, ai, which is assumed to be 
an upper bound on the distribution.  

 
Figure 3.0.1.  The Effect of Defects Distribution in Structural Integrity Planning [Walker, et al., 

1979] 

A distribution of larger defects can exist as a result of the fabrication process or as large inherent 
flaws. The production quality control process is designed to detect and eliminate as many of these 
cracks as possible but those which are not detected will propagate due to fatigue mechanisms 
during service. The largest crack size that could remain undetected in the newly fabricated 
structure after the final inspection is designated as ao. This crack length provides the starting 
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point for crack growth projections which demonstrate adequate service life or the necessity for 
an in-service inspection. 

Cracks smaller than ao will propagate in service operations and others, due to fatigue crack 
initiation, corrosion, and foreign object damage, will be initiated. If any of these cracks can 
propagate to critical size, acr, before the end of the service life, they must be detected and 
repaired at scheduled maintenance intervals. The largest crack size that can remain undetected 
after an inspection is designated as aNDI and becomes the initial crack size for the next usage 
period. Figure 3.0.2 is a schematic of the projected crack growth of the critical crack lengths and 
illustrates the resetting of the potential crack to aNDI after the inspection.  In this figure, the 
inspection was scheduled at one-half the usage time required for an initial crack (ao or aNDI) to 
grow to critical.   
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Figure 3.0.2.  Crack Growth-Life Curve after Second Inspection 

JSSG-2006 specifies the type and size of cracks that must be assumed during design.  These are 
summarized in Section 1.3.4. The assumed crack sizes depend on:  

1) the design concept (slow crack growth or fail safe);  

2) inspectability level (inspectable or non-inspectable) with and without component 
removal; and  

3) continuing damage after initial primary damage.  

In the current version of the Specification Guide, smaller initial crack sizes (ao) may be assumed 
for slow crack growth structures based on the contractors demonstrated capability to eliminate all 
cracks greater than the smaller value. This demonstration may be based on an NDI system or on a 
proof test. These qualification processes are shown schematically in Figure 3.0.3(a) and 3.0.3(b). 

The continuing damage crack size assumption can also be reduced if the contractor can 
demonstrate an improved manufacturing quality. One method for such a demonstration is based 
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3.0.3 

on the determination of the distribution of equivalent initial flaws as shown schematically in 
Figure 3.0.3(c). 

Since NDI, proof testing, and the equivalent initial quality method can be applied under the 
current airplane damage tolerance requirements and may receive greater emphasis in future 
specifications, they are reviewed in the following subsections.  Section 3.1 describes the major 
NDI methods currently in use and discusses statistically based demonstrations program for 
measuring NDI capability. Sections 3.2 and 3.3 describe and give examples of the proof test and 
equivalent initial quality methods, respectively. 

a) Inspection:
NDE Demonstration

b)  Structure:
      Proof Test

c)  Manufacturing:
     Equivalent Initial
     Quality

 
 

Figure 3.0.3.  Various Qualification Processes 



3.1 NDI Demonstration Of Crack Detection Capability 
Non-destructive inspection (NDI) methods are commonly used to determine the condition of a 
structure during production and at in-service inspections.  Detailed descriptions of the principles 
and use of these methods are generally available (see, for example, Nondestructive Testing 
Handbook, Volume Ten [1996]).  The objectives of this subsection are to briefly describe and 
compare the common NDI methods and to discuss the statistically based demonstration programs 
that are required to quantify the detection capability of an NDI system.  A distinction between 
inspections for cracks and for corrosion is made for capability evaluations even though the 
physical principles of the techniques are common. 

3.1.1 NDI Methods 
There are six commonly-used NDI techniques, and two others are expected to receive widespread 
acceptance and application.  These eight methods are visual, liquid penetrant, eddy current, 
ultrasonic, magnetic particle, radiography, thermographic and acoustic emission inspections.  
Each of these is briefly described in the following paragraphs. 

3.1.1.1 Visual Inspection 

In a sense, all inspections in which the find/no find decision is made by a human are visual.  
However, in categorizing NDI methods, visual inspections are generally interpreted as 
inspections in which the inspector is aided, at most, by optical devices, such as magnifying 
glasses and mirrors.  In the context of JSSG-2006, the in-flight evident, ground evident, walk-
around evident, and special visual inspections are all visual inspections and play an important 
role in the maintenance of structural integrity through damage tolerance. 

Visual inspections are the most common and the most economical of the inspections to perform.  
However, visual inspections are also the least reliable in terms of the size of the cracks that can 
be detected.  Since the efficacy of visual inspections is highly dependent on the alertness and 
acuity of the inspector, an additional level of human factors is introduced in discerning the 
physical attributes of a crack from its environment. 

3.1.1.2 Liquid Penetrant Inspection 

Liquid penetrant inspection is a non-destructive method for finding discontinuities that are open 
to the surface of parts fabricated from essentially nonporous materials.  After cleaning the 
surface, the penetrant is applied and will seep or be drawn into various types of minute surface 
openings.  The excess penetrant is removed and a developer is applied which highlights the 
cracks under ultraviolet light.  The process is well-suited for the detection of all types of surface 
cracks, laps, porosity, shrinkage area, laminations, and similar discontinuities. 

Indications of cracks can be found regardless of size, configuration, internal structure, or 
chemical composition of the workpiece being inspected and regardless of the orientation of the 
crack to the workpiece. 

Liquid penetrant inspections are relatively simple and inexpensive (as compared to the other NDI 
methods) and can be applied to a broad range of materials.  Very small cracks can be found.  
However, they can only detect surface cracks and their effectiveness can be adversely influenced 
by surface coatings, surface roughness, and porosity.  Extreme care is required in pre- and post-
inspection cleaning and, in some cases, etching may be required prior to inspection. 
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3.1.1.3 Eddy Current Inspection 
The principles of electromagnetic induction are used in eddy current inspections to detect surface 
and near-surface cracks in electrically-conductive metals.  When an electrically-conductive material 
is subjected to an alternating magnetic field, small circulating electric currents are generated in 
the material.  Since these eddy currents are affected by variations in conductivity, magnetic 
permeability, mass, and material homogeneity, the conditions that affect these characteristics can 
be sensed by measuring the eddy current response of the material.  In practice, eddy currents are 
induced in the part to be inspected with a coil carrying an alternating current.  The induced eddy 
currents generate their own magnetic field, which interacts with the magnetic field of the exciting 
coil, and changes the impedance of the exciting coil.  By measuring the impedance of the exciting 
coil, or a separate indicating coil, the inspector can infer the presence of cracks in the material. 
An important use of the eddy current NDI method has been in the detection of fatigue or stress 
corrosion cracks around fastener holes after the cracks have grown beyond the fastener head.  
Special bolt hole probes have also been devised for use after the fastener has been removed for 
locating cracks emanating from the wall of the fastener hole.  This inspection process has been 
automated to remove operator influence, speed inspections, and produce a permanent inspection 
record. 
Eddy current methods do not require contact with the specimen or clean up, and are generally 
faster than liquid penetrant and radiographic methods.  Although eddy current methods can 
detect both surface and subsurface cracks, the depth of inspection below the material surface is 
limited (approximately 0.25 in.).  Since eddy currents are influenced by many material variables, 
masked or false indications can easily be caused by sensitivity to part geometry, lift-off, edge 
effects and permeability variations.  Finally, eddy current methods require well-trained operators 
to man the test instruments and reference standards are necessary. 
3.1.1.4 Ultrasonic Inspection 
Ultrasonic inspection uses high frequency sound waves as a probing medium to detect subsurface, 
as well as surface cracks.  The sound waves travel through the part with attendant energy loss 
and are reflected at material-crack interfaces.  Ultrasonic inspection devices detect cracks by 
monitoring one or more of the following: (a) reflection of energy from interfaces or discontinuities 
within the metal; (b) time of transit of a sound wave through the test piece; and (c) attenuation of 
the beams by absorption and scattering within the test piece. 
Ultrasonic inspection is one of the most widely used NDI methods.  Cracks, laminations, shrinkage 
cavities, bursts, flakes, pores, bonding faults, and other discontinuities that act as metal-gas interfaces 
can be detected.  Inclusions and other non-homogeneity in the metal being inspected can also be 
detected by causing partial reflection or scattering of the wave, even though they may not act as a 
metal-gas interface.  Although the primary application of ultrasonic inspection in metals is the 
detection and characterization of internal cracks, it is also used to detect surface cracks, define 
bond characteristics, measure extent of corrosion and, (much less frequently) determine physical 
properties such as structure, grain size, and elastic constants.  The penetrating power of ultrasound 
waves allows the detection of cracks deep within a part.  Due to the sensitivity of the instruments, 
very small cracks can be detected but, if the gain is set too high, at the expense of many false 
indications.  Ultrasonic methods provide greater accuracy than other NDI methods in determining 
the position of internal cracks, estimating their size, and characterizing their orientation, shape and 
nature.  The limitations of ultrasonic methods are governed by the requirement for experienced 
technicians, the difficulty in developing inspection procedures, the need for reference standards 
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for equipment calibration, and the physical limitations of the hardware.  Since couplants (light oil 
or water) are needed to provide effective transfer of ultrasonic wave energy between transducers 
and material, parts that are rough or irregular in shape are difficult to inspect.  Similarly, parts that 
are very small are difficult to inspect.  Finally, since discontinuities in a shallow layer immediately 
below the surface may not be detectable, inspection results of very thin components are questionable. 
3.1.1.5 Magnetic Particle Inspection 
Magnetic particle inspection is effective in the detection of surface and near-surface cracks in 
ferromagnetic parts.  The inspection is accomplished by inducing a magnetic field in the part and 
applying either a dry magnetic powder or a liquid suspension of iron particles to the surface 
being inspected.  Defects in the part cause local bipolar perturbations in the magnetic field which 
attract the magnetic particles, producing visible indications by color contrast or by fluorescence 
under “black light”.  The magnetically-held particles form the outline of the discontinuity and 
generally indicate its location, size, shape, and extent to an experienced inspector. 
The magnetic particle method is a relatively fast and inexpensive method for locating small and 
shallow surface cracks in ferromagnetic materials.  Discontinuities that do not break the surface are 
detectable, but deeper cracks must be larger to be found.  Elaborate pre-cleaning is not necessary, 
but thin coatings of paint or other non-magnetic coverings, such as plating, adversely affect the 
sensitivity of this inspection technique.  Following the inspection, the material must often be de-
magnetized, and post-cleaning to remove the clinging magnetic particles is usually necessary.  
This NDI method can be used only on ferromagnetic materials, which include most of the iron, 
nickel and cobalt alloys.  Many of the precipitation-hardening steels, such as 17-4PH, 17-7PH, 
and 15-4PH stainless steels, are magnetic after aging.  Non-ferromagnetic materials that cannot 
be inspected by this method include aluminum, magnesium, copper, and titanium alloys and 
austenitic stainless steels. 
3.1.1.6 Radiographic Inspection 
Radiographic NDI is based on the differential absorption of penetrating radiation by the structure 
being inspected.  In conventional radiography, the object is bombarded by a beam of X-rays and 
the portion of the radiation that is not absorbed by the object impinges on a sheet of film.  The 
unabsorbed radiation exposes the film emulsion similar to the way light exposes film in photography.  
Development of the film produces an image that is a two-dimensional “shadow picture” of the 
entire volume of the object.  Variations in density, thickness, and composition of the object being 
inspected cause variations in the intensity of the unabsorbed radiation and appear as variations in 
shades of gray in the developed film.  Evaluation of the radiograph is based on a comparison of 
the differences in photographic density with known characteristics of the object or with standards 
derived from radiographs of similar objects of acceptable quality. 
Radiographic inspection provides the capability to probe the internal characteristics of materials and 
components.  It can disclose structural weaknesses, assembly errors, and mechanical malfunctions, 
as well as revealing voids, long cracks, and other material anomalies.  Radiography is, however, 
expensive, slow, and not sensitive to detecting certain type cracks.  Cracks cannot be detected 
unless they are parallel to the radiation beam.  Tight cracks in thick sections cannot usually be 
detected even when properly oriented.  Laminations are almost always non-detectable.  Minute 
discontinuities such as inclusions in wrought material, flakes, microporosity and microfissures 
cannot be detected unless they are sufficiently segregated to produce a detectable gross effect.  
Finally, due to the hazards of exposure to X-rays, strict controls are required to prevent biological 
damage to the inspectors. 

3.1.3 



3.1.1.7 Thermographic Inspection 

Thermographic inspection uses relative differences in heat transmission to detect internal features 
and defects, such as delaminations in layered materials.  In active thermography, heat is applied 
to the object under test and surface temperatures are monitored by an infrared camera as the heat 
propagates through the object.  In the reflection method, heat is applied to the surface that is 
monitored; relatively warm areas indicate possible internal defects.  In the transmission method, 
heat is applied to the opposite side of a panel from a detector, and relatively cooler areas will 
indicate areas of poor thermal transmission.  Heat may be applied by a laser, warm air, heat 
lamps, flash lamps, or other methods.  While heating is most common, cooling may also be used 
to create thermal transients within the material.  Passive thermography, with no external heat 
source, may be used if thermal contrasts are produced within the object under test by other 
means, such as electrical heating at a poor solder joint. 

Thermographic methods are most appropriate for use with materials that have low thermal 
conductivity, such as ceramics and polymers.  Heat propagates more slowly in these materials, 
which decreases the image acquisition rate needed from the infrared camera.  In addition, 
interference with the thermal excitation can obscure near-surface data, with “near-surface” 
measured in time of thermal transmission, so that much less data is lost when the heat is 
propagating slowly.  High emissivity surfaces radiate heat better and, therefore, produce better 
sensitivity.  Coatings, such as a flat black paint, may be applied to low emissivity or reflective 
surfaces to increase emissivity.  Flaws, such as delaminations that are perpendicular to the 
propagation of thermal energy through the object, are the best candidates for detection by 
thermography.  Other flaws that disrupt heat flow, such as fluids trapped in honeycomb materials, 
can also be detected with relative ease.   The resolution of this method decreases with depth, 
because the thermal energy is conducted in all directions, not just directly through the material.  
Surface flaws, such as cracks, may be detected if heat can be forced to propagate along the surface 
of the material.  Thickness or composition variations may be detected by transmission thermography. 

Thermography has a long history, but has not achieved the widespread use of other methods, 
such as ultrasonic, eddy current, and radiography.  Disadvantages of this method include the 
expense of equipment, the reliance on surface emissivity, and the generally low signal-to-noise 
ratio.  Advantages include area inspection nature of the technology, speed, noncontact nature, 
and versatility.  Currently, thermographic methods are used for delamination detection in layered 
composites, coatings evaluation, honeycomb inspection, thermal barriers, bond evaluation, and 
thickness evaluation.  Improvement in the sensitivity of infrared detectors and better thermal 
sources indicate that the use of thermographic methods will increase as the supporting 
technologies continue to mature. 

3.1.1.8 Acoustic Emission Inspection 

Acoustic emission (AE) is the term used for dynamic stress waves that are created within a material 
due to the application of a force.  Some examples are the sound of fibers breaking when a piece 
of wood is bent, high-frequency stress waves created when a crack grows in a metal structure 
undergoing mechanical fatigue, and the pulse of stress waves emanating from the impact site of a 
meteorite colliding with a spaceship hull.  AE differs from most of the other NDI methods in that 
no directed energy is put into the test object.  Whole-body forces create the localized stress 
waves that propagate through the test object to AE sensors.  
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AE NDI is done by placing multiple acoustic sensors on the object being inspected and then 
recording and correlating the signals generated when stress waves reach the sensors.  The sensors 
typically are responsive to acoustic frequencies between 50 kHz and 1 MHz.  The lower limit is 
important in order to limit acoustic noise, although it should be noted that common objects such 
as jingling car keys or grinding wheels produce acoustic energy above 100 kHz.  The upper limit 
is strongly dependent on the bandwidth of the AE sensor.  Occasionally, AE tests utilize sensors 
with the upper limit extending into the 2-3 MHz range.  The sensors are connected to AE 
instruments that amplify, filter, store, and process the signals produced by the sensors.  Typical 
results from AE tests are the number of AE “events” recorded; the energy, time, and duration of 
each event; and the location of the event within the test object. 
Some advantages of AE NDI are: 1) the method is sensitive to stress waves emanating from 
anywhere within the test object; the sensors do not have to be focused or scanned across the 
object; 2) triangulation of the time of detection of the stress wave at different sensors allows 
identification of the location of the emission, and 3) sensors can be placed on objects with very 
limited access. 
Disadvantages of AE NDI are: 1) the instrumentation is expensive, 2) appropriate signal processing 
to eliminate unimportant signals can be complicated, 3) large amounts of data often are generated, 
creating data storage problems. 
3.1.1.9 NDI Methods Summary 
Figure 3.1.1 summarizes and compares attributes of the five principal non-visual NDI methods 
that are in widespread use.  This subjective comparison describes the types of defects that can be 
characterized, the structural applications, the advantages, and limitations of each of the methods.  
For damage tolerance considerations, the key characteristic of an NDI system is the size of the 
flaws that can be missed when the system is applied in the field.  Quantifying inspection 
capability in terms of flaw size is referred to as inspection or NDI reliability.  Because of the 
many differences in material and geometry of structural details and the many approaches to the 
application of any of the methods, there is no single characterization of capability in terms of a 
reliably-detected crack size for any of the methods.  Further, because of the difficulty and cost of 
quantifying NDI reliability, relatively few capability demonstrations have been conducted.  Only 
very general statements can be made comparing the NDI reliability of the five methods. 
Because of the random nature of inspection response to flaws of ostensibly the same size, NDI 
capability is characterized in probabilistic terms and estimated using statistical methods.  In 
particular, NDI reliability is quantified in terms of the probability of detection as a function of 
flaw size, POD(a).  There is no practical flaw size for which there is 100 percent assured detection.  
For damage tolerance applications in the aircraft industry, it has become customary to characterize 
inspection capability in terms of the crack size for which there is a 90 percent probability of 
detection, the a90 crack size.  To reflect the statistical uncertainty in the estimate of a90, a 95 percent 
confidence bound can be calculated yielding the a90/95 crack size characterization of capability.  
There is 95 percent confidence that at least 90 percent of all cracks of size a90/95 will be detected. 
The reliably detected crack size for a system is usually taken to be either a90 or a90/95.  Note that 
cracks smaller than a90/95 are readily detected by the NDI systems since POD(a) functions for 
production inspections increase over a relatively large crack size region.  Typically, the 50 percent 
detectable crack size is less than half the a90 crack size for a non-automated inspection.  
Subsection 3.1.2 describes in considerable detail the approach to demonstrating NDI reliability 
for an application. 
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Method Measures or Defects Applications Advantages Limitations 
Magnetic 
Particles 

Surface and slightly 
subsurface defects; 
cracks, seams, porosity, 
inclusions 
Permeability variations 
Extremely sensitive for 
locating small, tight 
cracks 

Ferromagnetic  
materials, bar, 
forgings, weldments, 
extrusions, etc. 

Advantage over 
penetrant in that it 
indicates subsurface 
defects, particularly 
inclusions 
Relatively fast and 
low cost 
May be portable 

Alignment of magnetic 
field is critical 
Demagnetization of 
parts required after tests 
Parts must be cleaned 
before and after 
inspection 
Masking by surface 
coatings 

Liquid 
Penetrant 

Defects open to surface 
of parts; cracks, porosity, 
seams, laps, etc. 
Through-wall leaks 

All parts with non-
absorbing surfaces 
(forgings, weldments, 
castings, etc.)  Note:  
Bleed-out from 
porous surfaces can 
mask indications of 
defects 

Low cost 
Portable 
Indications may be 
further examined 
visually 
Results easily 
interpreted 

Surface films, such as 
coatings, scale, and 
smeared metal may 
prevent detection of 
defects 
Parts must be cleaned 
before and after 
inspection 
Defect must be open to 
surface 

Ultrasonic 
(0.125 MHz) 

Internal defects and 
variations, cracks, lack 
of fusion, porosity, 
inclusions, 
delaminations, lack of 
bond, texturing 
Thickness or velocity 
Poisson’s ratio, elastic 
modulus 

Wrought metals 
Welds 
Brazed joints 
Adhesive-bonded 
joints 
Nonmetallics 
In-service parts 

Most sensitive to 
cracks 
Test results known 
immediately 
Automating and 
permanent recording 
capability 
Portable 
High penetration 

Couplant required 
Small, thin, complex 
parts may be difficult 
to check 
Reference standards 
required 
Trained operators for 
manual inspection 
Special probes 

Eddy 
Current 
(200 Hz to  
6 MHz) 

Surface and subsurface 
cracks and seams 
Alloy content 
Heat treatment variations 
Wall thickness, coating 
thickness 
Crack depth 
Conductivity 
Permeability 

Tubing 
Wire 
Ball bearings 
“Spot checks” on all 
types of surfaces 
Proximity gage 
Metal detector 
Metal sorting 
Measure conductivity 
in % IACS 

No special  operator 
skills required 
High speed, low cost 
Automation possible 
for symmetrical parts 
Permanent record 
capability for 
symmetrical parts 
No couplant or probe 
contact required 

Conductive materials 
Shallow depth of 
penetration (thin walls 
only) 
Masked or false 
indications caused by 
sensitivity to variation, 
such as part geometry, 
lift-off 
Reference standards 
required 
Permeability variations 

Radiography 
(X-rays-film) 

Internal defects and 
variations; porosity, 
inclusions; cracks; lack 
of fusion; geometry 
variations; corrosion 
thinning 
Density variations 
Thickness, gap and 
position 
Misassembly 
Misalignment 

Castings 
Electrical assemblies 
Weldments 
Small, thin, complex 
wrought products 
Nonmetallics 
Solid propellant 
rocket motors 
Composites 

Permanent records; 
film 
Adjustable energy 
levels (5 kv-25 mev) 
High sensitivity to 
density changes 
No couplant required 
Geometry variations 
do not effect 
directions of X-ray 
beam 

High initial costs 
Orientation of linear 
defects in part may not 
be favorable 
Radiation hazard 
Depth of defect not 
indicated 
Sensitivity decreases 
with increase in 
scattered radiation 

 
Figure 3.1.1.  Summary and Comparison of Principal Nondestructive Testing Methods [Walker, 

et al., 1979] 
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Table 3.1.1 presents approximate lower limits of reliably-detected crack sizes for the NDI 
methods in common use in the aircraft industry.  These limits are achievable on some structures 
by well-trained inspectors working in a good production environment.  Because the crack sizes 
of Table 3.1.1 represent the limits of the methods, such capabilities must be demonstrated before 
use in a damage tolerance based inspection schedule.  Note that most routine inspections are not 
designed for these target crack sizes. 

Table 3.1.1.  Approximate Limits of Reliably Detectable Crack Sizes 
Method Location Dimension Size (in.) 

Manual Near Surface Length 0.030-0.040 
Semi-Automated Near Surface Length 0.020-0.030 

 
Eddy Current 

Automated Near Surface Length 0.005-0.010 
Manual Subsurface FBH* 0.032-0.064 

Ultrasonic Automated Subsurface FBH* 0.016-0.032 
Manual Surface Length 0.075-0.100 

Fluorpenetrant Automated Surface Length 0.060-0.075 
Magnetic Particle Manual Near Surface Length 0.010-0.020 

*FBH – capability based on flat bottom holes 

 

There have been a number of demonstrations of NDI reliability for different structures and NDI 
methods.  An early compilation of such results can be found in Yee, et al. [1974], but the analysis 
methods for POD data were still evolving at that time and the quoted a90/95 values in this report 
are not compatible with those of more recent vintage. A major study sponsored by the United 
States Air Force was that of a program known as “Have Cracks, Will Travel” [Lewis, et al., 1978].  
This study evaluated inspection capability at Air Force facilities and demonstrated the need for 
improving NDI reliability.  More recently, Rummel and Matzkanin [1997] have produced a data 
book that lists POD results for aluminum and titanium flat plates and panels and steel turbine 
engine bolt holes.  Among others, this data book contains the results of NDI demonstrations 
produced by the Aging Aircraft NDI Development and Demonstration Center at Sandia National 
Laboratories (see for example Spencer & Schurman [1995] and those of an AGARD round robin 
[Fahr, et al., 1995]).  A number of POD evaluations have been performed on the Retirement for 
Cause Eddy Current Inspection System (RFC/ECIS) for the inspection of turbine engine 
components but the results of these evaluations have not been released. 

Another quantitative comparison of the various NDI methods is represented by the default 
reliably detected crack sizes that can be used in structural design. See, for example, 
NASA/FLAGRO Version 2.03, in which such default crack sizes are listed for 24 different crack 
types and the five common NDI methods. As an example of such default reliably detected crack 
sizes, Figure 3.1.2, from Rummel & Matzkanin [1997] and NASA/FLAGRO Version 2.03, 
presents one of the crack types and the corresponding default crack sizes. 
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Crack Case

NDE Inspection 
Technique or Flaw 
Size Criterion

Thickness 
Range (in.)

Crack 
depth, a

Size (in.) 
crack 
length, c

CC01, (edge) EC t > 0.075 0.075 0.075
P t > 0.100 0.100 0.100
MP t > 0.075 0.075 0.075
U t > 0.100 0.100 0.100

Notes:
EC = eddy current (ET)                                   MP = magnetic particle (MT)
P = dye/fluorescent penetrant (PT)                U = ultrasonic (UT) 

 
Figure 3.1.2.  Standard NDE Flaw Sizes for STS Payloads – Edge Corner Cracks [Rummel & 

Matzkanin, 1997] 

3.1.2 NDI Capability Evaluation for Cracks 
While all of the NDI systems are capable of finding “small” cracks, damage tolerance analyses 
are based on the largest crack that might be in the structure after an inspection.  Thus, the focus 
of NDI capability evaluation for damage tolerance is the largest crack that might be missed at an 
inspection.  NDI techniques do not always produce a correct indication when applied by inspectors 
to cracks of the same size.  The ability and attitude of the operator, the geometry and material of 
the structure, the environment in which the inspection takes place, and the location, orientation, 
geometry and size of the crack all influence the chances of detection.  When considering the 
efficacy of an NDI system as a function of only crack size, uncertainty is introduced as a result of 
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ignoring the other factors.  This uncertainty is quantified in terms of the probability of detection 
(POD) of cracks of a fixed size. POD(a) is defined as the proportion of all cracks of size a that 
will be detected by the NDI system when applied by representative inspectors to the population 
of structural elements in a defined environment.  At present, demonstrating the capability of an 
NDI system for a specific application requires a carefully controlled experiment with a valid 
statistical analysis of the resulting data.  Figure 3.1.3 presents an example POD(a) function with 
a 95 percent confidence bound for a liquid penetrant inspection of turbine engine blades.  Each 
data point represents the proportion of times cracks of the indicated size were detected.  
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Figure 3.1.3.  Example POD(a) Curve with Confidence Bound for Liquid Penetrant Inspections 

The statistically-based characterization of NDI capability has two significant ramifications.  
First, for a given NDI application, the true probability of detection as a function of crack size (or 
for a single crack size) will never be known exactly.  The capability of an NDI system can only 
be demonstrated by inspecting representative structures with known crack sizes.  The true 
POD(a) function is estimated from the responses to the inspection stimuli or by the observed 
percentages of correct positive indications.  The estimated POD(a) is subject to the statistical 
variation that can result from all of the uncontrolled factors that lead to variability in positive 
indications for all cracks of a particular size.  However, statistical methods (which depend on the 
experimental procedure) are available which yield confidence limits on the true probability of 
detection.  Protection against making a wrong decision on the basis of a set of non-typical results 
is provided by the confidence limits. 

Second, in the real-world structural integrity problem, no inspection procedure will provide 100 
percent assurance that all cracks greater than some useful size will be detected.  Current NDI 
capabilities at the short crack lengths of interest in aircraft applications dictate that a reliably 
detectable crack size, can only be specified in terms of a size for which a high percentage of 
cracks will be detected.  To reflect the statistical uncertainty, a confidence bound is often placed 
on this estimate of crack size.  Such single crack size characterizations of NDI capability are 
expressed in terms of the crack sizes for which there is at least a given POD at a defined level of 
confidence (the POD/CL crack size).  Such characterizations provide a stand-alone measure of 
the NDI system that is valid for applications represented by the demonstration test conditions.  
For example, JSSG-2006 states that smaller initial crack sizes can be used for slow crack growth 
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structures if it can be shown that there is 95 percent confidence that at least 90 percent of all 
cracks of the smaller size will be detected by the manufacturers’ NDI system. 

There are three major limitations associated with the POD/CL type characterization: 

1) The choice of particular POD and confidence limits has been made on a rather arbitrary 
basis.  For example, 90/95 values were selected for JSSG-2006 recommended crack sizes 
even though there is no real interest in a crack length that is detected only 90 percent of 
the time.  Rather, 90/95 limits were selected because higher POD or confidence limit 
values would have required much larger sample sizes in the demonstration programs for 
the analysis methods being used.  The 95 percent confidence limit is assumed to provide 
the required degree of conservatism. 

2) A POD/CL limit is not a single, uniquely defined number but, rather, is a statistical or 
random quantity. Any particular POD/CL estimate is only one realization from a 
conceptually-large number of repeats of the demonstration program. Berens & Hovey 
[1981] showed there can be a large degree of scatter in these POD/CL estimates and the 
scatter depends on the POD function, analysis method, POD value, confidence level and 
number of cracks in the demonstration program. 

3) The POD/CL characterization is not related to the size of cracks that may be present in 
the structure after an inspection. To calculate the probability of missing a large crack 
requires knowledge of both POD(a) for all cracks sizes and the distribution of the sizes of 
the cracks in the population of structural details being inspected. 

MIL-HDBK-1823 and Berens [1988] present in considerable detail an acceptable approach to 
demonstrating NDI capability in terms of a POD/CL characterization.  Other approaches are also 
in use.  After a brief description of the design of NDI capability experiments, the following 
paragraphs present a description of the analyses that are in current use for calculating POD/CL 
limits. 

3.1.2.1 Basic Considerations in Quantifying NDI Capability 

There are two distinct strategies for quantifying NDI capability for damage tolerance analyses.  
These are: a) estimating POD(a) as a function of crack size and b) demonstrating capability for a 
fixed crack size.  To estimate a POD(a) function, the structural details to be inspected would 
comprise a range of crack sizes in the expected domain of increasing POD.  A parametric equation 
is assumed for the POD(a) function, the parameters of the equation are estimated from the inspection 
results, and the statistical properties of the estimates are used to place a confidence limit on the 
selected detection probability.  To demonstrate capability for a fixed crack size, only cracks of the 
size of interest are inspected.  The proportion of the cracks that are detected is the estimate of POD 
(for cracks of that size) and binomial theory is used to place a lower confidence bound on the 
detection probability.  Because of the greater utility of the POD(a) function, the approach based on 
estimating the entire function is preferred by many, including the Air Force [MIL-HDBK-1823].  
The fixed crack size approach is used by NASA for qualifying the inspection capability of vendors 
[Salkowski, 1993].  It might be noted that a binomial approach to estimating POD as a function of 
crack size was extensively considered in the 1970’s, but later abandoned.  Very large numbers of 
cracked specimens were needed to ensure an adequate sample size within reasonably small intervals 
of crack size. 
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The analysis of data for demonstrating capability at a fixed crack size using the binomial 
approach will be discussed, but the major thrust of the capability evaluation is focused on 
estimating the POD(a) function.  Similar considerations apply to the planning of both types of 
capability demonstrations. 
Inspection results are recorded in two distinct formats and the format determines the analysis 
method to be used in modeling the POD(a) function.  When the results of an inspection are expressed 
only in terms of whether or not a crack was detected, the data are known as find/no find, hit/miss, 
or pass/fail data.  Such dichotomous inspection results are represented by the data pair (ai, Zi) 
where ai is the size of the ith crack and Zi represents the outcome of the inspection of the ith crack: 
Zi = 1 for the crack being found (hit or pass) and Zi = 0 for the crack not being found (miss or 
fail).  Examples of such data would be the results of visual, magnetic particle, or fluorescent 
penetrant inspections or any inspection for which the magnitude of the response to the inspection 
stimulant was not recorded.  POD(a) analysis for data of this nature is often called hit/miss or 
pass/fail analysis.  Maximum likelihood estimates of the parameters of the POD(a) model are 
obtained from the (ai, Zi) data.  Asymptotic properties of the maximum likelihood estimates are 
used to calculate the confidence bound on the estimate of the reliably detected crack size. 
When the results of the inspection are based on the quantified magnitude of a response to the 
inspection stimulus and the response is recorded, the POD(a) function can be estimated from the 
statistical scatter in the response magnitudes as a function of crack size.  The data pair comprising 
size and signal response are designated as (ai, âi) in which âi is the response to the inspection 
stimulus for the ith crack.  If âi is greater than a pre-set threshold, âth, a crack is indicated.  Data 
of this nature are often referred to as â vs a  (a-hat vs a).  Data from automated eddy current 
systems are of this nature.  Data from ultrasonic and liquid penetrant inspections have also been 
recorded and analyzed in the â vs a format.  The parameters of the POD(a) function are estimated 
from the scatter in â values about the mean response to cracks of size a.  Maximum likelihood is 
used to estimate the parameters and to place confidence bounds on the estimate of the reliably 
detected crack size when desired [MIL-HDBK-1823; Berens, 1988]. 
The demonstration of NDI capability is a consumer or quality concern.  The primary objective of 
such demonstrations for a particular application is to estimate the POD(a) function and, 
consequently, the reliably detected crack size, say aNDI.  For damage tolerance considerations, 
aNDI is commonly accepted to be the crack sizes designated as a90 or a90/95.  The a90 crack size is 
defined as the size for which POD(a90) = 0.90 and a90/95 is the upper (conservative) 95% 
confidence bound on the estimate of a90.  (The estimate of the a90 crack size is often referred to 
as the a90/50 crack size under the wrong assumption that the estimate of a90 is the median of the 
sampling distribution of the estimates.) 
NDI reliability experiments have also been conducted to optimize the inspection protocol and to 
ensure process control.  System optimization with respect to POD(a) would have the objective of 
determining system configurations that produce acceptable a90 or a90/95 values.  The design of 
system optimization programs is of a different character and beyond the scope of demonstrating 
the capability of the system. 
3.1.2.2 Design of NDI Capability Demonstrations 
NDI capability is typically quantified through a capability demonstration program.  The concept 
for such a demonstration is to mimic the real inspection as closely as possible on representative 
specimens that contain cracks of known sizes that span the range of increase of the POD(a) 
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function.  A comprehensive description for the execution of such a demonstration program and 
the analysis of the resulting data is presented in MIL-HDBK-1823 (see also Berens [1988] and 
Berens [2000]).  The analysis of the data from an NDI demonstration uses the maximum 
likelihood estimates of the parameters of the POD(a) model and the asymptotic properties of 
such estimates.  This subsection briefly reviews the design and execution of a generic capability 
demonstration.  
An NDI reliability demonstration comprises the execution of a test matrix of inspections on a set 
of specimens with known crack locations and sizes.  The inspection results, either â or hit/miss, 
are then analyzed to estimate the parameters of the POD(a) function and the reliably detected 
crack size for the inspection application.  The specimens are inspected under a test protocol that 
simulates as closely as practical the actual application conditions.  Establishing test protocols for 
eddy current, fluorescent penetrant, ultrasonic and magnetic particle inspection systems are 
discussed in MIL-HDBK-1823.  
The objectives and costs of an NDI demonstration determine the matrix of inspections to be 
performed.  From the analysis viewpoint, there are two major categories of concerns that must be 
addressed in establishing the experimental design.  These are: a) the generality of inferences that 
can be made from the controlled and uncontrolled inspection and material parameters; and, b) the 
number and sizes of cracks and the number of uncracked inspection sites in the specimens.  
Controlled and Uncontrolled Factors 
To demonstrate capability for an application, it is assumed that: a) the complete protocol for 
conducting the inspection is well defined for the application; b) the inspection process is under 
control; and, c) all other factors which introduce variability in an inspection decision are reasonably 
representative of the application.  The representativeness of these other factors limits the scope of 
the POD(a) characterization and is addressed by controlling the factors during the inspection or by 
randomly sampling the factors to be used in the demonstration.  The methods of accounting for 
these factors are important aspects of the statistical design of the demonstration and significantly 
influence the statistical properties of the estimates of the POD(a) function parameters. 
The important classes of the factors that introduce variation in crack detectability are: 

a) the inherent degree of repeatability of the magnitude of the NDI signal response when a 
specific crack is independently inspected many times with all controllable factors held 
constant; 

b) the material and geometrical properties of the specimens and the differences in the 
physical properties of cracks of nominally identical "size";  

c) the variation introduced by different hardware components in the inspection system; and, 
d) the summation of all the human factors associated with the particular population of 

inspectors that might be used in the application. 

The effects of these factors are present in every NDI reliability demonstration and they should be 
explicitly considered in the design of the demonstration and the interpretation of the results. 

Little can be done about the variation of the response to the NDI excitation at the demonstration 
stage when inspections are repeated under fixed conditions.  This variation might be reduced if 
the system was modified or better optimized but that is a different objective.  Repeat inspections 
under identical conditions will provide a measure of the inherent variability that is a lower bound 
on the variability to be expected in applications of the system. 
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The character of the cracks in the structure being inspected will have a significant influence on 
the inspection outcome.  There are two elements of crack character that impact the demonstration: 
the physical characteristics of the specimens containing the cracks and the physical properties of 
the cracks in the specimens.  The inspection system will be designed to detect cracks of a defined 
size range at a location in a structural element defined at least by a material type and geometrical 
configuration combination.  A fixed set of specimens containing cracks will be inspected and these 
specimens either must be of this combination or the assumption must be made that differences in 
inspection response in the specimens is identical to that obtained in the real application.  

The cracks in the specimens must be as close as possible to the cracks that will be in the real 
structures and of sizes that span the region of interest for the POD(a) analysis.  The assumption 
of equivalent response to the real inspection is implied when the results of the demonstration are 
implemented.  Experience with the inspection will dictate the degree of acceptance of the 
assumption.  For example, EDM notches are not good substitutes for eddy current inspections of 
surface fatigue cracks but may be the only possible choice for subsurface ultrasonic inspections. 

Inspection capability is expressed in terms of crack size but not all cracks of the same "size" will 
produce the same magnitude of inspection response.  In general, the specimens used in NDI 
reliability demonstrations are very expensive to obtain and characterize in terms of the sizes of the 
cracks in the specimens.  Each set of specimens will be inspected multiple times if other factors 
are being considered in the demonstration.  From a statistical viewpoint, this restriction on the 
experimental design limits the sample size to the number of cracks in the specimen set.  Multiple 
independent inspections of the same crack only provide information about the detection probability 
of that crack and do not provide any information about the variability of inspection responses 
between different cracks.  Stated another way, k inspections on n cracks is not equivalent to 
inspections of n • k different cracks, even if the inspections are totally independent.  The number 
and sizes of cracks will be addressed later. 

Accounting for the variability due to differences in inspection hardware must first be considered 
in terms of the scope of the capability evaluation.  Each component of the inspection system can 
be expected to have some, albeit small, effect on inspection response.  The combinations of 
particular components into sub-systems and complete inspection stations can also be expected to 
influence the response.  Recognizing that individual hardware combinations might have different 
POD(a) capabilities, a general capability objective must be set.  Each combination can be 
characterized, each facility comprising many combinations can be characterized, or many 
facilities can be characterized.  Ideally, the available hardware combinations would be randomly 
sampled for the scope of the desired characterization and a weighted average of responses would 
be used to estimate the POD(a) function.  On a practical level this is seldom done for ostensibly 
identical equipment. (Note that an analogous problem exists when accounting for the human 
factors which will be discussed in the following.)  More commonly, capability demonstrations 
are performed on combination of hardware and the assumption is made that the characterization 
would apply to all combinations.  That is, the POD(a) differences between combinations are 
assumed to be negligible.  

The above is directed at a complete individual inspection system (however defined), but the 
variability of interchangeable components of a system can often be directly assessed.  For example, 
experience has shown that different eddy current probes produce different responses when all 
other factors are constant.  If a single probe is used to demonstrate the capability of an eddy 
current system, the estimated POD(a) function applies to the relevant inspections using that probe.  
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However, if the POD characterization is to be used for in-service inspections using any such 
probe, an assumption is required that the probe is representative of the entire population.  If a 
larger demonstration is affordable, the inspections could be performed using a random sample of 
probes from the available population.  The analysis method must then account for the fact that 
multiple inspections of each crack were made with the different probes.  The resulting 
characterization would better represent an inspection for a randomly selected probe. 

Accounting for the variation from more than one source is more complex.  Care must taken to 
ensure that the multiple sources are balanced in the analysis of the data and that the correct 
analysis procedures are used.  For example, in the early evaluations of an automated eddy current 
system for turbine engine disks (the ECIS system for the ENSIP/RFC applications), there was 
considerable interest in the inherent variability in response from repeated, identical inspections 
and from different probes with their associated re-calibration changes.  (Other factors were 
initially considered but were later ignored after it was shown that they had no affect on POD(a) 
for the system.)  The specimen sets would be inspected three times: twice with one probe and 
once with a second probe.  The data from the three inspections, however, could not be combined 
in a single analysis since such an analysis would skew the results toward the probe with double 
representation.  Thus, one analysis would be performed to estimate the inherent repeat variability 
and a second analysis would be performed to estimate the probe to probe variation.  The results 
would then be combined to arrive at the POD(a) function that accounted for both sources of 
variation.  It might be noted in this context that the repeat variability was negligible as compared 
to the variability that results from re-calibration and probe changes.  The demonstration plan was 
later modified to better estimate the more significant between probe variation by performing the 
third inspection with a third probe. 

Factorial-type demonstrations are an efficient approach to simultaneously account for several 
significant factors.  However, such demonstrations for more than a couple of factors require 
many inspections of the specimen set.  More sophisticated statistical experimental designs might 
be employed but the actual choice of such a design and the analysis of the data are driven by the 
specific objectives of a particular experiment.  Discussion of such designs is beyond the scope of 
this discussion. 

Human Factors 

When the inspector plays a significant role in the find/no find decision, he or she is an integral 
component of the NDI system.  In such common inspection scenarios, human factors can 
contribute significantly to the variability in inspection results.  In this context, human factors 
refer to both the dynamic capabilities of individual inspectors and the user friendliness of the 
inspection tools in the environment of the application.  Experiments have been conducted to 
quantify some of the environmental effects of human factors and data from some demonstration 
experiments have been interpreted in terms of the level of training and experience of the 
inspectors (see, for example, Spencer & Schurman [1994]).  However, the effects and 
interactions of human factors on inspection results have not been characterized.  Rather, to the 
extent possible, NDI systems are automated to minimize the effect attributed to the inspector. 

In a non-automated inspection, many human factors potentially influence the inspection decision 
and they cannot all be accounted for in a capability demonstration.  At some level, the representative 
inspection assumption will be required.  Given that the mechanical aspects of the NDI system 
and inspection environment are held constant, differences between inspectors can cause a biased 
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capability characterization if ignored.  Again, the objective of the capability characterization 
must be stated in advance.  If each inspector is being evaluated, a separate POD(a) function for 
each is estimated.  If a single POD(a) function is wanted for an entire facility, the inspectors in 
the demonstration must be randomly sampled in proportion to the percent of such inspections 
each performs.  Alternatively, inspectors might be categorized by, say, capability as implied by 
certification level.  A random sample of the inspectors from each level could be selected to arrive 
at a composite POD(a) for the level and a weighted average would be calculated based on the 
percent of inspections performed by each level.  An example of designing such a demonstration 
is given in Hovey, et al. [1989].  Example results from the evaluation of a population of 
inspectors can also be found in Davis [1988].  

3.1.2.3 Sample Size Requirements 

Sample sizes in NDI reliability experiments are driven more by the economics of specimen 
fabrication and crack characterization than by the desired degree of precision in the estimate of 
the POD(a) function.  Reasonable appearing POD(a) functions can often be obtained from 
applying the maximum likelihood analysis to an inspection of relatively few specimens.  Totally 
unacceptable results can also be obtained from inspecting specimens containing too few cracks or 
from inspection results that are not reasonably represented by the assumptions of the models.  
Therefore, it must be recognized that the confidence bound calculation for a POD(a) analysis is 
based on asymptotic (large sample) properties of the estimates and that there are minimal sample 
size requirements that must be met to provide a degree of reasonable assurance in the 
characterization of the capability of the system. 

Larger sample sizes in NDI reliability experiments will, in general, provide greater precision in the 
estimate of the POD(a) function.  However, the sample size is determined from the number of 
cracks in the experiment and there is an information content coupling with the crack sizes that 
must also be considered.  The effect of this coupling manifests itself differently for the â versus a 
and hit/miss analyses. 

Sample sizes for the binomial analysis that is used to demonstrate a capability at a single crack 
size are dictated strictly by the selected value of the target POD and the degree of confidence. 

Sample Size Requirements for â versus a Analysis 

When the crack decision is made on the basis of a recorded response, â, to the inspection stimulus, 
the data are known as â versus a inspection results and a better POD(a) analysis is available.  An 
example of â versus a data from a capability demonstration is presented in Figure 3.1.4.  When 
the inspection response is greater than a pre-set detection threshold, a crack is indicated for the 
site.  In a capability demonstration, the minimum signal threshold is set as low as possible with 
respect to noise.  Detection thresholds are later set that will yield a desired a90 value with an 
acceptable rate of extra indications.  Extra indications are crack indications at sites with no 
known cracks.  Extra indications can be the result of noise or large responses from insignificant 
cracks.  However, they can also result from anomalies that do not impair structural integrity.  
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Figure 3.1.4.  Example Plot of â versus a Data 

The recorded signal response, â, provides significantly more information for analysis than a simple 
crack or no crack decision of a hit/miss inspection response.  The POD(a) model is derived from 
the correlation of the â versus a data and the assumptions concerning the POD(a) model can be 
tested using the signal response data.  Further, the pattern of â responses can indicate an acceptable 
range of extrapolation.  Therefore, the range of crack sizes in the experiment is not as critical in an 
â versus a analysis as in a hit/miss analysis.  For example, if the decision threshold in Figure 3.1.4 
was set at 1000 counts, only the cracks with depths between about 6 and 10 mils would provide 
information that contributes to the estimate of the POD(a) function.  The larger and smaller 
cracks are always found or missed and would have provided little information about the POD(a) 
function in a hit/miss analysis.  In the â analysis, however, all of the recorded â values provided 
full information concerning the relation between signal response and crack size and the censored 
values at the signal minimum and maximum limits provided partial information.  The parameters 
of the POD(a) function are derived from the distribution of â values about the median response 
for cracks of size a.  Assumptions necessary for characterizing this distribution are readily 
evaluated with the â versus a data. 

Because of the added information in the â data, a valid characterization of the POD(a) function 
with confidence bounds can be obtained with fewer cracks than are required for the hit/miss 
analysis.  It is recommended that at least 30 cracks be available for demonstrations whose results 
can be recorded in â versus a form.  Increasing the number of cracks increases the precision of 
estimates.  Perhaps, more importantly, increasing the number of cracks provides a broader 
population of the different types of cracks that the inspection will address.  Therefore, the 
demonstration specimen test set should contain as many cracked sites as economically feasible. 
The analysis will provide parameter estimates for smaller sample sizes but the adequacy of the 
asymptotic distributions of the estimates is not known. 
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Sample Size Requirements for Pass/Fail Analysis 

In a hit/miss capability demonstration, the inspection results are expressed only in terms of 
whether or not the crack of known size was detected.  There are detection probabilities associated 
with each inspection outcome and the analysis assumes that the detection probability increases 
with crack size.  Since it is assumed that the inspection process is in a state of control, there is a 
range of crack sizes over which the POD(a) function is rising.  In this crack size range of inspection 
uncertainty, the inspection system has limited discriminating power in the sense that detecting or 
failing to detect would not be unusual.  Such a range might be defined by the interval (a0.10, a0.90), 
where ap denotes the crack size that has probability of detection equal to p; that is, POD(ap) = p.  
Cracks smaller than a0.10 would then be expected to be missed and cracks greater than a0.90 would 
be expected to be detected. 

In a hit/miss capability demonstration, cracks outside the range of uncertainty do not provide as 
much information concerning the POD(a) function as cracks within this range.  Cracks in the 
almost certain detection range and almost certain miss range provide very little information 
concerning probability of detection.  In the hit/miss demonstration, not all cracks convey the 
same amount of information and the "effective" sample size is not necessarily the total number of 
cracks in the experiment.  For example, adding a large number of very large cracks does not 
increase the precision in the estimate of the parameters of the POD(a) function.  

Ideally, all of the cracks in a hit/miss demonstration would have 80 percent of their sizes in the 
(a0.10, a0.90) range of the POD(a) function.  However, it is not generally possible to have a set of 
specimens with such optimal sizes for all demonstrations.  The demonstrations are being conducted 
to determine this unknown range of sizes for the NDI system being evaluated.  Further, because 
of the high cost of producing specimens, the same sets of specimens are often used in many 
different demonstrations.  To minimize the chances of completely missing the crack size range of 
maximum information and to accommodate the multiple uses of specimens, the sizes of cracks in 
a specimen set should be uniformly distributed between the minimum and maximum of the sizes 
of potential interest.  A minimum of 60 cracks should be distributed in this range, MIL-HDBK-
1823, but as many as are affordable should be used.  This minimum sample size recommendation 
was the result of subjective considerations as to the number needed to make the asymptotic 
assumptions reasonable, experience in applying the model to data, and the results of analysis 
from a number of simulated POD demonstrations [Berens & Hovey, 1981; Berens & Hovey, 
1984; and Berens & Hovey, 1985]. 

Sample Size Requirements for Binomial Analysis 

When capability is to be demonstrated by using specimens with cracks of the same size and the 
binomial analysis, the number of cracks in the specimens can be determined exactly from the 
POD level and the desired degree of confidence.  The best (maximum likelihood) estimate of the 
POD at the crack length of interest is the proportion of cracks in the specimen set that are 
detected.  A lower bound on the estimate is then calculated for the desired confidence level using 
binomial distribution theory.  For example, to demonstrate that there is 95 percent confidence 
that at least 90 percent of all cracks of the size under consideration will be detected requires at 
least 29 cracks of that size.  If all 29 cracks are detected, the maximum likelihood estimate of 
POD is 1.0 and the lower 95 percent confidence bound is slightly greater than 0.9.  If any crack 
is missed, the lower confidence bound on the estimate of POD is less than 0.9.  Sample sizes for 
the binomial analysis will be discussed further in the subsection on analysis methods. 
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It must be emphasized that the sample size is determined by the number of different cracks, not 
the number of inspections. Different cracks can respond differently to inspection stimuli.  
Multiple inspections of the same crack are not independent and, therefore, cannot be treated as 
independent samples from the population of cracks of the given size.  There is a tendency to re-
inspect specimens to increase the sample size.  For example, if one of 29 cracks is not detected, 
the inspection does not qualify for an a90/95 capability at that size.  The specimen set cannot be 
re-inspected with the expectation of passing the test for a sample size of 58.  New specimens 
with different cracks must be used or the analysis is not valid. 

Uncracked Inspection Sites 

In the context of the preceding discussion, sample size refers to the number of known cracks in 
the specimens to be inspected during the capability demonstration.  The complete specimen set 
should also contain inspection sites that do not contain any known cracks.  If the inspection 
results are of the hit/miss nature, at least twice as many uncracked sites as sites are recommended.  
The uncracked sites are necessary to ensure that the NDI procedure is truly discriminating 
between cracked and uncracked sites and to provide an estimate of the false call rate.  If the NDI 
system is based on a totally automated â versus a decision process, many fewer uncracked sites 
will be required.  If any â values are recorded at the uncracked sites, their magnitude would 
provide an indication of the minimum thresholds that might be implemented in the application. 

3.1.2.4 POD Analysis 

As noted there are two approaches to quantifying NDI capability – fitting a model that expresses 
probability of detection as a function of crack size and demonstrating a POD capability for a 
particular crack size.  Data from the single crack size demonstration approach are analyzed using 
a straightforward binomial distribution analysis.  Fitting a POD(a) model to the results of an NDI 
demonstration depends on the nature of the data (hit/miss or â versus a), the function chosen to 
represent POD(a), and the method for fitting the parameters of the function and determining the 
confidence bound on the reliably detected crack size.  Experience with â versus a data from eddy 
current inspections has shown that a cumulative normal equation provides a reasonable model 
for the POD(a) function when transformations of crack size or inspection signal response are 
considered.  Further, Berens and Hovey [1981], showed that the lognormal cumulative distribution 
provided as good or better a model than the eight others that were considered.  Accordingly, the 
Air Force has generally adopted the cumulative normal distribution function as the model for 
POD(a) analyses.  Note that the cumulative lognormal model is the cumulative normal model 
after crack size is transformed.  The log odds equation is also often used to fit NDI data.  The log 
odds equation and the cumulative lognormal equation are essentially indistinguishable. 

A computer program, POD Version 3, is recommended by MIL-HDBK-1823 for the analysis of 
both â versus a and hit/miss POD(a) analyses (see also Berens [2000]). The program calculates 
the maximum likelihood estimates of the cumulative normal model as well as confidence bounds 
on estimates of ap. The program permits transformations of the data. Since the default analysis is 
based on the natural logarithm transformation, the default analysis is for the cumulative lognormal 
POD(a) function. In POD Version 3, data are input through an Excel spreadsheet and output is 
provided as separate tables and graphs in the spreadsheet. 

The following paragraphs present a general description of the analysis methods. 
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â Versus a Analysis 

All NDE systems make find/no find decisions by interpreting the response to an inspection 
excitation.  In some inspections, the response is a recordable metric, â, that is related to the flaw 
size.  Find/no find decisions are made by comparing the magnitude of â to the decision threshold 
value, âdec.  The â versus flaw size analysis is a method of estimating the POD(a) function based 
on the correlation between â and flaws of known size, a.  The general formulation of the â versus 
a model is expressed as 

δ+= )a(fâ  (3.1)
where f(a) represents the average (or median) response to a crack of size a and δ represents the 
sum of all the random effects that makes the inspection of a particular crack of size a different 
from the average of all cracks of size a.  In principle, any f(a) and distribution of δ that fit the 
observations can be used. However, if f(a) is linear in a, 

δ++= aBBâ 10  (3.2)

and δ is normally distributed with constant standard deviation, σδ, then the resulting POD(a) 
function is a cumulative normal distribution function.  Monotonic transformations of â or a can 
be analyzed in this framework.  In fact, the model has been shown to fit a large number of cases 
in which a logarithmic transformation of both a and â was applied. 

As an example consider the formulation of the â versus a analysis that has been used exclusively in 
the evaluation of the RFC/ENSIP automated eddy current inspection system.  The relation between 
â and a is expressed in terms of the natural logarithms of â and a. 

δ+•+= alnBBâln 10  (3.3)

where δ is Normal (0, σδ). For a decision threshold of âdec,  
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where Φ(z) is the cumulative standard normal distribution function and  
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The calculation is illustrated in Figure 3.1.5.  The parameters of the â versus a model (B0, B1, and 
σδ) are estimated from the data of the demonstration specimens.  The probability density function 
of the ln â values for a 13 mil crack depth is illustrated in the figure.  The decision threshold in 
the example is set at âdec = 165.  The POD for a randomly selected 13 mil crack would be the 
proportion of all 13 mil cracks that would have an â value greater than 165, i.e. the area under the 
curve above 165.  In this example, the decision threshold was selected so that POD(13) = 0.90.  
The estimate of the POD(a) function and its 95 percent confidence bound for the decision threshold 
of 165 counts is presented in Figure 3.1.6.  It might be noted that when all cracks have a recorded 
response between the signal minimum and maximum, the maximum likelihood estimates are 
identical with those obtained from a standard regression (least squares) analysis.  However, when 
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crack response is below the signal minimum or above the maximum (saturation level of the 
recorder), more sophisticated calculations are required to obtain parameter estimates and the 
confidence bound.  For complete details of the maximum likelihood calculations and more 
discussion of the â versus a analysis, see MIL-HDBK-1823, Berens [1988], and Berens [2000]. 
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Figure 3.1.5.  Example POD(a) Calculation from â versus a Data 
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Figure 3.1.6.  POD(a) Function with 95 Percent Confidence Bound for an Example â versus a 
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The preceding formulation of the â versus a model is based on three assumptions: 

a) the mean of the log responses, ln â, is linearly related to log crack size, ln a; 

b) the differences of individual ln  â values from the mean response have a normal 
distribution; and,  

c) the standard deviation of the residuals, σδ, is constant for all a. 

These assumptions can be tested using the results of the data from the demonstration. When the 
assumptions are not acceptable, current practice is to restrict the analysis to a range of crack sizes 
for which the assumptions are acceptable. 

These assumptions can be easily checked and statistical tests for all three assumptions are built 
into the standard analysis of the POD Version 3 computer program of MIL-HDBK-1823. 

If the ln â versus ln a relation is not linear, it may be possible to use other transformations of 
either the signal response or the crack size.  If the three assumptions are reasonably valid for 
other transformations of the data, the above analysis can be applied using the different 
transformation.  The inverse transformation of the results provides the answers in the correct 
units.  Data sets have been observed in which no transformation was required and the fit was 
made directly to â versus a data (i.e. without the logarithmic transform).  Other data sets have 
been analyzed in which the three assumptions were acceptable when the analysis was performed 
in terms of ln â versus 1/a. It should be noted that extreme caution must be exercised when 
extrapolating the results beyond the range of crack sizes in the data.  The POD Version 3 
computer program has been designed to perform the POD analyses using transformations other 
than the logarithmic.  The logarithmic transform of both crack size and inspection response is the 
default transform. 

Hit/Miss Analysis 

The results of an inspection system are often recorded only as a decision as to the presence (hit, 
find, or pass) or absence (miss, no find or fail) of a crack.  The available data from the capability 
demonstration of such inspections comprise data pairs of crack size and the inspection result.  The 
parameters of a POD(a) model for such data can be estimated using maximum likelihood as follows: 

Let ai represent the size of the ith crack and Zi  represent the result of the inspection: Zi = 1 if the 
flaw was found (hit) and Zi = 0 if the flaw was not found (miss).  Assume POD(ai) is the equation 
relating probability of detection to flaw size for the inspection.  The likelihood of obtaining a 
specific set of (ai, Zi) results when inspecting the specimens is 

[ ] [ Z
ii

Z
i )a(POD)I(POD)(L −−∏= 11θ ]  (3.7)

where θ = (θ1, θ2, …, θk) is a vector of the parameters of the POD(a) function. Values of 
θ1, θ2, …, θk are determined to maximize L(θ). For typical POD(a) models, it is more convenient 
to perform the analyses in terms of logarithms. 

( ) )]a(PODln[)Z()a(PODlnZLln iIii −−∑+∑= 11θ (3.8)
The maximum likelihood estimates are given by the solution of the k simultaneous equations: 
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In general, an iterative solution will be required to solve Equations 3.9. 

Any monotone increasing function between zero and one can be used for POD(a).  However, an 
early study of data with multiple inspections per crack [Berens & Hovey, 1981] indicated that the 
log odds or, equivalently, the cumulative lognormal models were more generally applicable than 
the others investigated.  Further, the assumptions leading to a cumulative log normal model for 
the POD(a) function for â versus a data have often been verified for eddy current data.  The log 
odds and cumulative lognormal models are equivalent in a practical sense in that the maximum 
difference in POD(a) between the two for fixed location and scale parameters is about 0.02 which 
is well within the scatter from repeated determinations of a POD(a) capability. 

POD Version 3, the computer program recommended by MIL-HDBK-1823, is based on a 
cumulative normal equation but allows transformations of the crack size. The default transform 
of POD Version 3 is the natural logarithm transform so that the program will fit the cumulative 
lognormal equation by default. However, the program also provides a solution based on the log 
odds equation. Other models for the POD(a) function may be appropriate but, if preferred, would 
require a different computer implementation. 

Repeating Equation 3.4, the cumulative log normal equation for the POD(a) functions is: 
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where Φ(z) is the standard normal cumulative distribution function. The log odds model for the 
POD(a) function is: 
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Equation 3.10 or 3.11 is substituted in Equations 3.7 through 3.9 for POD(a). µ̂ and σ̂ are 
determined so as to maximize L(µ,σ), the likelihood of obtaining the observed inspection results.  
Note that POD(µ) = 0.5 for both models. σ is a scale parameter that determines the degree of 
steepness of the POD(a) function.  A negative value of σ is not contradictory but, for a negative 
σ, the POD(a) function will decrease with increasing a. 

There are occasions when Equations 3.9 do not converge.  No solution will be obtained if the 
sizes of found cracks do not overlap with the sizes of missed cracks.  Little information is obtained 
from cracks that are so large they are always found or so small they are always missed.  More 
overlap is needed for the cumulative lognormal model than for the log odds model.  It is also possible 
to obtain negative estimates of σ from erratic data sets.  Results of this nature are due to the wrong 
range of crack sizes in the demonstration or to an inspection process that is not under proper control.  
When the crack sizes in the specimens are not in the range of increase of the POD(a) function, 
the effective sample size is smaller and the effect is reflected in larger standard deviations of the 
sampling distributions of the parameter estimates and, thus, wider confidence bounds. 

Damage tolerance analyses are driven by the single crack size characterization of inspection 
capability for which there is a high probability of detection.  Typically, the one number 
characterization of the capability of the NDE system is expressed in terms of the crack length for 
which there is 90 percent probability of detection, a90.  But a90 can only be estimated from a 
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demonstration experiment and there is there is sampling uncertainty in the estimate.  To cover 
this variability, an upper confidence bound can be placed on the best estimate of a90.  The use of 
an upper 95 percent confidence bound, the a90/95 crack size has become the de facto standard for 
this characterization of NDE capability.  The use of a90/95 is intended to be conservative from the 
viewpoint of damage tolerance analyses. 

In the hit/miss analysis of POD Version 3 a single value of POD(a), say 0.90, is selected and an 
upper confidence bound, say 95 percent is calculated for the POD value.  This procedure is known 
as a point by point confidence bound.  These are valid confidence bounds for any one POD value 
but not for the entire POD(a) curve. 

The confidence bounds for the estimates of a90 are calculated using the asymptotic normality 
properties of the maximum likelihood estimates [Berens, 2000].  Figure 3.1.7 presents an 
example of a fit to hit/miss data from a semi-automated, directed eddy current inspection. 
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Figure 3.1.7.  Example POD(a) for a Semi-Automated, Directed Eddy Current Inspection 
 

Binomial Analysis for Cracks of Fixed Size 

Because of the individual physical differences between cracks, cracks of the same size will have 
different detection probabilities for a given NDI system.  However, a single POD for all cracks 
of that size can be postulated in terms of the probability of detecting a randomly selected crack 
from the population of all cracks of the given size.  In this formalism, the proportion detected in 
a random sample of the cracks is an estimate of POD for that size and binomial distribution theory 
can be used to calculate a lower confidence bound on the estimate.  Given a sample of inspection 
results from cracks of a target size, say aNDI, the inspection system is considered adequate if the 
lower confidence bound on the proportion of detected cracks exceeds the desired POD value. 

The theory of the binomial analysis is as follows.  Given independent inspection results from 
specimens containing n cracks of size aNDI, the target reliably detected crack size.  Assume that r 
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of the cracks are detected.  If POD is the true (but unknown) probability of detection for the 
population of cracks, the number of detections is modeled by the binomial distribution.  The 
probability of r detections in n independent inspections of cracks of size aNDI is: 

rnr
r)!(n

n! )POD(POD)r(P −
− −= 1  (3.12)

The unbiased, maximum likelihood estimate of POD is 

n/rPOD =  (3.13)
The 100(1-γ) percent lower confidence bound, PODCL, on the estimate of POD is obtained as the 
solution to the equation: 
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The interpretation of PODCL as a lower confidence bound is as follows.  If the demonstration was 
completely and independently repeated a large number of times, 100(1-γ) percent of the calculated 
lower bounds would be less than the true value of POD.  There is 100(1-γ) percent confidence 
that PODCL from a single demonstration will be less than the true value. 

Solutions to Equation 3.14 are tabulated in Natrella [1963] for 90, 95, and 99 percent confidence 
limits and selected sample sizes. General solutions expressed in terms of the incomplete beta 
function and the normal approximation to the binomial distribution can be found in many statistical 
references, for example, Mood [1950]. Minimum values of n and r which yield predefined values 
of PODCL and confidence level, 100(1-γ), are often quoted. Selected values can be found in 
Packman, et al. [1976]. 

For example, consider a demonstration that there is 95 percent confidence that at least 90 percent 
of all cracks of size aNDI will be detected by a given inspection system.  To achieve the desired 
level of confidence and POD would require results as given in Table 3.1.2. 

 

Table 3.1.2.  Minimum Number of Detections Require to Conclude that  
POD > 0.90 with 95 Percent Confidence 

Number of Cracks
of Size aNDI 

Number of Cracks
Detected 

29 29 
46 45 
61 59 
75 72 
89 85 
103 98 

 

If there were 28 cracks in the demonstration and all 28 were detected, the lower 95 percent 
confidence bound on the estimate of POD would be 0.899.  If less than 28 were detected, the 
lower confidence bound would be even lower.  Since the minimum number of specimens that 
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can yield a 90 percent POD at 95 percent confidence is 29, this approach to capability 
demonstration has been referred to as the “29 out of 29” method. 

There are several objections to the use of this approach to quantifying inspection capability: 

1) This demonstration approach to capability provides only minimal and reasonably gross 
POD information for the single crack size used for the inspections.  Steep POD(a) 
functions are generally considered superior to flat POD(a) functions and a single crack 
size capability demonstration provides no information regarding POD(a) steepness. 

2) Passing or failing the demonstration provides no discrimination of degree of detectability 
at the high POD levels.  For example, consider the 29 finds out of 29 cracks criterion for 
demonstrating the 90/95 capability.  If the true POD is less than 0.9, there is up to a 5 
percent chance that the demonstration will conclude that the true POD is 0.9 or greater.  
Conversely, if the true POD is 0.995, there is a 15 percent chance that at least one crack 
out of 29 will be missed and the demonstration will fail to conclude that there is 95 
percent confidence that the POD is greater than 0.9.  At POD = 0.976, there is about a 
fifty-fifty chance of concluding the POD is greater than 0.9. POD(a) tends to be relatively 
flat above 0.9 and there could easily be a very large crack size difference between, say, a 
0.9 capability and 0.995 capability.  Even when crack detection is absolutely certain for 
the given size, only a 90/95 capability can be claimed after the demonstration. 

3) When attempting to demonstrate a 90/95 capability and one crack out of 29 is missed, the 
demonstration must be repeated with at least additional 17 cracks.  Since demonstrations 
are planned with the expectation of meeting the criteria, the need for additional 
specimens can create significant problems. 

For these reasons, quantifying inspection capability in terms of the entire POD(a) function has 
evolved as the preferred method [MIL-HDBK-1823]. 

It might be noted that attempts have been made to use a binomial approach to the analysis of 
demonstration data comprising a range of crack sizes [Yee, et al., 1976].  These approaches have 
been generally abandoned but a Bayesian approach to such analyses is being considered [Bruce, 
1998]. 

3.1.3 NDI Capability Evaluation for Corrosion 

The impact of corrosion on the sustainment costs of an aging fleet is significant, particularly for 
transport aircraft.  The presence of corrosion indicates a failure of the corrosion protection system 
and necessitates some sort of action in the maintenance plan.  Regardless of the corrosion control 
maintenance strategy, NDI plays an important role in its implementation and the need exists to 
quantify the corrosion detection capability of the inspection system. 

Several types of corrosion are typically found in aging airframes – uniform, pitting, intergranular, 
exfoliation, crevice (uniform and pitting), and stress corrosion cracking.  Adaptations of the 
standard NDI methods discussed in Subsection 3.1.1 can be used to detect the various types of 
corrosion damage and new inspection methods are evolving.  Although there is a need to quantify 
the corrosion detection capability of an NDI system, at present there is no commonly accepted 
procedure for doing so.  Approaches to characterizing corrosion detection capability can be 
found in Alcott [1994], Howard and Mitchell [1995], Roach [1997], Komorowski, et al. [1998], 
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and Hoppe, et al. [2000].  This subsection discusses two of the major problems in quantifying 
NDI capability for detecting corrosion and describes the method of Hoppe, et al. [2000]. 

3.1.3.1 Corrosion Metrics 

When characterizing the NDI capability for detecting cracks, the natural metric for measuring 
crack damage was the linear crack dimension used in damage tolerance analyses.  The selection 
of the appropriate metric for corrosion damage, however, is not immediately apparent.  There are 
different types of corrosion damage and different metrics can be used to quantify the damages.  
For example, in hidden corrosion in lap joints and doublers on fuselage structures there are 
several possible metrics: thickness loss, pit depth and/or frequency, surface roughness, and joint 
pillowing.  When inspecting for intergranular and exfoliation corrosion, around fasteners, useful 
metrics might be the maximum radial distance that the corrosion extends from the fastener hole 
or the corrosion area about each fastener.  In some sense, each metric plays a role in the effect 
that the corrosion defect has on the structure.  Consequently, it is important to consider all of the 
metrics for a given application.  Each corrosion type must be considered separately, but the 
important aspect of the metric is that it measures corrosion severity.  Ideally, the metric should 
be based on an “effect of defects” study; however, in practice the important metrics are generally 
known, and, in order to keep the assessment focused, it becomes necessary to select only one 
metric at a time for detection assessment.  If it is absolutely essential to include an evaluation of 
more than one metric, then multiple evaluations must be performed (one evaluation per metric). 

There is a necessary relation between the corrosion metric and the NDI technique.  Obviously, 
the NDI technique must be responsive to changes in the corrosion damage metric.  For example, 
in inspecting for hidden corrosion in lap joints, eddy current is responsive to thickness loss but 
may not be sufficiently responsive to pit depth.  If pit depth is a critical parameter, a different 
NDI technique would be needed.  

3.1.3.2 Corrosion Specimen Selection and Design 

In the case of a crack detection assessment, representative cracks can be grown quite successfully 
in the laboratory.  Since methods of corrosion growth are not well established, most notably for 
hidden corrosion, at present it is necessary to include real aircraft pieces with real corrosion in 
the specimen sets to be used in NDI capability demonstrations.  Finding specimens with appropriate 
levels of corrosion is not a trivial problem.  Potential specimens can be obtained from obsolete 
aircraft and from depots.  While such specimens may contain real corrosion, they are not 
necessarily representative for a particular application.  Further, a “good” NDI system for 
detecting hidden corrosion would be needed to select the specimens with varying degrees of 
corrosion damage.  On the other hand, this situation does not eliminate the need for engineered 
and manufactured specimens.  These specimens provide a level of control not available with the 
aircraft specimens.  The type, location, and size of the defect (as measured by the chosen metric) 
can be controlled.  The particulars of the engineered specimens must be determined from the 
specific metric chosen and the application.  For thickness loss between layers, engineered specimens 
might include machined out areas of various depths and lateral dimensions. Experiment objectives 
also impact specimen designs.  For example, a spatial resolution test would require a specially 
designed and manufactured specimen. 
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3.1.3.3 Example of Evaluating the Capability of an Eddy Current Inspection to Detect Hidden 
Corrosion in Lap Joints 

The following example presents the results of an evaluation of an eddy current inspection for 
corrosion damage in C/KC-135 lap joints taken from Hoppe, et al. [2000].  For the example, the 
corrosion damage metric was taken to be thickness loss as thickness loss is an important criteria 
in judging severity of corrosion damage and eddy current is sensitive to thickness loss in the top 
layer of the lap joint. 

Both real and engineered specimens were used for the capability demonstration.  Several pieces 
from C/KC-135 and Boeing 707 fuselages were acquired.  The specimens represented areas of 
interest on the aircraft and were expected to contain representative amounts of crevice corrosion.  
The specimens included fuselage lap joint and doubler sections that were anticipated to contain 
corrosion, as determined by disassembly of adjacent pieces of the skin.  The specimens also included 
areas of little or no corrosion.  The specimens that were selected incorporated the type, material, 
size and spacing of fasteners, thickness and lay-up of skins, presence of substructure, and specimen 
curvature variability that were expected to be experienced in typical aircraft inspections. 

An engineered specimen was designed and manufactured for measuring the spatial resolution of 
the eddy current system.  Spatial resolution of the system was necessary in to order to ascertain 
inspection regions of complete independence of the eddy current response.  This specimen was 
constructed with several sets of lines of different widths machined in to the back surface of the 
front layer of an assembly of aluminum layers.  

Specimens of a skin configuration were inspected using the eddy current system.  NDI responses 
were recorded at independent sites within each specimen producing an inspection output profile 
of the specimen.  Because thickness loss due to corrosion is variable within a specimen, the 
responses at the independent sites represent different samples of response at different thickness 
losses.  The process is illustrated in Figure 3.1.8.  The eddy current output at a point, P, in a 
response image is a function of the corrosion in a small region (or cell), C, on the specimen.  The 
set of non-overlapping cells represents the collection of independent inspection opportunities 
from which probability of detection as a function of thickness loss can be calculated. 

Inspection Output

P
C

 

Figure 3.1.8.  Schematic Diagram of Specimen and Inspection Output Images 
 

After completion of the inspection of a specimen, the actual corrosion profile of the specimen 
was determined.  The specimens were carefully disassembled by drilling out the fasteners and 
prying apart the layers.  Corrosion products were chemically removed using a high concentration 
nitric acid exposure protocol.  Measurement of remaining thickness was accomplished using 
calibrated topographic radiography.  The inspection system output images and actual thickness 
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loss profiles were registered to specimen features, such as fasteners and lap joint edges, in order 
to relate measured to actual thickness loss across each specimen. 

Data pairs of real and EC measured thickness loss were generated for the independent inspection 
cells.  The data pairs are plotted analogously to the â versus a plot of crack detection POD 
estimation.  Figure 3.1.9 is an example of thickness loss versus EC response for one of the 
structural configurations.  The scatter of the EC responses about the mean trend determines the 
POD as a function of thickness loss.  Figure 3.1.10 shows the POD function for a threshold 
chosen to yield 90 percent detection for a 10 percent thickness loss.  Also shown in Figure 3.1.10 
is the 95 percent confidence bound on the POD function. 
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Figure 3.1.9.  Example Eddy Current Response for Cells of Different Thickness Loss 
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Figure 3.1.10.  POD versus Percent Thickness Loss with Response Detection Threshold Set to 

Yield POD of 90 percent at 10 percent Loss 
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3.2 Equivalent Initial Quality 
The requirements of JSSG-2006 specify that initial flaws shall be assumed to exist as a result of 
manufacturing and processing operations.  Small imperfections, equivalent to a 0.005 in. radius 
corner crack, resulting from these operations shall be assumed to exist in each hole of each element 
in the structure.  These assumed cracks provide the basis for the fastener policy requirements as 
well as the continuing damage and remaining damage assumptions.  However, if the contractor 
has developed initial quality data on fastener holes, these data may be submitted to the procuring 
activity for review and serve as a basis for negotiating a different size than the specified 0.005 in. 
radius corner flaw. 

One method of accounting for the initial quality is to represent the quality in terms of an equivalent 
fatigue crack of a particular size and shape.  Such a method of quantifying the initial quality is the 
Equivalent Initial Quality Method [Rudd & Gray, 1976; Rudd & Gray, 1978; Pinckert, 1976; 
Dumesnil, et al., 1977; and Potter, 1978].  The Equivalent Initial Quality method for characterizing 
manufacturing quality is described in the Subsection 3.2.1 and demonstrated by example in 
Subsection 3.2.2. 

The concept of a distribution of flaw sizes for a population of structural details that will 
experience equivalent stresses in operational usage has been applied in more general contexts 
than characterizing initial quality.  In particular, this concept plays a central role in a probabilistic 
approach to characterizing structural durability and in structural risk analyses.  These uses of 
flaw size distributions will be briefly discussed in Subsection 3.2.3 

3.2.1 Description of Equivalent Initial Quality Method 
The Equivalent Initial Quality Method is presented for fastener holes since this is the most 
prevalent source of cracking in aircraft structures [Rudd & Gray, 1978].  Quality may be defined 
as a measure of the condition of the structure relative to imperfections, flaws, defects, or 
discrepancies that are either inherent in the material or introduced during manufacturing of the 
structure.  The approach is to quantify these imperfections by representing them with fatigue 
cracks of a particular size and shape, such as the corner cracks illustrated in Figure 3.2.1.  Also 
illustrated in Figure 3.2.1 are some of the parameters that can contribute to the initial quality of 
fastener holes.  If an initial quality representation is performed for each of a number of fastener 
holes, an equivalent initial quality statistical distribution can be used to quantify the quality of 
the fastener holes produced by certain manufacturing and processing procedures [Potter, 1978]. 
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Figure 3.2.1.  Parameters that Affect Fastener-Hole Initial Quality [Rudd & Gray, 1978] 

The initial quality representation, defined as the equivalent initial quality, can be obtained in the 
following manner.  Consider a piece of structure with a fastener hole containing the defect of 
characteristic dimension l (Figure 3.2.2).  This defect results in fatigue crack initiation and 
propagation when subjected to some known load history.  Upon failure of the structure, a 
fractographic examination of the fracture surface is performed to obtain as much of the crack 
growth curve as possible.  Analytical crack propagation analyses are performed until there is 
good agreement between the analytical prediction and the fractographic test data.  The initial 
crack length (crack length when the load history is first applied), ai, of the analytical crack 
growth curve that correlates best with the fractographic test data is defined as the equivalent 
initial quality.  Hence, ai is said to be the analytical equivalent of the actual defect of 
characteristic dimension, l, if each results in a crack size ae after Ne cycles of the same load 
history have been applied.  Hence, fastener holes that contain actual crack lengths less than ae 
after Ne cycles have been applied are of better quality than those that contain actual crack lengths 
equal to or greater than ae after Ne cycles. 

 
Figure 3.2.2.  Definition of Equivalent Initial Quality [Rudd & Gray, 1978] 

3.2.2 Example Application of Equivalent Initial Quality Method 

Although Equivalent Initial Quality Method studies have been conducted on the F-4C/D 
[Pinckert, 1976], F-4E(S) [Pinckert, 1976], and A-7D [Dumesnil, et al., 1977], only a summary 

3.2.2 



of the quality assessment program by Rudd & Gray [1978] on the A-7D will be reviewed here.  
The remaining paragraphs in this subsection are taken directly from Rudd & Gray [1978]: 

The purpose of the A-7D quality assessment was to establish the manufacturing quality (ai) of 
the A-7D aircraft.  This was accomplished using the Equivalent Initial Quality Method.  The 
method was applied to a sample problem involving an A-7A wing fatigue test failure.  Next, 
specimens were cut from an A-7D production aircraft and tested to failure under a selected block 
loading.  The fracture surfaces were then fractographically examined and the equivalent initial 
quality was established. 

A photograph of the failure area of a full-scale fatigue test of an A-7A wing was used as a sample 
problem to check out the Equivalent Initial Quality Method.  The wing had been subjected to a 
10-level, blocked, low-high stress spectrum.  Fractographic measurements were taken from the 
photograph (Figure 3.2.3), making it possible to generate a large portion of the crack growth 
curve.  Crack propagation analyses were performed using the computer routine EFFGRO and the 
Wheeler Retardation Model until the analytical crack growth curve correlated well with the 
fractographic test data.  This correlation is presented in Figure 3.2.4, which indicates that the 
manufacturing quality of the test hardware at the failure location was equivalent to an initial 
crack of length ai = 0.00109 in.  This excellent correlation of the analytical crack growth 
prediction with the fractographic test supported the validity of the Equivalent Initial Quality 
Method for this particular problem. 

 

Figure 3.2.3.  A-7A Wing Fatigue Test Fracture Surface [Rudd & Gray, 1978] 
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Figure 3.2.4.  Equivalent Initial Quality Results for A-7A Wing [Rudd & Gray, 1978] 

The Equivalent Initial Quality Method was next used to establish the A-7D quality assessment.  
This assessment was accomplished using test specimens cut from the lower wing skin of an A-7D 
production aircraft that had been used as a gunfire target.  Because this particular aircraft had low 
flight time (691.9 hours), the probability of cracking in the wings was very low.  The location of 
each specimen in the lower wing skin is illustrated in Figure 3.2.5.  Each specimen was made of 
7075-T6 aluminum and contained multiple holes.  The geometric details for each specimen are 
presented in Table 3.2.1, indicating that the thickness ranged from approximately 3/16 in. to 1/4 
in. and the nominal values of the width and hole diameter were 3 in. and 1/4 in., respectively.  
The specimens contained two types of holes – countersunk holes (wet-wing region) and straight-
shank holes (dry-wing region). 

The test specimens were subjected to a fatigue stress spectrum consisting of 5,000 cycles with a 
maximum stress of 20 ksi and a stress ratio of 0.1 followed by 100 cycles with a maximum stress 
of 30 ksi and a stress ratio of 0.1.  The block spectrum was chosen because it produced test lives 
of reasonable length (less than 20 blocks) and fracture surfaces that were readily readable. 

Table 3.2.2 contains a summary of the number of fastener holes involved, the number of flaws 
detected, the number of flaws fractographically examined, the crack length range at the time of 
specimen failure (af), and the range of the equivalent initial quality (ai).  All but two of the 44 holes 
contained double flaws.  One of these two holes contained one crack, while no crack was detected 
in the other hole.  This resulted in a total of 85 flaws, of which 44 were examined fractographically.  
The flaws were arbitrarily chosen for fractographic examination at magnifications ranging from 
30x to 400x using a universal measuring microscope.  The equivalent initial quality range for all 
the holes was found to be 0.00015 - 0.0022 in.  A statistical distribution of the A-7D equivalent 
initial quality was obtained. 
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Table3.2.1.  Geometric Details of A-7D Quality Assessment Specimens [Rudd & Gray, 1978] 

Specimen Thickness a Width a Hole Diameter a 
101 0.226 2.93 0.253 b 
201 0.226 2.93 0.253 b 
301 0.217 3.00 0.253 b 
401 0.231 3.00 0.253 b 
501 0.183 2.90 0.253 c 
502 0.176 3.00 0.253 c 
601 0.263 3.00 0.253 c 
602 0.264 3.00 0.253 c 

 a Dimensions in inches 
 b Countersunk hole 
 c Straight-shank hole 
 

 
Figure 3.2.5.  A-7D Quality-Assessment Specimen Locations [Rudd & Gray, 1978] 
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Table 3.2.2.  A-7D Quality Assessment Test Results [Rudd & Gray, 1978] 

Specimen No.  
Holes 

No.  
Flaws 

a
fa  Range a Flaws 

Tracked 
ai a Range 

101 7 14 0.05-0.75 14 0.0004-0.0022 
201 6 12 <0.01-1.10 12 0.0004-0.0012 
301 4 8 0.01-0.65 1 0.0003 
401 3 6 0.02-0.50 1 0.0002-0.0014 
501 8 14 0.00-0.60 1 0.0007 
502 8 16 <0.01-0.62 6 0.0006 
601 4 8 0.02-0.50 8 0.00015-0.0009 
602 4 7 0.00-1.05 1 0.0006 

Total 44 85  44  
a Dimensions in in. 

 

The fractographic examinations revealed the origins of the flaws for both the straight-shank 
holes and the countersunk holes as illustrated in Figure 3.2.6.  There is equal possibility of flaw 
occurrence along the bore of the hole for the straight-shank hole, while the most frequently 
occurring flaw location for the countersunk hole is at the inside radius of the small-diameter 
portion of the hole.  Typical flaw origins for each type of hole are shown on the fracture surfaces 
of Figure 3.2.7.  Also illustrated in Figure 3.2.7 is the readability of the fracture surfaces for the 
selected stress spectrum, with the dark marking bands resulting from the application of the high-
load (maximum stress of 30 ksi) portion of the specimen. 

 
Figure 3.2.6.  A-7D Flaws Origins [Rudd & Gray, 1978] 
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Figure 3.2.7.  Fracture Surfaces for Countersunk (Left) and Straight-Shank (Right) Holes [Rudd 

& Gray, 1978] 

Metallurgical investigations of the A-7D flaw origins revealed that the flaws were the result of two 
different sources-anodize pitting and mechanical sources.  The majority of the flaws (86.4%) initiated 
from anodize pits in the following manner.  Insoluble microconstituents were exposed along the 
bore of the hole during the hole-drilling operation.  The anodizing ate away the microconstituents 
and caused pitting.  The exposed pits were then filled with aluminum oxide, resulting in flaw 
initiation.  The remaining flaws (13.6%) were due to the mechanical damage.  Although anodizing 
provided corrosion protection, it also resulted in the majority of the fatigue cracks. 
All but two of the holes contained double flaws, of which none were through-the-thickness flaws.  
The selected stress spectrum marked the fracture surfaces extremely well, making it possible to 
determine the crack length within each loading block.  Hence, it was possible to fractographically 
determine the equivalent initial quality for each flaw examined. 
Figure 3.2.8 presents the probability density of occurrence versus the equivalent initial quality 
for the A-7D aircraft.  It should be noted that the A-7D equivalent initial quality was determined 
by fractography alone, since it was possible to measure the crack length during the application of 
the first block of loading. 
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Figure 3.2.8.  Probability Density of Occurrence of A-7D Equivalent Initial Quality [Rudd & 

Gray, 1978] 

The probability density of occurrence (Figure 3.2.8) was used to determine the cumulative 
probability of occurrence for the A-7D aircraft.  Figure 3.2.9 presents the cumulative probability 
of occurrence versus the equivalent initial quality for the A-7D and F-4 C/D aircraft.  Also 
presented in Figure 3.2.9 is the cumulative probability of occurrence with 95% confidence for 
each aircraft.  For example, Figure 3.2.9 indicates that with 95% confidence, 99.9% of the A-7D 
flaws have an equivalent length less than 0.007 in.  This means that one out of a thousand flaws 
have an equivalent length greater than 0.007 in. 

 
Figure 3.2.9.  Cumulative Probability of Occurrence of A-7D Equivalent Initial Quality [Rudd & 

Gray, 1978] 

3.2.3 Other Applications of Equivalent Flaw Size Distributions 
The concept of a distribution of flaw sizes to model the physical condition of a population of 
structural details extends to areas other than manufacturing quality.  In particular, characterizing 
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damage in terms of crack sizes has been applied to the demonstration of structural durability and 
the evaluation of structural failure probabilities in risk analyses. 

3.2.3.1 Durability Analysis 

A probabilistic approach to characterizing structural durability has been extensively explored by 
Manning and Yang [1987, 1989].  For the durability analysis, the growth of a distribution of 
equivalent initial flaw sizes for a population of structural elements is calculated as a function of 
flight hours in the expected usage environment.  Durability is then characterized in terms of 
either the expected number of cracks that will exceed a fixed size as a function of flight hours or 
in terms of the distribution of flights to reach a crack of given size.  These concepts are illustrated 
in Figure 3.2.10, from Manning & Yang [1989], in which: 

– EIFSD represents the equivalent initial flaw size distribution of initial quality; 

– p(i,τ) represents the distribution of number of cracks of a size larger than x; 

– FT(x) (τ) represents the distribution of service time to reach a crack of size x. 

The EIFSD must be projected forward based on a crack growth methodology that is compatible with 
that used to produce the EIFSD. Manning and Yang recommend a combined deterministic crack 
growth analysis (DCGA) and stochastic crack growth analysis (SCGA) for projecting the EIFSD. 
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a)  Probability of Crack Exceedance at Service Time τ

b) Cumulative Distribution of Service Time at Crack Size x1  

Figure 3.2.10.  Schematic Using the Equivalent Initial Crack Size Distribution (EIFSD) for 
Durability Analysis 

3.2.3.2 Risk Analysis 

A number of structural risk assessments have been performed in which damage in the structural 
detail is modeled in terms of the distribution of cracks or equivalent cracks.  Examples of such 
risk analyses can be found in Lincoln [1985], Berens, et al. [1991], Alford, et al. [1992] and 
Lincoln [1997].  If the risk analysis calculations start with a virgin structure the crack sizes are 
equivalent initial cracks.  If the risk analysis is being performed for in-service or aging aircraft, 
the crack size distribution is usually obtained either from the sizes of the cracks discovered during 
fleet inspections or from tear down inspections of structures removed from the fleet.  The cracks 
detected during fleet inspections would have experienced different total service times and would 
have to be translated to a common service age to obtain a representative crack size distribution 
for the population of details.  The cracks from tear down inspections may be from one or many 
airframes.  In either case, the crack sizes usually need to be translated to a common or different 
service age.  Typically, to locate the crack sizes at a common number of flight hours, the crack 
sizes are translated using a fracture mechanics based crack size versus flight hour curve for 
expected or observed usage.  This process is illustrated in Figure 3.2.11.  After all cracks have 
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been translated to a common service age, a crack size distribution can be established for use in 
calculating probability of failure as a function of flight hours. 
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Figure 3.2.11.  Schematic Demonstrating the Translation of Crack Sizes to a Common Size 
Using Predicted a versus T 
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3.3 Proof Test Determinations 
Tiffany and Masters [1965] first suggested that the conventional structural proof test could be 
used to inspect for crack damage that would eventually lead to catastrophic failure.  These 
techniques were first applied to rocket motor cases and tankage as a result of numerous missile 
launch failure at Cape Canaveral.  Air Force acceptance of this proof test philosophy has been 
stimulated by the inability of alternate non-destructive inspection tools to reliably detect cracks 
of near-critical size.  The Air Force in the recent past has employed the proof test as a means of 
determining the maximum possible initial flaw that could exist in the structural subsystems 
identified in Table 3.3.1.  Note that almost all of the examples cited represent the application of 
the proof stress techniques as an In-service Inspection.  Buntin [1971], Cowie [1975], Horsley, et 
al. [1976], Gunderson [1974] and Albrectsen & Aitken-Case [1976] document the Table 3.3.1 and 
other Air Force uses of the crack-inspection proof test. White, et al. [1979] documents the recent 
Navy proof test of an A-7 arresting hook; this proof test is periodically repeated to ensure the 
continuing structural integrity of the component. 

The proof test concept for all applications has been to size or eliminate the life degrading damage 
so that the structure would maintain its required level of structural integrity throughout a defined 
period of usage. However, due to substantially different technical requirements, the proof testing 
techniques employed in each case were different. The technical requirements that establish the 
type of tests conducted have been structural geometry, material properties, type of crack damage 
present in the structure, as well as the crack growth mechanism. 

Table 3.3.1.  Proof Testing of Aircraft Structures 

System Subsystem Damage Special Techniques 
F-111 Lower surface of 

inner wings and 
pivot fittings 

Potential forging defects 
propagated due to fatigue in 
D6AC steel 

Upwing bending at -40° 
F after every 1,000 hours 
of flight 

B-1A F-101 
(Development) 
engine combustor 
case 

Pores and inclusion stringers in 
circumferential butt welds in 
Inconel 901 alloy 

Internal pressure to 200% 
operating pressure 

B-52D Center and inner 
wing structure 

Fatigue and stress corrosion 
cracks nucleated during southeast 
Asia service in 7075-T6 and 
7079-T6 aluminum alloy 
structure 

Down and up-wing 
bending at ambient 
temperature 

C-141 Main Landing gear 
(cylinder) 

Hydrogen entrapped during 
refurbishment 

500 hours of continuous 
static loading to initiate 
and propagate cracks to 
failure 

A-7 Carrier arresting 
hook (Navy) 

Fatigue cracking initiated during 
service 

Repeat periodically 
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3.3.1 Description of the Proof Test Method 
Tiffany and Masters [1965] utilized the proof test as a means of guaranteeing that a potentially 
cracked structure would not fail during a defined period of operation.  This guarantee results 
from the fact that all the cracks remaining in a proof-loaded structure must be smaller than those 
cracks which would have failed the structure during the proof test.  Since the proof test loadings 
are typically larger than the maximum operating conditions, the post proof-tested structure’s 
cracks are also expected to be substantially smaller than the cracks which would cause failure 
under operating loads. 

Figure 3.3.1 schematically illustrates a stress-crack length diagram that defined the levels of 
loading (proof stress and operational maximum stress) and the corresponding crack lengths 
associated with structural failure by fracture.  It can be noted from Figure 3.3.1 that all cracks 
larger than ai will cause the structure to fail during the proof test loading, thus guaranteeing a 
“minimum” safe crack growth interval between ai and the crack size (aop) at which the operating 
conditions will cause failure.  The interval established is the minimum safe interval because the 
structure may initially have cracks that are substantially smaller than the guaranteed initial size (ai). 

 
 

Figure 3.3.1.  Fracture Critical Curve Defining Relationship Between Stress and Crack Length 
Associated with Fracture 

Tiffany and Masters [1965] designed the proof test conditions so that all cracks initially present 
in the structure and of sufficient size that they could grow to failure during the planned service 
operating period would fail the structure during the proof test.  If the operating conditions and 
the crack growth mechanisms are known, then a crack growth life calculation can be performed 
to establish the minimum safe crack growth interval during which failure will not occur during 
service.  The minimum safe crack growth interval extends from the largest allowable initial crack 
size (a*

i) and the crack size (aop). 

Figure 3.3.2 describes the interrelationship between the crack growth life and residual strength 
behavior of a structure and the stress-crack size diagram.  As indicated in Figure 3.3.2 (right-hand 
side), the life limit associated with the crack growth process and the decay of the residual strength 
capability is lower than the service life requirement.  An increase in the proof stress if required, 
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therefore, to decrease the corresponding crack size (ai) to the maximum allowable crack size (a*
i) 

and thus ensure a safe period of operation.  Note that the stress-crack size diagram indicates that 
all cracks greater than ai , present at the time of the proof test, will cause structure failure.  Thus, 
the proof test ensures that when the structure enters service, its initial cracks will be no larger 
than the size associated with the proof test conditions. 
 

 
Figure 3.3.2.  Schematic Illustrating the Relationship Between the Proof Test Diagram, the 

Residual Strength Capability and Crack Growth Life Interval 

The levels of proof test stress and the material’s fracture toughness combine to establish the 
maximum initial crack size guaranteed by the proof test.  Because material and stress variations 
will exist throughout any proof loaded structure, the designer of a proof test must be aware of 
several important material variations which could significantly affect the post-proof test crack 
size distribution.  These important material variations are caused by changes in temperature, 
loading rate, thickness, and yield strength.  Figure 3.3.3 schematically describes how fracture 
toughness varies as a function of these parameters.  Note that temperature and loading rate can 
affect some materials (some steels and titanium alloys are particularly susceptible) while other 
materials are unaffected.  Aluminum alloys and many nickel-bases alloys exhibit almost no 
variation in fracture toughness as a function of temperature and strain rate). 
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Figure 3.3.3.  Fracture Toughness Varies as a Function of (a) Thickness, (b) Yield Strength, (c) 

Temperature, and (d) Loading Rate 

Figure 3.3.4 provides an example of how a material’s response to external stimuli can be utilized 
to increase the minimum safe crack growth interval.  In Figure 3.3.4, a material’s known response 
to temperature is utilized to select a low temperature condition for conducting the proof test.  The 
lower fracture toughness exhibited at the low temperature is shown to extend the minimum safe 
crack growth interval substantially beyond what would have been expected for the same proof 
stress at the operating temperature conditions. 

 
 

Figure 3.3.4.  Using a Material’s Low Temperature Fracture Sensitivity to Decrease Initial 
Crack Size and thus Increase the Minimum Safe Crack Growth Interval for a Given Proof 

Stressing Condition 
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As stated by JSSG-2006 A.3.12.1, “the minimum assumed initial flaw size shall be the calculated 
critical size at the proof test stress level and temperature using procuring activity approved upper-
bound of the material fracture toughness data.”  The concept of using an approved upper-bound 
for the fracture toughness ensures a worst case assumption for the maximum allowable initial 
crack size (see Figure 3.3.5) and the minimum safe crack growth interval (see Figure 3.3.6).  
Figure 3.3.6 summarizes the JSSG-2006 requirements for establishing the minimum safe crack 
growth interval for the NDE proof test conditions. 

 
Figure 3.3.5.  Influence of Fracture Toughness Variation on the Maximum Allowable Crack Size 

 
Figure 3.3.6.  Description of Procedure Used to Establish Initial Crack Size and the Minimum 

Safe Crack Growth Interval According to JSSG-2006, A.3.12.1 

There are no design allowables for fracture toughness of aerospace materials.  Figure 3.3.7 presents 
a portion of MIL-HDBK-5G data that define typical plane strain fracture toughness for aluminum 
alloys.  The fracture toughness values presented are averages, coefficients of variation and the 
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minimum and maximum values obtained from the test data collected for the individual alloys and 
heat temperature conditions shown.  The supporting text in MIL-HDBK-5G notes that the fracture 
toughness values given do not have the statistical reliability of the typical mechanical properties 
(yield strength, elastic modulus, etc.) that are usually present in MIL-HDBK-5 properties.  The 
lack of a definition of the fracture toughness upper-bound required by JSSG-2006 would be 
overcome if the upper-bound is estimated by a statistical definition that is agreed to by the 
procuring agency.  An example of such a bound might be a tolerance limit on the distribution of 
fracture toughness values. 

 

Figure 3.3.7.  Table of Fracture Toughness Data from MIL-HDBK-5G 

3.3.2 Examples 
Two examples are now presented to illustrate how the proof test might be used.  The first example 
describes how a proof stress condition might be chosen to find specific crack sizes.  The second 
example describes a typical situation whereby the proof test must be designed to guarantee a 
service life interval. 
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EXAMPLE 3.3.1 Proof Test Stress-Crack Length Relationships 

For the radially-through-thickness cracked structure illustrated here, answer the following 
questions: 

(a)  What proof stress (σp) is required at room temperature to guarantee that the maximum crack 
size is less than 0.05 inches? Also, define the ratio of proof to operating stress conditions (α 
= σp/σop). 

(b)  For a proof test conducted at -40°F, define the proof stress and proof stress ratio associated 
with finding a crack with a length 0.05 in. 

(c)  If the proof test ratio is 1.5, what is the minimum flaw size that will be detected at room 
temperature? 

 

r

a
.

.

+32460

87340

σop = 35 ksi 

Material Properties 
 
σYS = 70 ksi 
KIC = 40 ksi √in at 75° 
KIC = 35 ksi √in at -40° 
 
STRESS INTENSITY FACTOR SOLUTION 
 
K = σ√πa F (a) 
where 

F (a) =  + 0.6762 

 

 

 

 

 

 

 

 

 

 

 

 
σop = 35 ksi 

 

SOLUTION: 

The equation that governs the solution to all three questions is the Irwin fracture criterion, i.e., 
  K = KIC 
where 
  ( )r/aFaK ⋅= πσ  
with F(a/r) and the material properties defined above. 

To address the questions parts a and b, the equations are solved for the proof stress σp, i.e. 

  
( )raFa

KIC
p /⋅
=

π
σ  
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for the given KIC conditions at temperature and for a 0.05 inch long crack, i.e. a in this equation 
is 0.05 inch.  So, for room temperature, the proof stress is 

  
( ) ( )

ksi.
..p 143
342050

40
=

⋅
=

π
σ  

and for -40° F the proof stress is 

  
( ) ( )

ksi.
..p 737
342050

35
=

⋅
=

π
σ  

In both cases, the proof stress is well below the yield strength; however, it might be noted that 
localized yielding at stress concentrations could occur at these levels.  The proof stress ratios (α) 
are 1.23 and 1.08 for the room temperature and -40°F proof test conditions, respectively.  To 
address the third part of the question, it is necessary to solve the equations for crack length (a), i.e. 

  ( )

22
11



















=

r/aF
K

a
p

IC

σπ
 

Because this equation involves crack length in the function F in a complicated fashion, the 
equation is solved iteratively for the given material and stress conditions, i.e. KIC = 40 ksi √in 
and σp = 1.50 x (35) = 52.5 ksi.  Thus, 

  

2

2 1
552

401

































=

r
aF.

a
π

 

A series of several trials are shown in the following table, where a match of the right and left side 
of the equation is achieved when a ≅ 0.0245 inches.  Thus, 0.049 inch long cracks can be found 
for a proof test ratio of 1.50. 

Trial And Error Solution  
a (left-hand side) a/r F(a/r) a (right-hand side)

0.020 0.08 2.835 0.0230 
0.025 0.10 2.733 0.0247 
0.030 0.12 2.641 0.0265 
0.0255 0.102 2.723 0.0249 
0.0245 0.098 2.743 0.0246 

 
In the above solutions, it is seen that in some cases the proof stress is sufficiently large such that 
yielding can be expected at the edge of the hole and other stress concentration sites.  The reader 
is cautioned that linear elastic fracture mechanics (LEFM) techniques such as applied in these 
equations should not be utilized when extensive local yielding occurs except to obtain first-order 
estimates of the crack length.  From a proof test standpoint, the LEFM estimates of the minimum 
crack length will be actually larger than those screened by loading the structure to the proof 
condition, assuming load control conditions, and thus conservative. 
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EXAMPLE 3.3.2 Proof Test Conditions to Guarantee Life 
The pressure vessel shown here has a semicircular surface crack of unknown size located in the 
longitudinal direction.  This vessel is subjected to an on-off pressure loading condition of the 
type illustrated below and is made of a structural steel with the mechanical properties shown. 

 
Pressure Vessel Structure with Semicircular Surface Crack 

For economic purposes, it has been decided that the structure will only be inspected yearly and 
the inspection procedure has been chosen to be a proof test.  You have been asked to select the 
proof pressure level that will guarantee that this vessel will not fail during the interval between 
proof test inspections subject to the crack/loading/material property assumptions. 

 

 

Pressure/Time Loading Cycle 
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Material Properties for Steel Pressure Vessel 

SOLUTION: 

It is first necessary to calculate the gross stress in the section of the structure where the crack is 
located.  From any standard strength of materials text, it is determined that for a pressure (p) of 
2,000 psi, the maximum operating stress (σ) for the vessel with an outside diameter of 40 inch 
and a thickness (B) of 0.4 inch is given by 

 ( )( )
( ) psi

B
pD 000,100

4.02
402000

2max ===σ  

or 100 ksi, and the range of stress is 

 ksi. max 75750 == σσ∆  

For the semicircular crack partly through the vessel wall, the stress-intensity factor is given by 

 aK πσ
π






=

212.1  
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neglecting the back surface correction factor. Assume for illustrative purposes that the equation 
can be considered a reasonable estimate of the true stress-intensity factor at all depths through 
the thickness.  As a first step, determine if the structure will leak before it breaks by calculating 
the stress-intensity factor for the condition where the crack depth is equal to the thickness.  Thus, 
with σ = 100 ksi and a = 0.4 in., 

 
( ) ( )

inksi

K

9.79

4.0100212.1

=







= π
π  

which is less than KIC = 90 ksi√in and thus the vessel might leak before fracturing.  Consider, 
however, the potential cracking situation that occurs if the semicircular crack penetrates the wall 
and immediately transitions to a through thickness crack as shown.  An analysis indicates that K≅ 
112 ksi√in, which is greater than KIC.  Thus, given this situation, the vessel will fail 
catastrophically. 

 
Change in Crack Geometry to Through-Thickness Crack After the  

Semicircular Crack Grows to the Inside Wall 

To establish the crack size associated with the proof test, one must conduct a life analysis which 
works from the final crack size (a = 0.4 inch) backwards until the one-year life interval (a two-
year life interval with the factor of two life margin) is guaranteed.  The life analysis that is 
conducted illustrates an incremental crack length method that uses the iterative equation 

 ( )days

dt
da

aLife
i

i
n

i

















∆

= ∑
=1

 

where the increments of crack length (∆ai) and crack growth rate values (da/dti) are chosen to 
be compatible. 

On the basis of the given material data, one must assume that both a fatigue and a stress-corrosion 
cracking mechanism are active (see Section 5 for discussion on these mechanisms).  The fatigue 
crack growth rate behavior can be described using the power law 

 ( )cycleinKx
dN
da /103.3 959.210∆= −  
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On the basis of the material data, this equation is restricted to the range 10 < ∆K < 90 ksi in , 
and to the stress ratio (R) of 0.25, which is compatible with the given loading cycle.  

The stress-corrosion cracking rate data can be described with the power law: 

 ( )dayinKx
dt
da

cor /1024.9 798.5
max

15−=  

which is valid for sustained loading conditions when Kmax is between the threshold of stress 
corrosion cracking (KIscc = 65 ksi √in) and the fracture toughness level (KIC = 90 ksi √in). 

As a first approximation of the effect of combined stress corrosion action and fatigue crack 
growth, the linear summation hypothesis of Wei-Landes is suggested (see Section 5): 

 fatcortotal dt
da

dt
da

dt
da

+=  

where the time based fatigue crack growth rate is obtained from 

 
dN
daf

dt
da

fat ⋅=  

whereby the cycle-dependent component from the power law equation is multiplied by the cyclic 
frequency (f).  It is also to be noted that the stress-corrosion cracking rate contribution for a day 
in service is one-half that established by the da/dt equation since the vessel is only loaded to the 
maximum pressure only half the time. 
There are a number of ways that the Life equation can be used to establish the crack length-life 
relationship.  The method for this example will be to choose equal increments of Kmax between 
the crack size at failure and the other crack lengths established to obtain the ∆ai values.  The next 
table describes the relationships between the maximum stress-intensity factor and the crack 
length, the crack length increment, the average values of the maximum stress-intensity factor 
( maxK ) and stress-intensity factor range ( K∆ ). 

Crack Interval Table 

Kmax (ksi √in) 55 60 65 70 75 80 
a (inch) 0.189 0.225 0.264 0.307 0.352 0.400 
∆a (inch) 0.036 0.039 0.043 0.045 0.048 

).(max
*

inksiK  57.5 62.5 67.5 72.5 77.5 

).inksi(K
*

∆  43.1 46.9 50.6 54.4 58.1 
*Average values for the interval 

 
The calculations of crack length a in this table are directly related to Kmax through the equation 
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=
πσ

π

Ka  

which when solved for a typical value of Kmax, say 55 ksi √in, the crack length becomes 

 inch.
.

a 1890
1002121

55

2

=



























=
π

π

 

The difference in crack lengths (∆a) comes from subtracting the two corresponding crack 
lengths.  The values of K max are computed by averaging the two corresponding Kmax values, e.g. 
62.5 ksi √in  = 0.5 (60 + 65). The values of K∆  are computed from the relationship ∆K = (1-R) 
Kmax, where R is the stress ratio (0.75). 

The next table presents the fatigue crack growth rate contribution and the following table 
presents the stress corrosion cracking contribution.  

Fatigue Crack Growth Rate Contribution 

∆Κ  (ksi √in)  
dN
da  (in/cycle) 

dN
dax

day
cycles

dt
da

fat

5
=  

43.1 2.26 x 10 -5 1.13 x 10 –4 
46.9 2.91 x 10 -5 1.46 x 10 –4 
50.6 3.64 x 10 -5 1.82 x 10 –4 
54.4 4.51 x 10 -5 2.25 x 10 -4 
58.1 5.48 x 10 -5 2.74 x 10 -4 

Stress-Corrosion Cracking Rate Contribution. 

)in (ksi maxΚ  (in/day) 
dt
da  (in/day) 

cordt
da  

57.5 0* 0 
62.5 0* 0 
67.5 3.73 x 10 -4 1.86 x 10 -4 
72.5 5.65 x 10 -4 2.82 x 10 -4 
77.5 8.3 x 10 -4 4.16 x 10 -4 

* maxΚ  is below KIscc and therefore no growth occurs 
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In the Fatigue Crack Growth Rate Table, the K∆  values are taken from the Crack Interval Table 
and cover each of the consecutive intervals of crack length.  From the da/dN equation the crack 
growth fatigue rate for a stress-intensity range of 43.1 is 

 
cycle

inx.).(x.
dN
da . 5959210 102621431033 −− ==  

The calculations of 
fatdt

da  follow directly from multiplying the fatigue crack growth rates by the 

frequency of load application (5 cycles/day).  

In the Stress-Corrosion Cracking Rate Table, the maxΚ  values are taken from Crack Interval 
Table and cover each of the consecutive intervals of crack length.  From the da/dt equation, the 
sustained load stress corrosion cracking growth rate is 

 day/inx.).(x.
dN
da . 4798515 1073356710249 −− ==  

The calculations of the corrosion contribution to the total da/dt equation are also given in the 
table.  These come directly from the fact that the structure is only loaded into the range where 

stress corrosion cracking occurs for one-half of the time (on-off cycling) so the 
cordt

da  numbers 

are one-half those given in the middle column. 

The total contribution to cracking behavior is calculated from the total da/dt equation, and the 
individual crack increments in the Life equation are used to establish the time that it takes to 
grow the crack through the successive intervals.  The appropriate calculations are reported in the 
next table. 

Estimating the Time To Growth Through Successive Intervals. 

∆a  
(inch) 

totaldt
da  (in/day) 

∆t  
(days) 

A 
 (inch) 

t = Σ∆t  
(days) 

0.036 1.13 x 10 -4 318.6 0.189 861.1 
0.039 1.46 x 10 -4 267.8 0.225 542.5 
0.042 3.68 x 10 -4 114.9 0.264 274.7 
0.045 5.07 x 10 -4 89.5 0.307 159.8 
0.048 6.9 x 10 -4 70.3 0.352 70.3 

   0.400 0 
 

The crack length increment (∆a) and the crack length (a) values given in this table come from 

the Crack Interval Table.  The total crack growth rate 








totaldt
da

  values come from the total da/dt 
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equation, where the individual contributions come from the Fatigue Crack Growth Rate and 
Stress-Corrosion Cracking Rate Tables, e.g. 

 444 108221025210075 −−− +== x.x.
day
inx.

dt
da

total

 

for ∆a = 0.045 inch and a between 0.307 and 0.352 inch.  The increment of time required to 
propagate the crack through this interval is obtained from 

 days
x.

in.

dt
da

at
day
in

total

89
10075

0450
4 === −

∆∆  

The total time that it takes to grow through successive intervals is obtained by summing the 
results from this equation for each interval using the Life equation. 

The data from the table that relates crack length (a) to the total time (t) to failure shows that the 
proof test must find a crack length between 0.189 and 0.225 inch to guarantee the integrity of the 
vessel with a factor of two life margin.  The crack length versus total time to failure data have 
been graphically displayed in the next figure, where it can be seen that for one year of growth the 
crack length is 0.245 inch (and for a factor of two life margin the crack length is 0.20 inch).  The 
required proof stress for the 0.20 inch long crack length is obtained from the Irwin criterion: 

 
( )202641

90
2121 ..a.

KIC
p =









=
π

π

σ  

which is about 80 percent of the yield strength and therefore, the proof pressure (pp) must be at 
least 

 
40

4020015922 ).)(,(
D

B
p p

p ==
σ

 

to ensure that all semicircular cracks longer than 0.2 inch are removed from the center section of 
the vessel prior to operation. 
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Graphical Procedure for Interpreting Crack Length  
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Section 4 
Residual Strength 

The strength of a structure can be significantly affected by the presence of a crack and is usually 
substantially lower than the strength of the undamaged structure.  To prevent catastrophic failure, 
one must evaluate the load carrying capacity that will exist in the potentially cracked structure 
throughout its expected service life.  The load carrying capacity of a cracked structure is the 
residual strength of that structure and it is a function of material toughness, crack size, crack 
geometry and structural configuration. 
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4.1 Introduction 
The basic concept in damage tolerance design is to ensure the safety of the structure throughout 
the expected service life.  To provide the required safety, a structure must be designed to 
withstand service loads even when cracks are present or when part of the structure has already 
failed; i.e., the structure has to be damage tolerant.  The overriding philosophy is to maintain a 
minimum required residual strength so that catastrophic failure of the structure is prevented. 

Figure 4.1.1 identifies the major sequence of events that ultimately define the residual strength 
requirements.  As can be noted from the figure, once a safety-of-flight-critical element is 
identified, either its structural configuration or its degree of inspectability will establish the 
allowable structural design concept and the inspection level categories.  Every safety-of-flight-
critical element must be qualified in at least one design concept category and in one inspection 
category.  Each allowable combination of design concept and inspection category is coupled in 
JSSG-2006 to a residual strength requirement, a service life requirement, and a requirement to 
assume a level of initial damage. 

 

 

Inspectibility of Structure Controls Choices

Identify Safety-of-Flight Critical Structure

Available Choices for Inspection Concept 
Specified by JSSG-2006 

Available Choices for Structural Design 
Concept Specified by JSSG-2006 

Define Level of Inspectability 
• Non-inspectable 
• Depot or base level 
• Special visual 
• Walk-around visual 
• Ground evident 
• In-flight evident

Structural Configuration Controls Choices

Define the Structural Concept 
• Slow crack growth 
• Multiple load path fail safe 

• Crack arrest fail safe 

All other requirements specified in JSSG-2006 

Or Either 

 
Figure 4.1.1.  The Structural Configuration or Degree of Inspectability Controls the Subsequent 

Choices of Design Concept and Inspection Level 
 

Figure 4.1.2 illustrates the residual strength and the service life interval requirements as well as a 
residual strength capability curve.  The residual strength capability curve defines the level of 
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load that the structure can withstand without failing in the presence of a growing crack.  To 
account for the change in residual strength capacity as a function of time, it is necessary to 
determine the crack size as a function of time.  The crack-growth-life curve and its various 
properties are shown schematically in Figure 4.1.3. Shown are the various technology and 
specification requirements needed to define the crack growth curve which, in turn, establishes 
the life limit. 
 

 
Figure 4.1.2.  Relationship Between the Life Expended and Residual Strength Capability 

Showing a Monotonic Decrease in Load Carrying Capacity Due to Damage 

 
Figure 4.1.3.  Relationship Between Crack Length and Life Expended Showing a Monotonic 

Increase in Crack Length Up Until Failure 
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As can be seen from Figure 4.1.2, when the residual strength of the structure falls below the 
maximum stress in the service load history, failure can be expected.  To avoid such a failure, a 
thorough understanding of the problem is essential.  Significant advances have been made in 
recent years in procedures for analyzing damaged structures.  Assessments now consider residual 
strength, damage growth, interactive multiple damage sites and quantitative structural 
maintenance and in-service evaluations. 

The application of existing fracture mechanics solution techniques has yielded effective methods 
for analyzing the residual strength of the cracked structure.  The necessary theories and methods 
for determining the residual strength capability of cracked structures are presented in this section.  
Prior to presenting this information in the following sections, a few remarks are made about the 
residual strength requirements for the two damage tolerant design categories: slow crack growth 
structure and fail-safe structure. 

4.1.1 Slow Crack Growth Structure 
In a slow crack growth structure, the damage tolerance must be assured by the maintenance of a 
slow rate of crack growth, a residual strength capacity, and the assurance that subcritical damage 
will either be detected at the depot or will not reach unstable dimensions within the design 
lifetime of the structure.  The residual strength curve for a structure which is inspected 
periodically is schematically shown in Figure 4.1.4.  As a result of the inspections, the initially 
assumed cracks do not grow to a critical size and the structure is restored to its original load 
carrying capability when an inspection capability equal to that of the manufacturer’s is 
employed. 

 
Figure 4.1.4.  Strength Criteria for Periodically Inspected Damage Tolerant Structure  

Single-load-path “monolithic” structure must be qualified in this category; the residual strength 
estimation procedure for this type of structure is fairly straightforward.  Built-up (multiple-load-
path) structure can be qualified either in this category or in the fail-safe category. 
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4.1.4 

4.1.2 Fail-Safe Structure 
The residual strength requirement of a fail-safe structure is to assure damage tolerance following 
a partial failure of the structure.  Damage tolerance is maintained through detection of this failure 
prior to total loss of the structure and sufficient residual strength capability for operating safely 
within the partial failure prior to inspection.  The fail-safe structure is typically a built-up 
structure with multiple load paths or crack arrest features in its design.  In the event of failure of 
a structural member, its load must be transferred to and withstood by the remainder of the 
structure, which also contains crack damage, without causing the loss of whole structure.  The 
residual strength of the built-up structure must be determined under such critical circumstances 
so that the fail-safe design requirements are met. 

The analysis of residual strength capability for built-up structure requires the estimation of the 
critical stress level at which the partial failure occurs, as well as an understanding of the 
capability of the total structure to withstand this partial failure at and subsequent to the time of 
failure.  The required load associated with the time subsequent to failure is based on the 
inspection category and, the partially-failed structure must be able to maintain this load until the 
time of inspection. 



4.2 Failure Criteria 
The determination of residual strength for uncracked structures is straightforward because the 
ultimate strength of the material is the residual strength.  A crack in a structure causes a high 
stress concentration resulting in a reduced residual strength.  When the load on the structure 
exceeds a certain limit, the crack will extend.  The crack extension may become immediately 
unstable and the crack may propagate in a fast uncontrollable manner causing complete fracture 
of the component. 

Figure 4.2.1 illustrates the results obtained from a series of tests conducted on a lug geometry 
containing a crack.  The lug geometry shown in Figure 4.2.1a is a single-load-path structure.  
Figure 4.2.1b indicates that the cracks in each of the three tests extended abruptly at a critical 
level of load, which is noted to be a function of a crack length.  The crack length-critical load 
level data shown in Figure 4.2.1b provide the basis for establishing the residual strength 
capability curve.  The locus of critical load levels as a function of crack length is shown in 
Figure 4.2.1c, where the residual strength capability of the lug structure is shown to decrease 
with increasing crack length. 

 
Figure 4.2.1.  Description of Crack Geometry and Residual Strength Results 

Considering the preceding in terms of applied stress (σ) rather than load gives the σ versus a and 
σc versus ac plots as shown in Figure 4.2.2 a and b.  Schematically, the plots exhibit the same 
abrupt fracture behavior as the curves presented in Figure 4.2.1.  As also shown in Figure 4.2.2c 
and 4.2.2d, crack extension can first occur at a load level that is well below the fracture critical 
level.  The point A′ corresponds to the start of slow and stable extension of the crack.  The 
unstable rapid extension leading to total failure occurs at point A.  This kind of behavior is 
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observed typically in thin metal sheets or in tough materials.  When different crack lengths are 
considered, the σc versus ac plot will contain two distinct curves, as shown in Figure 4.2.2d.  The 
curve A′B′C′ corresponds to the start of slow and stable crack extension and the curve ABC 
corresponds to failure.  

In general, unstable crack propagation results in fracture of the component.  Hence, unstable 
crack growth is what determines the residual strength.  In order to estimate the residual strength 
of a structure, a thorough understanding of the crack growth behavior is needed.  Also, the point 
at which the crack growth becomes unstable must be defined and this necessitates the need for a 
failure criterion.  There are several criteria available; these criteria are tailored to represent the 
ability of a material to resist failure. 

 
Figure 4.2.2.  Fracture Data Described as a Function of Crack Length 
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4.2.1 Ultimate Strength 
The simplest failure criterion assumes that failure occurs at the ultimate (or yield) strength of the 
material.  Thus, the failure criterion becomes simply 

σf = Ftu (4.2.1)
where σf is the fracture stress and Ftu is the ultimate strength.  This criterion is applicable 
primarily to uncracked structures and is included here for completeness.  In past analyses of 
failure of built-up structure, the residual strength of stiffeners was based upon this criterion.  
When the main panel between the stiffeners fails due to catastrophic crack growth, the panel 
loads are transferred to the stringers (or stiffeners).  The transferred loads may increase the stress 
level in the stringer so it is high enough to reach the value of σf, causing stiffener failure. 
4.2.2 Fracture Toughness – Abrupt Fracture 
In a cracked structure, as discussed in Section 2, the stress intensity factor (K) interrelates the 
local stresses in the region of the crack tip with crack geometry, structural geometry, and the 
level of load on the structure.  When the applied load level increases, the K value also increases 
and reaches a critical value at which time the crack growth becomes unstable, as shown in Figure 
4.2.3.   

 
Figure 4.2.3.  The Fracture Mechanics Basis for Establishing Residual Strength 

This critical level of K, which is independent of the crack length, is a material property called 
fracture toughness.  The fracture toughness is a measure of the material’s resistance to unstable 
cracking.  Several test procedures are available to evaluate the fracture toughness.  Also, various 
theoretical and numerical solution techniques are available, as discussed in Section 2, which can 
be used to estimate the (applied) stress intensity factor, K, for a given structure. 
The failure criterion (Irwin’s Criterion) states that abrupt fracture occurs when the crack-tip 
stress-intensity factor reaches or exceeds the fracture toughness of the material.  The 
corresponding applied stress at failure is called the fracture strength.  The failure criterion 
becomes simple 

K > Kcr (4.2.2)
where Kcr is the material’s fracture toughness. 
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The critical Kcr for abrupt fracture mode is denoted as KIc for plane strain conditions and Kc for 
plane stress conditions; the conditions for plane stress or plane strain are determined by 
experiment.  The test requirements necessary for generating KIc and Kc are discussed in Section 
7. 

The Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] contains a large quantity of 
fracture toughness data.  Examples of the formats associated with individual test data for 7075 
aluminum alloy are shown in Figures 4.2.4 and 4.2.5 for plane strain and plane stress fracture 
toughness values, respectively.   

 

 
 

Figure 4.2.4.  Plane-Strain Fracture Toughness (KIc) Data for 7075 Aluminum in the Format of 
the Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] 
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Figure 4.2.5.  Plane-Stress Fracture Toughness (Kc) Data for 7075 Aluminum in the Format of 

the Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] 

 

In general, a material’s toughness depends on thickness, as shown in Figure 4.2.6.  When the 
thickness is such that the crack tip plastic zone size is on the order of the plate thickness, the 
toughness reaches a maximum value, Kc(max).  With increasing thickness of the plate, the plastic 
zone size reduces and thus the toughness gradually decreases, from Kc(max) to KIc.  When the 
thickness is large enough that the crack tip deformation is not affected by the thickness, plane 
strain conditions prevail at the crack tip.  The toughness in the plane strain regime is virtually 
independent of thickness.  For increasing thickness, the toughness asymptotically approaches the 
plane strain fracture toughness, KIc. 
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Figure 4.2.6.  Fracture Toughness as a Function of Thickness 

4.2.3 Crack Growth Resistance – Tearing Fracture 

As illustrated in Figures 4.2.2c and d, when the crack extends by a tearing mode of fracture, 
which typically occurs in thin metal sheets or in tough materials, the crack extension is essentially 
slow and stable.  The failure condition for tearing fractures depends on the crack growth 
resistance (KR) behavior of the material and the applied stress-intensity factor K, which in turn 
depends on the crack and structural configurations.  Figure 4.2.7 describes the observations that 
lead to the development of the crack growth resistance curve (KR vs. ∆a).  Figure 4.2.7 a and b 
present the tearing behavior as a function of applied stress and the corresponding stress-intensity 
factor, respectively.  Figure 4.2.7c presents the crack growth resistance curve that is a composite 
of the three stress-intensity factor curves shown in Figure 4.2.7b.  Note that the composite was 
created by using the amount of physical crack movement observed in each case as the independent 
variable.  As implied by the data points on the crack growth resistance curve in Figure 4.2.7c, the 
stress-intensity factor level associated with material failure is not necessarily constant. 

 
Figure 4.2.7.  Schematic Illustration of Tearing Fracture Behavior and the Development of a 

Crack Growth Resistance Curve ( R-Curve) 
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Shown in Figure 4.2.8 is a resistance curve for a 7475 aluminum alloy described as a function 
effective crack length [Margolis, et al., 1975].  The effective crack length is the sum of the 
physical crack length and the plastic zone size corresponding to the current crack length and 
loading conditions. 

 
Figure 4.2.8.  KR Curve from 7475 Alloy, 16 Inch Wide Panels, 0.5 Inch Thick [Margolis, et al., 

1975] 

Indeed, while the shape of the resistance curve is basically independent of crack length or other 
geometrical effects, the fracture level is a function of crack length (see Figure 4.2.9).  To account 
for this variation in fracture critical level, a two parameter failure criterion was required.  
However, before introducing the two parameter criteria that are used for more accurate estimates, 
approximate single parameter criteria for tearing failures are presented. 
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Figure 4.2.9.  Schematic Illustration of Tearing Fracture Behavior Which Further Defines the 

Change in Critical Level of Fracture Toughness as a Function of Crack Length (also see Figure 
4.2.7) 

4.2.3.1 The Apparent Fracture Toughness Approach 

Due to the complexity of the two parameter fracture criteria for tearing fracture behavior, 
engineers sometimes obtain preliminary estimates for the residual strength using a single 
parameter fracture toughness criterion.  Figure 4.2.10 describes the stress-crack length levels 
associated with the onset of cracking (K = KONSET) and fast fracture (K = Kcr) conditions for a 
tearing material.  Intermediate between the two curves established from material observations is 
a third curve referred to as the apparent fracture curve.  The apparent fracture toughness (KAPP) is 
established from the same data employed to derive KONSET and Kcr.  The calculation procedure 
uses the onset (or initial) crack length (ai) and the final recorded stress level (σcr) for the tests 
conducted.  Thus, KAPP represents a fracture toughness level bounded by the onset and fast 
fracture levels. 
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Figure 4.2.10.  Description of the Three Fracture Toughness Criteria that are Utilized to 
Estimate Residual Strength Under Tearing Fracture Conditions 

For lower bound estimates of the residual strength for fast fracture of a tearing material, one 
could equate the level of applied stress-intensity factor (K) to the apparent fracture toughness 
(KAPP), i.e., assume that fracture occurs when 

K = KAPP (4.2.3)
in order to determine the critical level of stress.  Equation 4.2.3 is an abrupt failure criterion for a 
tearing fracture. 
4.2.3.2 The Resistance (R) Curve Approach 
If the crack tip plastic zone size is estimated to be on the order of the structural thickness but 
substantially smaller than other geometrical variables (crack length, ligament size, height, etc.), a 
linear elastic fracture mechanics analysis can still be sensibly used to predict the catastrophic 
cracking event.  The failure criterion for tearing type fractures under these conditions states that 
fracture will occur when (1) the stress-intensity factor K reaches or exceeds the material’s 
fracture resistance KR and (2) the rate of change of K (with respect to crack length) reaches or 
exceeds the rate of change of KR (with respect to crack length).  Physically, the criterion means 
that at failure, the energy available to extend the crack equals or exceeds the material resistance 
to crack growth.  The failure criterion becomes simply, 

a
K

a
K;KK R

R ∂
∂

≥
∂
∂

≥  (4.2.4)

The corresponding applied stress, σf, at this point is defined as the fracture stress that determines 
the residual strength of the cracked structure.  The criterion presented in Equation 4.2.4 is noted 
to be a two-parameter criterion rather than the single parameter criteria that was presented in 
paragraph 4.2.3.1.  To interpret the meaning of this criterion, first consider the structural 

parameters that are a function of the geometry and stress, i.e. K and 
a
K
∂
∂ . 
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In general, the estimation of K involves the relationship aK πσβ=  as given in Section 2; 
using this equation, the variation of K with respect to crack length (a) can be obtained for various 
values of stress (σ) as shown in Figure 4.2.11a.  Shown in Figure 4.2.11b is the variation of KR 
with respect to the crack extension (∆a) that was developed for the given material using the 
procedures outlined in Figure 4.2.7.  Since this R-curve is assumed to be independent of the 
initial crack length, it can be superimposed on the plot of K versus a as shown in Figure 4.2.11c.  
The tangency point between the applied stress intensity factor curve (K vs. a) and the R-curve 
(KR vs. ∆a) determines the commencement of unstable crack propagation.  In general, the 
accurate method of determining the tangency point involves the numerical solution based on the 
experimentally obtained R-curve.  Using a least squares determined polynomial expression for R-
curve and knowing an expression for K in terms of crack length, the common tangent point can 
be obtained by equating the functional values (K = KR) and also the first derivatives with respect 

to the crack length 




=

da
dK

da
dK R

  of these two expressions. 
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Figure 4.2.11.  Schematic Illustration of the Individual and Collective Parts of a KR Fracture 

Analysis 
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The slow stable tear is dependent on a structural configuration in which the plastic zone at the 
crack tip is no longer negligible but not enormous.  Krafft, et al. [1961], Srawley & Brown [1965], 
and McCabe [1973] explain the dependence of the R-curve on structural configuration as well as 
with test procedures used to evaluate the R-curve.  See Section 7 for additional information on 
test procedures and the Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] for a 
summary of available data. 

4.2.3.3 The J-Integral Resistance Curve Approach 

The crack growth resistance curve (KR) has shown good promise for materials where limited 
(small-scale) yielding occurs in front of the crack tip.  Difficulties in estimating crack tip 
plasticity under large-scale yielding conditions, led Wilhem [1974] to an alternate failure criterion 
based on the J-integral [Rice, 1968].  For a basic introduction to the J-integral see Section 11. 

Wilhem’s J-integral criterion is similar to the KR -curve criterion; it states that failure will occur 
when the following conditions are met: 

a
J

da
Jd;JJ R

R ∂
∂

≥≥  (4.2.5)

where J is the value of the applied J-integral and JR is the value of the J-integral representing the 
material resistance to fracture.  The applied stress (σf) corresponding to Equation 4.2.5 is defined as 
the fracture stress.  Since the effect of large-scale yielding can be appropriately incorporated through 
a suitable elastic-plastic model in the estimation of J-integral, it becomes an effective parameter for 
predicting failure under plane stress conditions where the plastic zone size is significantly large. 

The crack resistance curve for the tearing failure is now represented by RJ  vs. ∆a curve 

instead of KR vs. ∆a curve.  The use of RJ  rather than JR is justified by the fact that J  is 
directly related to the stress-intensity factor for elastic behavior through the equation 

J = K2/E′ (4.2.6)
where E′ is the elastic modulus (E) for plane stress conditions and E/(1-v2) for plane strain 
conditions. 

For different levels of applied load, the J-integral can be computed using finite element techniques 
for the structure of interest for a series of different crack sizes; the J  versus crack length curve 
is illustrated in Figure 4.2.12a for a constant level of applied stress.  It is noted that this curve 
will incorporate the influence of material properties (yield strength and strain hardening exponent) 
through the finite element analysis.  In a manner similar to the stress-intensity factor type 
resistance curve, i.e. the KR curve. The resistance curve based on RJ  can be experimentally 

obtained [Griffis & Yoder, 1974; Verette & Wilhem, 1973].  A RJ  versus crack movement 
(∆a) curve, i.e. the J-integral resistance curve, is schematically illustrated in Figure 4.2.12b.  The 
failure criterion is also based on the tangency conditions between the J  versus crack length 
curve and the RJ  versus crack movement curve.  To obtain this condition, the RJ  vs. ∆a 

curve can be superimposed on the plot of J  vs. a curve such that at some crack length these 
two curves are tangent to each other as shown in Figure 4.2.12c.  The corresponding crack length 
then defines the critical crack size of the structure for the fracture stress, σf. 
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Figure 4.2.12.  Schematic Illustration of the Individual and Collective Parts of a JR Fracture 

Analysis 

4.2.13 



4.3 Residual Strength Capability 
To establish the residual strength capability of a given structure under certain loading conditions, 
prediction techniques must be developed with a thorough understanding of the complexities 
involved in evaluating the residual strength.  For monolithic or single load path structures which 
must be classified as slow crack growth structures, the estimation of residual strength capability 
is straightforward.  In multiple load path, built-up structures, whether classified as slow crack 
growth or fail-safe structures, the strength analysis can become complicated due to the complex 
geometric construction of the built-up components.  In general, the prediction techniques are 
based on the critical value of the stress-intensity factor for a given geometry and loading.  Using 
fracture toughness failure criteria as explained earlier, the decay in critical stress can be obtained 
in terms of crack size. 

As described by Figure 4.1.2, the residual strength capability is a function of service time for a 
given structure.  This is because the residual strength capability depends on the size of the crack 
in the structure and the crack grows as a function of time.  Thus, to obtain a residual strength 
capability curve (Figure 4.1.2), one needs two types of data: (a) the relationship between crack 
length and time, and (b) the relationship between fracture strength (σf) and crack length.  Section 
5 is devoted to obtaining the crack length-time relationship and the remainder of this section is 
devoted to presenting methods and procedures for obtaining the fracture strength-crack length (σf 
vs. a) relationship.  It is to be noted that the σf vs. a relationship is independent of time and has 
been referred to in the general literature as the residual strength diagram.  This section presents 
useful information about residual strength diagrams for single load path and for multiple load 
path structures. 

4.3.1 Single Load Path Residual Strength Diagrams 
For a single load path structure, such as an unstiffened panel, the residual strength diagram under 
plane strain conditions, consists of a single curve as shown in Figure 4.3.1.  The procedure for 
developing the residual strength diagram involves the calculation of the critical stress σf, for the 
critical crack length ac, using the relationship  

 cfcr aK πβσ=   

where Kcr is the known value of fracture toughness of the material.  (Kcr may be equal to KIc or 
Kc depending on the problem.)  The plot of σf vs. ac then provides the necessary residual strength 
diagram required in design analysis for the simple configuration. 

4.3.1 



 
Figure 4.3.1.  Residual Strength Diagram for Abrupt Failure of a Single Load Path Structure 

The available fracture mechanics solution techniques, as given in Section 11, can be employed in 
the calculation of the crack-tip stress-intensity factor K to construct the residual strength 
diagram.  Depending on the complexity of the structure, K can be calculated either numerically 
or through closed form solutions.  These techniques, in conjunction with an appropriate failure 
criterion, can then be used to determine the residual strength capabilities of a given structure. 

In general, the construction of a residual strength diagram involves three steps: 

(a) The development of the relationship between the applied stress σ, the crack length 
parameter a, and the applied stress-intensity factor K for the given structural 
configuration (see Section 11). 

(b) The selection of an appropriate failure criterion based for the expected material behavior 
at the crack tip (see Section 4.2.1). 

(c) The fracture strength (σf) values for critical crack sizes (ac) are obtained utilizing the 
results of the first two steps and residual strength diagram (σf vs. ac) for the given 
structural configuration is plotted. 

To understand these three steps for constructing a residual strength diagram, the following 
example is considered.  The example considers a wide thin panel with a central crack that has a 
simple relationship for the stress intensity factor.  This example illustrates the importance of the 
stress-intensity factor for constructing the residual strength diagram. 
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EXAMPLE 4.3.1 Unstiffened Center Crack Panel 

Construct the residual strength diagram for the wide unstiffened panel shown here, assuming that 
the structure is made from 7075-T6 aluminum sheet material, with a fracture toughness of 40 
ksi .in  

 

 
SOLUTION: 

Step 1.  Define the stress-intensity factor relationship.  From Section 11, the stress intensity 
factor for a wide unstiffened, center crack panel is given by 

 aK πσ=  

Step 2.  Define the failure criterion.  For this problem, it is assumed that an abrupt fracture 
occurs and the condition that defines the fracture is 

 inksiKKK ccr 40===  

Step 3.  Utilize the results of the first two steps to derive a relationship between fracture strength 
(σf) and critical crack size (ac), the σf vs. a relationship is given by 

 πσ /40=cf a  

For a half crack size (ac) of 2.0 inch, the fracture strength (σf) is about 16 ksi.  Other (σf  vs. ac) 
values can be similarly obtained.  Once a sufficient number of values are available, the residual 
strength diagram can be developed, or one could also attack the problem in the graphic manner 
that is explained using the following: 

Step 1.  Construct a plot of K vs a by using the equations in Step 1 for various values of stress 
and crack lengths. 
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Step 2.  Superimpose the horizontal line K = Kcr = 40 ksi in  on the diagram.  This line 
represents the critical stress intensity, i.e., fracture toughness, for this material and is independent 
of crack length.   

Step 3.  Complete the residual strength diagram.  Utilize the intersection points of the horizontal 
line with curves where the failure criterion is satisfied, i.e. where cfcr aK πσ= .  The values of 
the respective stresses and the crack sizes at these points are termed to be the failure stresses and 
the critical crack sizes for the given structure, i.e., the unstiffened panel.  The residual strength 
diagram is finally constructed by plotting the σf  vs. ac curve. 
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4.3.2 Built-Up Structure Residual Strength Diagrams 
In single load path structures, the residual strength analysis involved only one failure criterion 
for a given structural geometry.  In built-up structures, due to the complex geometrical 
configuration, one or more failure criterion may have to be considered in the determination of 
residual strength for the whole structure.  The following paragraphs examine these aspects of the 
residual strength analysis of built-up structures. 

It was explained earlier that safety can be achieved by designing aircraft structure either as slow 
crack growth or as fail-safe.  The latter case can further be classified into two cases: Multiple 
Load Path and Crack Arrest.  Typically, both Multiple Load Path and Crack Arrest structures are 
built-up structures.  In Section 1.3, the definitions and requirements for these two types of built-
up structure are discussed.  For completeness, the structure shown in Figure 4.3.2 is analyzed to 
further explain the features inherent in multiple load path, built-up structure.   

As long as the central member is not failed, all three elements carry a share of the total load P.  
In the event of failure of the center member, the total load P (actually 1.15P) must be transmitted 
by the other two members at the instant of failure, if the structure is to stay intact.   

The residual strength capability for the multiple load path structure shown in Figure 4.3.2 can be 
explained with Figure 4.3.3.  When one element fails, Figure 4.3.3 shows that the remaining 
parallel members are able to carry the required load without failure.  The residual capability is 
shown to degrade as the crack in the central member extends and as the cracks in the remaining 
elements fail.  Figure 4.3.3 shows the discontinuous change in the strength capability as a result 
of element failures.  Since the load levels in other members dramatically increase, if the load P 
must be maintained, the remaining members will have short lives.  Thus, the second member 
may fail after the time (t2).  The residual strength capability is shown to drop below the safe level 
somewhere in time between t1 and t2.  The duration of the time interval between the failure of the 
first element and the failure of the structure may be short or long depending on the “type of failure” 
of the first member and the load requirements subsequent to this failure.  This time interval is 
available for the detection of the failure of the first member and the repair of the structure. 
 

 

Figure 4.3.2.  Multiple Load Path (Built-up) Structure with a Crack in the Central Member 
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Figure 4.3.3.  Reduction of Residual Strength During Successive Failure of Members in the 
Structure Shown on Figure 4.3.2 

The failure stress or the critical flaw size level of the central member (any one of the parallel 
members) can be estimated by treating the problem in a manner similar to the single load path 
structure.  Using a fatigue crack growth analysis, the crack propagation curve is obtained from 
the minimum detectable crack size to the critical crack length as illustrated in Figure 4.3.4.  In 
multiple load path structure, partial failure of the structure can occur during its operating period.  
But this failure must be detected at an inspection before catastrophic failure of the entire 
structure occurs.  A suitable inspection schedule must include analysis of structural 
characteristics along with the operational requirements for the intervals between inspections. 

 
Figure 4.3.4.  Crack Growth for Multiple Load Path Structure Shown in Figure 4.3.2 
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To illustrate the analysis involved in the estimation of residual strength of complex structures, 
consider an axially loaded skin-stringer combination with longitudinal stiffening as shown in 
Figure 4.3.5.  Assuming that the fasteners are rigid, the displacements of adjacent points in skin 
and stringers will be equal.  (If skin and stringers are made from the same material, the stresses 
in the two will also be equal for the case of no crack.)  Let a transverse crack develop in the skin.  
This will cause larger displacement in the skin, and the stringers must follow this larger 
displacement.  As a result, they take load from the skin, thus decreasing the skin stress at the 
expense of higher stringer stress.  Consequently, the displacements in the cracked skin will be 
smaller than in an unstiffened plate with the same size of crack.  This implies that the skin 
stresses are lower and that the stress-intensity factor is lower.  The closer the stringers are to the 
crack, the more effective is the load transfer. 

 

 
Figure 4.3.5.  Skin-Structure Built-Up Structure 

If the stress-intensity factor for a small crack in an unstiffened panel is approximated by 
aK πσ= , the stress-intensity factor for the stiffened plate will be aK πβσ= .  The reduction 
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factor, aK πσβ /= , will decrease when the crack tip approaches a stringer.  Since the stringers 
take load from the skin, the stringer stress will increase from σ to Lσ, where L increases as the 
crack tip approaches the stringer.  Obviously, 0 < β < 1, and L > 1.  These values depend upon 
stiffening ratios, the stiffness of the attachment, and the ratio of crack size to stringer spacing.  
As will be shown subsequently, β and L can be readily calculated; at this point it is sufficient to 
note that β and L vary with crack length as shown in Figure 4.3.6. 

 
Figure 4.3.6.  Variation of B and L with Crack Length in Stiffened Panel with a Crack Between 

the Stiffeners 

Due to the complexity of stiffened skin structure, the construction of a residual strength diagram 
is considerably more difficult.  Consider first the condition where an abrupt failure in the skin 
occurs.  When the crack is small as compared to the stiffener spacing, the residual strength of the 
skin is not influenced by the stiffeners and the initial portion of the diagram follows the plot for 
an unstiffened panel (see point A in Figure 4.3.7).  Once the crack size is long enough that the 
skin cannot sustain the applied load any further, the stringer will take some of the load from the 
skin, thus decreasing the skin stress.  Consequently, the crack-tip stress-intensity factor will be 
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lower due to the reduced stress and so the residual strength of the skin structure will increase 
with crack length as shown in Figure 4.3.6.  As the crack size increases further toward the 
stiffener location, the load transferred from the skin to the stiffener also increases significantly, 
thus reducing the stress-intensity factor.  The residual strength of the stiffened panel continues to 
increase as shown in the figure for longer cracks.  It can also be noted from the figure that the 
residual strength diagram for an unstiffened panel would have followed the dotted line, i.e., the 
continuous decay in the residual strength as the crack size increases.  This is because there is no 
inherent feature present in the single load path structure to decrease the crack tip stress-intensity 
factor. 

 

Figure 4.3.7.  Residual Strength of the Cracked Panel as a Function of Crack Length for Built-
Up Skin-Stiffened Structure Compared with Unstiffened Panel.  Abrupt Failure Criterion Used to 

Determine Residual Strength 

The residual strength diagram for the skin-stiffened structure is repeated in Figure 4.3.8 where 
several additional points of interest are defined for the analyst.  For a structure with a crack of 
length aA, the residual strength is identified as point A.  Since point A is associated with a failure 
stress that is above the peak stress (σpeak), the crack extends abruptly and completely fails the 
panel.  If the structure contains a crack of length aC, in the range between aB and aD, the crack 
extends abruptly but then arrests at crack length aE, where the residual strength available is 
greater than the applied (failure) stress.  This crack extension and arrest feature of skin-stringer 
construction greatly facilitates meeting inspection requirements for fail-safe structures. 
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Figure 4.3.8.  Residual Strength of the Cracked Panel as a Function of Crack Length for Built-
Up Skin Stiffened Structure.  Only Skin Failure Mode Considered.  Abrupt Failure Criterion 

Used to Determine Residual Strength 

Before the panel fails completely, the failure stress level at point C/E must be increased to the 
level associated with point F, i.e. to σpeak.  As the stress is increased above the level of point E, 
the crack extends from aE to maintain an equilibrium between the input stress and the residual 
strength.  When the stress reaches σpeak, the crack has extended to aF, at which point the crack 
abruptly extends causing failure of the panel.  A schematic illustrating the load crack length 
diagram observed during an abrupt crack extension/arrest situation in a skin-stringer structure is 
presented in Figure 4.3.9.  Thus, it is seen that the residual strength curve ABCDEF shown in 
Figure 4.3.8 can be replaced for all practical purposes with a curve that connects points ABF. 

 
Figure 4.3.9.  Load-Crack Length Behavior Observed in Skin-Stiffened Construction with Arrest 

Features 
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In the design of fail-safe structure, a frequent objective is to design the structure for limiting or 
arresting unstable crack growth so that catastrophic failure can be prevented.  A number of arrest 
techniques are described in Bluhm [1969], Romauldi & Sanders [1959-1960] and Broek [1974].  
The fundamental concept in crack arrest design is to provide within the structure a means to 
reduce the crack tip stress intensity factor.  This concept requires the use of additional stiffening 
members such as stiffeners, reinforcing rings, etc., to produce a decrease in the stress.  These are 
inherently present in built-up structures, such as aircraft wings, fuselages, etc.. 

In general, the residual strength analysis of a structure with crack arrest capabilities may involve 
more than one failure criterion.  For instance, in a stiffened skin structure or an aircraft wing, the 
analysis should consider stringer failure, fastener failure, and skin crack failure criteria.  Built-up 
panels loaded to fail-safe levels tend to exhibit substantial local deformations of critical 
elements.  Failure criteria are thus dependent also on elastic-plastic deflection allowables for 
both fastener and skin/stringer elements.  Gunther and Wozumi [1982] provide additional details 
on the residual strength analysis of complex panels based on the ultimate stringer strain. 

The residual strength diagram for the structure that exhibits slow crack growth behavior will contain 
two curves as shown in Figure 4.3.10.  The lower curve corresponds to the critical level of stress 
at which slow crack extension starts.  The onset of slow tearing is then described by this lower 
curve.  The upper curve provides the critical stress level at which the unstable rapid crack extension 
occurs.  When the crack approaches the stiffener, as explained earlier, the residual strength 
levels, corresponding to the onset of slow cracking and the rapid extension, start increasing. 

 
Figure 4.3.10.  Residual Strength of Cracked Panel as a Function of Crack Length for Built-up 

Skin-Stringer Structure.  Tearing Failure Criterion Used to Determine Residual Stress 
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For a crack length ai, as shown in Figure 4.3.10, the slow crack extension begins at point B.  This 
stable extension continues up to point B′ where the rapid failure is supposed to occur.  However, 
due to the continuous rise in the residual strength of the stiffened panel, the stable crack 
extension continues to occur beyond point B′ and up to point C.  Since the residual strength of 
the panel starts reducing at this point, any further increase in the applied load will lead to the 
rapid unstable crack extension. 

The construction of the residual strength diagram follows the three steps presented in Section 
4.3.1.  Due to the complexity of the structural geometry, however, estimating requires the 
calculation of the loads that are transferred to the stiffening or secondary members from the main 
load carrying member of the structure.  Depending upon the complexity, the K vs. a curves can 
be obtained either through an appropriate numerical method or through the method of superposition.  
The methods for constructing residual strength diagrams and for the residual strength capability 
analyses are further discussed in the following sections with various example problems. 



4.4 Single Load Path Structure 
For a single load path structure, the only means to protect the safety is to prevent the damage 
growth from degrading the strength of the structure to less than the design limit load.  This 
applies for all structures classified as slow crack growth, regardless of the type of construction 
(such as single load path or multiple load path).  The residual strength capability of the structure 
depends mainly on the material’s resistance to fracture. 

4.4.1 Abrupt Fracture 
For materials that exhibit abrupt failure, the start of slow crack extension will be followed 
immediately by the onset of rapid fracture.  The residual strength capability then requires a strict 
evaluation of the initial flaw sizes in the structure.  The allowable initial crack length necessary 
to maintain the required residual strength will be less than af ; the design limit load must also be 
such that the stress level in the structure is less than σi , as shown in Figure 4.4.1.  The residual 
strength diagram can be evaluated as described earlier through the plot of σf vs. ac using the 
relationship aK πσβ=  for the structural geometry of interest and also employing the failure 
criterion based on a critical fracture toughness value, Kcr.  The margin of safety as shown in 
Figure 4.4.1 allows for undetected cracks or for subcritical crack growth such that the initial 
crack size will not become greater than af. 

 

 
Figure 4.4.1.  Residual Strength Diagram Showing Defining Cracks and Residual Strength 

Parameters 
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The following example problem is presented to demonstrate the application of the steps in 
constructing the residual strength diagram and also to analyze the structure for its residual 
strength capabilities.  This example demonstrates the basic concepts involved in the residual 
strength capabilities of a single load path structure. 
 

EXAMPLE 4.4.1 Residual Strength of Center Cracked Panel 

Develop the residual strength diagram for the cracked finite width panel shown here.  The panel 
is 20 inches wide  and  0.375 inches thick with a length of 60 inches.  The yield strength (σy) for 
this material is 78 ksi and the fracture toughness (KIc ) is 40 ksi √in.  The inspection procedure is 
a viual inspection capable finding a crack (2a) 2 inches long. 

σ 

σ 

2c

W

 
SOLUTION: 

For the center-cracked geometry configuration shown, the stress-intensity factor K expresses by 
the relationship (see Section 11.3): 

 





=

W
aaK ππσ sec  

Since we have an explicit expression for K, using the fracture toughness failure criterion (plane 
strain), the residual strength diagram can be obtained directly.  The corresponding equation is 

 















=

W
aseca/K c

cIcf
ππσ  
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where KIc = 40 ksi in  and W = 20 inch are given as data and σf  can be obtained for any 
selected crack length.  The σf  vs. ac curve, which is the required residual strength diagram, can 
now be plotted. 

The residual strength σf  of the panel can be estimated from the equation that is described in the 
following diagram.  From this figure, for the given operating stress level (20 ksi), the critical 
crack size a at which unstable crack extension would occur can be estimated as 1.2 inches.  Thus, 
to avoid a fracture type failure of the panel, the structure should not develop a crack of this size.  
Assume that based on an established visual inspection schedule, the simple rectangular 
aluminum panel, uniformly loaded in tension as shown, could develop a 2.0 inch long, central 
through-the-thickness crack (normal to loading) before detection.  This crack length is slightly 
smaller than the critical crack size (2a) of 2.4 (2 x 1.2 inch) under the operating conditions so 
that the margin of safety is small when this inspection process is employed. 
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Residual Strength Diagram Determining Critical Crack Size at 20 ksi Operating Level 

 

To establish the required residual strength level to fit the inspection schedule, the designer must 
reduce the crack-tip stress-intensity factor for the same applied load.  One method is to transfer 
portions of the load to a stiffening member.  Another method is to reduce the operating load level 
below the failure level corresponding to the inspection crack size, although this is not always 
practiced. 
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4.4.2 Tearing Fracture 

Materials with medium or high fracture toughness exhibit a type of subcritical crack extension 
behavior prior to reaching the maximum load carrying capacity of the structure.  When a limited 
amount of yielding occurs in front of the crack tip, the initial extension of an existing crack in 
these materials will be slow and stable threshold values of the stress-intensity factor (KONSET).   

To understand this behavior, consider an unreinforced, center-cracked panel.  The stress-intensity 
factor (K) at the crack tip increases linearly with the value of the normal tensile stress component 
acting on the structure for a stationary crack.  As the K level increases, some point (point A) will 
be reached at which the crack length will begin to extend as shown in Figure 4.4.2.  The crack 
will extend gradually as the load continues to increase, until reaching the critical size at which 
the crack extension becomes unstable (point B in Figure 4.4.2).  The point of crack initiation and 
instability are determined by the appropriate failure criteria. 

 
Figure 4.4.2.  Diagrams Showing Onset of Unstable Crack Growth for Conditions of Limited or 

Extensive Crack Extension 

When the subcritical growth of the crack, as shown in Figure 4.4.2a between the points A and B, 
is not significant, the fracture toughness criterion KCR values can be used in the analysis.  In this 
case, fracture is assumed to occur immediately after the start of crack extension as under abrupt 
failure conditions.  However, for materials exhibiting substantial crack growth between points A 
and B as shown in Figure 4.4.2b, the crack resistance curve approach can be used in the residual 
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strength analysis.  The crack resistance (R) curve approach might be based on either KR vs. ∆a or 

RJ  vs. a.  The KR vs. ∆a curve is normally used when the fracture strength is associated with 
stress levels below net section yield conditions; in other words, when limited crack tip plasticity 
occurs prior to fracture.  The RJ  vs. a curve is used for those conditions where the fracture 
strength is expected to result in gross yielding. 

In the calculation of residual strength when the cracked structure exhibits a tearing instability, 
one normally follows these steps: 

1. Obtain Keff ( ))ra( += πβ  values for the structure for various crack lengths and 
applied stresses using a suitable plastic zone model (e.g. Dugdale Model).  
Evaluation of the K values involves methods described in Section 11.  Plot K 
versus a curves for various applied stresses as shown in Figure 4.4.3a. 

2. Obtain the experimentally determined R-curve (KR versus ∆a) for the sheet 
material (Figure 4.4.3b). 

3. Determine the point of instability from the K curves of the structure and the KR 
curves of the material as shown schematically in Figure 4.4.3c. 

4. Obtain different values for the fracture strength and the corresponding crack 
lengths from step 3 and plot these points to establish the failure strength (σf) crack 
length (ac) curve.  This provides the necessary residual strength diagram of the 
structure. 
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Figure 4.4.3.  Steps Associated with Calculating Residual Strength of Cracked Structures with 

Tearing Fractures 

The residual strength diagram for intermediate or high fracture toughness materials can be 
constructed by using either the KR curve or the RJ  method.  To understand the use of the R-
curve failure criteria in evaluating the residual strength, consider the following example in which 
failure criterion based on the KR curve is applied. 

 

 

EXAMPLE 4.4.2 Residual Strength of Tearing Radial Hole Crack 

Construct the residual strength diagram for a large and relatively thin (0.063 in.) plate of 7075-
T73 aluminum alloy having a through crack emanating (radially) from a hole with a diameter (D) 
equal to one inch, such as illustrated here.  Assume the material inhibits a limited amount of 
crack tip yielding.  Also calculate the crack length associated with a fracture strength associated 
with a crack length of 2.0 inch. 
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SOLUTION: 

As the first step, the appropriate expression for the stress-intensity factor is obtained from 
Section 11: 

 cK πσβ=  

and β is given in Section 11. 

The following figure describes the variation in stress-intensity factor with crack length and stress 
level. 
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Stress-Intensity Factor Relationship for Various Values of Applied Stress 

The next step is to consider the appropriate failure criterion.  The given geometry is a thin sheet 
and the material exhibits limited crack tip yielding behavior.  Therefore, the R-curve method 
based on KR values can be applied to evaluate the fracture strength. 

For the given 7075-T73 aluminum alloy material (0.063 inch thick), an experimentally obtained 
R-curve is shown here.  By superposing the R-curve onto the plot obtained in step one, as 
explained in Section 4.2.1, the points where the R-curve is tangent to the K-curves are obtained.   

At these points the failure criterion, i.e. K - KR and 
a

K
a
K R

∂
∂

=
∂
∂  , is satisfied.  The corresponding 

stress σc is the critical (fracture) stress at which the initiation of rapid fracture will occur.  From a 
diagram like this, we can obtain the critical initial sizes of the crack and the respective fracture 
stresses. 
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Resistance Curve for 7075-T73 Aluminum for a Thickness of 0.063 Inches 
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Matching the R-Curve and Stress-Intensity Factor Curves 

The final step is to plot the σf vs. ac curve.  The required residual strength diagram is shown next 
for the 7075-T73 aluminum plate with a crack emanating radially from a hole.  It can be seen 
from this figure that the critical crack size for a 20 ksi operating stress level is equal to 4.0 
inches.  As can also be seen from the figure, for an observed crack of 2.0 inches, the residual 
strength available is 27 ksi. 
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Residual Strength Diagram Obtained for Structure in Example 4.4.4 
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4.5 Built-Up Structures 
Built-up structures normally require more than one failure criterion to determine the residual 
strength of the total structure.  The development of the residual strength diagram of a given 
structure will involve the analysis of failures of each part of the load support system. 

The structural configuration essentially determines the complexity of the residual strength 
analysis.  Typical structural parameters which must be considered for skin-stiffened structure 
are: 

• Type of Construction 
− Monolithic (unreinforced/forgings) 
− Skin (longerons, stringer) 
− Integrally stiffened 
− Planked 
− Layered (honeycomb/laminated) 

• Panel Geometry 
− Planform 
− Curvature 
− Stiffener spacing and orientation 
− Attachments (spar caps, webs, frames, etc.) 

• Details of Construction 
− Stiffener geometry (hat, Z-channel, etc.) 
− Attachment details (bolted, riveted, welded, etc.) 
− Fastener flexibility 
− Eccentricity 
 

Ideally, the residual strength analysis will take all these parameters into consideration.  In 
practice, many are treated empirically and others are not considered except in extremely detailed 
analyses.  This section provides details of the analysis methods used for built-up skin stringer 
structure and the effects of many of the structural parameters listed above.  In the order of their 
presentation, the subsections provide: overviews of the analysis for edge stiffened and for 
centrally stiffened skin structure, the analysis methods used to determine the stress-intensity 
factor in the skin structure and the loading transferred to the stringers, the analysis of stiffener 
failure, the analysis of fastener failure, the analysis methodology and an example. 

4.5.1 Edge Stiffened Panel with a Central Crack 

The residual strength diagram of a simple panel with two stringers and a central crack can be 
constructed as follows.  Consider first a crack in plane stress, which starts propagating slowly at 

oonseto aK πσ /=  and becomes unstable at ccc aK πσ /=  in a sheet without stringers as shown 
in Figure 4.5.1a. 

When the panel is stiffened with stringers, the stress-intensity factor is reduced to aK πβσ=  
where β < 1.  As a result, both the stress for slow stable crack growth, σo, and the stress for 
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unstable crack growth, σf, are altered to give cccfoonseto aKaK πβσπβσ / and / == , 
respectively. 

Hence, these events take place at higher stresses in the stiffened panel than in the unstiffened 
panel.  This means that the lines in Figure 4.5.1a are raised by a factor 1/β for the case of the 
stiffened panel, as depicted in Figure 4.5.1b.  Since β decreases as the crack approaches the 
stringer, the curves in Figure 4.5.1b turn upward for crack sizes on the order of the stringer 
spacing. 

 
Figure 4.5.1.  Elements of Residual Strength Diagram 

The possibility of stringer failure should be considered also.  The stringer will fail when its stress 
reaches the ultimate tensile stress (σUTS).  As the stringer stress is Lσ, where σ is the nominal 
stress in the panel away from the crack, failure will occur at σsf, given by Lσsf = σUTS.  Using L, a 
measure of the load transferred to the stringer, the panel stress at which stringer failure occurs is 
shown in Figure 4.5.1c.  The stringer may yield before it fails.  This means that its capability to 
take overload from the cracked skin decreases.  As a result, β will be higher and L will be lower.  
The stress-intensity analysis should account for this effect. 

Figure 4.5.2 shows the residual strength diagram of the stiffened panel.  It is a composite of the 
critical conditions shown in Figure 4.5.1.  In the case when the crack is still small at the onset of 
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instability (2a <<2s, where 2s is stringer spacing), the stress condition at the crack tip will hardly 
be influenced by the stringers and the stress at unstable crack growth initiation will be the same 
as that of an unstiffened sheet of the same size (Point B in Figure 4.5.2).  When the unstably 
growing crack approaches the stiffener, the load concentration in the stiffener will be so high that 
the stiffener fails (Point C) without stopping the unstable crack growth (line BC). 

 

 
Figure 4.5.2.  Residual Strength Diagram for a Stiffened Panel 

When the panel contains a crack extending almost from one stiffener to the other (2a ≅  2s), the 
stringer will be extremely effective in reducing the peak stress at the crack tips (β small), 
resulting in a higher value of the stress at crack growth initiation.  With increasing load, the 
crack will grow stably to the stiffener (line LMIF) and due to the inherent increase of stiffener 
effectiveness, the crack growth will remain stable.  Fracture of the panel will occur at the same 
stress level corresponding to the point F due to the fact that the stiffener has reached its failure 
stress and the stress reduction in the skin is no longer effective after stringer failure. 

For cracks of intermediate size (2a = 2a1), there will be unstable crack growth at a stress slightly 
above the fracture strength of the unstiffened sheet (point H), but this will be stopped under the 
stiffeners at I.  After crack arrest, the panel load can be further increased at the cost of some 
additional stable crack growth until F, where the ultimate stringer load is reached. 

Since β and L depend upon stiffening ratio, the residual strength diagram of Figure 4.5.2 is not 
unique.  Figure 4.5.2 shows the case where stringer failure is the critical event.  For other 
stiffening ratios, skin failure may be the critical event as depicted in Figure 4.5.3.  Due to a low 
stringer load connection, the curve e and g do not intersect.  A crack of size 2a1 will show stable 
growth at point B and become unstable at point C.  Crack arrest occurs at D from where further 
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slow growth can occur if the load is raised.  Finally, at point E, the crack will again become 
unstable, resulting in panel fracture.  It is, therefore, obvious then that a criterion for crack arrest 
has to involve the two alternatives of stringer failure and skin failure, and these depend upon the 
relative stiffness of sheet and stringer. 

 
Figure 4.5.3.  Panel Configuration with Heavy Stringers; Skin-Critical Case 
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The foregoing clearly shows that for crack arrest it is not essential that the crack run into a 
fastener hole.  Crack arrest basically results from the reduction of stress-intensity factor due to 
load transmittal to the stringer. 

For the particular case depicted in Figure 4.5.4, the residual strength is not determined by 
stringer failure solely but also by fastener failure (point K).  A crack of length 2a1 will show 
slow growth from E to F and instability from F to G.  After crack arrest at G, further slow growth 
occurs until at point K the fasteners fail.  The latter could cause panel failure, but this cannot be 
directly determined from the diagram. 

 

 
Figure 4.5.4.  Criterion for Fastener Failure 

In fact, a new residual strength diagram must now be calculated with omission of the first row of 
rivets at either side of the crack.  Fastener failure will affect load transmittal from the skin to the 
stringer: line e will be lowered, line g will be railed.  The intersection point H′ of the new lines g′ 
and e′ may still be above K and hence, the residual strength will still be determined by stringer 
failure at H′. 

In reality, the behavior will be more complicated due to plastic deformation.  Shear deformation 
of the fasteners, hole deformation, and plastic deformation of the stringers will occur before 
fracture takes place.  Plastic deformation always reduces the ability of the stringer to take load 
from the skin that implies that line g in actuality will be raised and line e will be lowered.  The 
intersection of the two lines (failure point) will not be affected a great deal, however, (compare 
points H and H′ in Figure 4.5.4).  For this reason the residual strength of a stiffened panel can 
still be predicted reasonably well, even if plasticity effects are ignored.  Nevertheless, a proper 
treatment of the problem requires that plasticity effects be taken into account. 
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4.5.2 Centrally and Edge Stiffened Panel with a Central Crack 

In the previous subsection, the cases considered pertain to cracks between two stiffeners.  In 
practice, however, cracks frequently start at a fastener hole and then there will be a stringer 
across the crack which will have a high load concentration factor.  The problem can be dealt with 
in a manner similar to a crack between stringers, using either analytical or finite-element 
procedures.  A schematic residual strength diagram for this case is presented in Figure 4.5.5.  
Apart from the residual strength curve g for the edge stiffeners, there will now be an additional 
residual strength curve k for the central stiffener. 

 

Figure 4.5.5.  Residual Strength Diagram for a Panel with Three Stiffeners and a Central Crack 
Emanating from a Rivet Hole 

For the case where the crack in the skin is small (2a << 2s), the first failure in the structure is 
noted to occur at point B in Figure 4.5.5 where the skin fails and the crack starts to run.  When 
the crack reaches a size such that point C is reached, the central stiffener residual strength has 
dropped to the operating stress level and then the central stringer fails, immediately causing 
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additional loading to be transferred to the edge stiffeners and the skin structure.  The effect of 
losing the capability of the central stringer is noted in Figure 4.5.5 with a repositioning of the 
residual strength curves from the edge stiffeners (from curve g to curve g′) and skin structure 
(from curve e to curve e′).  As the crack in the skin structure continues to grow after causing the 
ultimate tensile strength failure in the central stringer at point C, it reaches a size that causes the 
ultimate tensile strength failure of the two edge stringers at point D, at which point all potential 
arrest capability is lost and the structure is lost. 

For the case of longer cracks, Figure 4.5.5 shows that skin cracks may start running (line EF), 
arrest (point F), and tear along curve FL as the stress is increased.  At point L, the crack has 
reached a length that has resulted in sufficient stress being transferred to the central stringer so 
that this stiffener now fails.  Again, this failure causes a redistribution of stress in the entire 
structure so that a new set of residual strength diagrams are required to determine the 
consequences associated with failing the central stringer.  The new edge stringer and skin 
structure residual strength curves are presented by curves g′ and e′, respectively. 

Due to the high load concentration, the middle stringer will usually fail fairly soon by fatigue 
and, therefore, lines e′ and g′, with the middle stringer failed, will have to be used and the 
residual strength is determined by point H′.  (Note that e′, g′, and H′ will have different positions 
in the absence of the middle stringer; a failed central stringer will induce higher stresses in both 
the skin and the edge stiffeners.)  The foregoing discussion provides the concepts required to 
establish a complete residual strength diagram. 

4.5.3 Analytical Methods 

In this subsection analytical procedures are presented for the residual strength capability 
analyses.  Methods for evaluating the unknown fastener force and the stress-intensity factors for 
the stiffened panel are presented.  Since the equations for the solution procedures have been 
based on linear elastic fracture mechanics, the failure criterion used in these analyses are also 
based on fracture toughness values for abrupt fracture conditions and KR resistance curve data for 
tearing fracture conditions. 

Analysis methods for stiffened panels have been developed independently by Romualdi, et al 
1957], Poe [1970, 1971], Vlieger [1973], Swift and Wang [1969], Swift [1971], Creager and Liu 
[1971], and Wilhem and Ratwani [1974]. 

Application of the stress intensity factor parameter, β, and the stringer load concentration factor, 
L, were proposed by Vlieger [1973] and Swift and Wang [1969]. 

From the residual strength capability analysis as discussed in the preceding subsections, it is 
evident that the construction of residual strength diagrams for built-up structures also requires 
the estimation of the stress-intensity factor K.  A number of approaches for determining K have 
been developed.  Solutions for complicated structural geometries can sometimes be obtained 
from the basic stress field solutions combined with displacement compatibility requirements for 
all the structural members involved.  This approach has been shown by several investigators to 
be useful in the analysis of built-up sheet structure.  While the analysis is based on closed form 
solutions, the actual analyses are computerized for efficient solutions.  The essentials of this 
technique are described below. 
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In calculating β and L, two methods can be used.  There are the finite-element method and an 
analytical method based on closed-form solutions.  The analytical method has advantages over 
the finite-element method in that the effect of different panel parameters on the residual strength 
of a certain panel configuration can be easily assessed, so that the stiffened panel can be 
optimized with respect to fail-safe strength.  It allows direct determination of the residual-
strength diagram.  In the case of the finite-element method, a new analysis has to be carried out 
when the dimensions of certain elements are changed because a new idealization has to be made.  
An advantage of the finite-element analysis, on the other hand, is that such effects as stringer 
eccentricity, hole deformation, and stringer yielding can be incorporated with relative ease.  
Details of the calculations can be found in the referenced papers. 

The procedure for analytical calculation is outlined in Figure 4.5.6.  The stiffened panel is split 
up into its composite parts, the skin and the stringer.  Load transmission from the skin to the 
stringer takes place through the fasteners.  As a result, the skin will exert forces F1, F2, etc., on 
the stringer, and the stringer will exert reaction forces F1, F2, etc. on the skin.  This is depicted in 
the upper line of Figure 4.5.6. 
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Figure 4.5.6.  Analysis of Stiffened Panel 

The problem is now reduced to that of an unstiffened plate loaded by a uniaxial stress, σ, and 
fastener forces F1 . . . Fn.  This case can be considered as superposition of three others, shown in 
the second line of Figure 4.5.6.  Namely: 

a. A uniformly loaded cracked sheet. 

b. A sheet without a crack, loaded with forces F1 . . . Fn. 

c. A cracked sheet with forces on the crack edges given by the function p(x).  The forces 
p(x) represent the load distribution given by Love [1944].  When the slit CD is cut, 
these forces have to be exerted on the edges of the slit to provide the necessary crack-
free edges. 

The three cases have to be analyzed individually.  For case a, the stress-intensity factor is 
aK πσ= .  For case b, K = 0.  The stress intensity for case c is a complicated expression that 
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has to be solved numerically.  However, once the K value for case c is determined, the stress-
intensity factor for the whole stiffened panel can be obtained by adding the K values for cases a 
and b.   

The determination of K requires calculations of fastener forces F1, F2 . . . Fn.  To calculate these 
forces, the displacement compatibility conditions which require equal displacements in sheet and 
stringer at the corresponding fastener locations, can be used.  These compatibility requirements 
deliver a set of n (n = number of fasteners) independent algebraic equations from which the 
fastener forces can be obtained.  These equations can be solved numerically using Gauss-Seidal 
or Gauss-Jordan iterative methods. 

The number of fasteners to be included in the calculation depends somewhat upon geometry and 
crack size.  According to Swift [1974] and shown in Figure 4.5.7, 15 fasteners at either side of 
the crack seems to be sufficient to get a consistent result.  Similar results were obtained by Sanga 
[1974].  Swift’s analysis provides a detailed description of how to incorporate nonelastic 
behavior in this kind of analysis.  The method can account for (1) stiffener flexibility and 
stiffener bending, (2) fastener flexibility, and (3) biaxiality.  Stringer yielding, fastener 
flexibility, and hole flexibility are lumped together in an empirical equation for fastener 
deflection. 

 
Figure 4.5.7.  Effect of Number of Fasteners Included in Analysis on Calculated Stress-Intensity 

Factor 

The effect of fastener flexibility and stiffener bending on β and L is shown in Figure 4.5.8.  
Although the effects are quite large, the vertical position of the crossover of critical stress-
intensity factor curve and stringer stress curve is not affected too much (compare points A and B 
in Figure 4.5.8).  The level of the crossover determines the residual strength, as pointed out in the 
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previous subsections.  This explains why the residual strength can be reasonably well predicted if 
the flexibility of the fasteners is neglected. 

 

 
Figure 4.5.8.  Skin-Stress-Reduction β and Stringer-Load-Concentration L as Affected by 

Fastener Flexibility and Stiffener Bending 

In the case of adhesively bonded stiffeners, the displacement compatibility approach was used to 
calculate the fastener loads F1, F2 . . . Fn.  The adhesive was considered by dividing it into a 
series of discrete segments.  The forces F1, F2 . . . Fn correspond to the segments shown in Figure 
4.5.9.  Using an appropriate computational method as explained for riveted fastener, the 
unknown fastener forces can be evaluated.  The method of superposition results in an expression 
in terms of a complex integral for the stress-intensity factor.  A typical residual strength diagram 
for a bonded structure as compared to the riveted structure is shown in Figure 4.5.10.  The 
required expressions and the solution techniques are discussed in the example problem for a 
riveted skin-stringer combination with a central crack in the skin. 
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Figure 4.5.9.  Bonded Fastener Divided into Discrete Segments 

 

 
Figure 4.5.10.  Residual Strength Diagram Comparing Riveted and Bonded Structures 
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4.5.4 Stiffener Failure 

Stiffener failures are based on the following three stiffener conditions: 

1. Intact stiffener (no cracks), 

2. Partially failed stiffener (with cracks), 

3. Totally failed stiffener. 

The failure criterion for the intact stiffener is based on the ultimate strength criterion.  As 
mentioned earlier, the ratio between the stiffener load in the cracked region (Pmax) and the remote 
region from the crack (P) is defined as the load concentration factor Ls or 

s
s A

P
P

PL
σ

maxmax ==  (4.5.1)

where σ is the uniform stress in the skin at the loaded end of the panel and As is the stiffener 
cross sectional area.  Failure of the stiffener will occur when the value of Pmax is equal to the 
ultimate strength of the stiffener (Pult), or when 

Pmax = Pult = ψ σult As (4.5.2)

where σult is the ultimate tensile strength of the stiffener material and ψ < 1 is a factor accounting 
for load eccentricity and notch effects in the stiffener.  For a uniform stress distribution in the 
panel remote from the crack the stress in the stringer will equal the nominal stress σ in the skin, 
i.e.,  

P = σAs (4.5.3)

 

Combining equations 4.5.1 to 4.5.2, yields the following stiffener failure criterion: 

s

ult

L
σψσ =  (4.5.4)

When the stress in the stringer reaches the value of ψ σult, the stringer will fail.  The parameter ψ 
is determined by tests. 

When load eccentricity and not effects are not considered for a stringer, ψ equals one.  The 
stiffener failure curve obtained using Equation 4.5.4 is shown in Figure 4.5.11.  The initial 
portion of the residual strength curve is flat because the load concentration factor Ls is equal to 
one for small skin crack lengths.  As the skin crack increases in size, Ls becomes significantly 
greater than one and the stringer carries a large portion of the total structural load which 
eventually leads to stringer yielding and failure.  The portion of the curve in Figure 4.5.11 
corresponding to Ls > 1 shows the gradual reduction of the residual strength. 
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Figure 4.5.11.  Residual Strength Diagram for Stiffener 

When the load eccentricity and notch effects in the stiffener are considered, the parameter ψ in 
Equation 4.5.4 is less than one.  The residual strength corresponding to a case where ψ < 1 is 
shown in Figure 4.5.11.  The curve CD does not have the initial flaw portion exhibited by the 
case ψ = 1.  Instead, the residual strength starts decreasing even for small skin crack lengths.  
The residual strength diagram for the stringer can be constructed knowing the values of Ls and ψ.  
Determining Ls requires numerical solution techniques that are discussed in the example 
presented in subsection 4.5.7. 

According to JSSG-2006 requirements, cracks are assumed in all load carrying members.  This 
means that all structural elements, stringer included, are assumed to be damaged.  The residual 
strength diagram for the stringer will involve using the fracture mechanics approach of 
predicting unstable crack growth.  The critical stress for a partially cracked stringer is given by 

sss

cr
f aL

K
πβ

σ =  where Kcr is the appropriate fracture toughness, βs is the stringer geometric 

parameter, and as is the stringer crack size.  When the crack in the panel approaches the stringer, 
the load transmitted to the stringer will become large (Ls >> 1) and thus the critical stress level 
required to fail the stringer rapidly decreases as shown by curve CE in Figure 4.5.11.  Curve CE 
corresponds to the total failure of the stringer.  This may happen when a large crack emanates 
from a stringer rivet hole.  Total failure of the stiffener occurs before the skin crack approaches 
the stiffeners. 

The residual strength diagram for the stiffened panel in this case would, in fact, be approximately 
that of the unstiffened panel. 
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The foregoing discussion presented analysis of a riveted built-up structure.  However, built-up 
structures exist in which the stringer is adhesively bonded to the skin.  The load transfer from the 
skin to the stringer is more effective in the bonded structure due to the increased rigidity in the 
stiffener.  The corresponding load transfer parameter Ls will have higher values as shown 
schematically in Figure 4.5.12a.  Due to the effective load transfer from the skin to the stiffener, 
the applied stress-intensity factor will be reduced when the panel crack approaches the stiffener.  
Figure 4.5.12b illustrates the levels of stress-intensity factor that occur for riveted and bonded 
stiffeners.  The figure also shows that the bonded stiffener is subjected to higher loads due to the 
effective load transfer; the higher load causes the stiffener failure of the bonded structure to be 
more critical than that of the riveted structure.  Figure 4.5.13 compares the decay of residual 
strength for these two types of structures.  The residual strength of the bonded stiffener decreases 
faster than the riveted stiffener.  In the determination of the residual strength diagram, the 
parameter Ls is usually calculated by numerical methods.  The steps to obtain Ls are discussed 
later in this section. 

 
Figure 4.5.12.  Comparison of Ls and K/σ for Riveted and Bonded Structures 
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Figure 4.5.13.  Comparison of Residual Strength for Riveted and Bonded Stiffeners 

4.5.5 Fastener Failure 
In subsections 4.5.3 and 4.5.4, the discussion focused on skin and stiffener failures.  A third 
mode of failure involves the fasteners.  This paragraph will discuss the failure of the fastener 
system.  Load is transmitted from the skin to the stringers through fasteners.  If the fastener loads 
become too high, fastener failure may occur by shear.  Fastener failure will reduce the effectivity 
of the stringer; and therefore, the residual strength of the panel will drop.  The highest loads (F) 
in the stringer/skin connections will occur in the fasteners adjacent to the crack path.  Fastener 
failure will occur when the fastener forces F transmitted by the fasteners adjacent to the crack 
exceed the critical shear load of the fastener.  The fastener failure criterion is given by 

F = π/4 d2 τult (4.5.5)

where d is the fastener diameter and τult is the ultimate shear stress of the fastener material.  It is 
emphasized that fastener failure need not necessarily cause total failure of the panel.  Once the 
fastener failure criterion is met, however, the values of Ls and β will change since the loads 
transferred to the stiffener and skin changes.  Once the fastener fails, the values of β and Ls will 
be recalculated in order to proceed further with the residual strength analysis.  The load that 
causes the fasteners to fail by shear can be calculated from Equation 4.5.5; the corresponding 
nominal stress in the panel then gives the residual strength curve for the fasteners as shown in 
Figure 4.5.14.  At zero crack length, and for the case where the skin and stringers are made from 
common materials, the fasteners do not carry any load; the curve therefore tends to increase 
rapidly for a →o.  The fastener forces Fi can be computed through the displacement 
compatibility between the stiffener and the panel.  The necessary steps involved in the 
computation of Fi are discussed in the example presented in subsection 4.5.7. 
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Figure 4.5.14.  Residual Strength Diagram for the Fasteners in a Built-Up Structure 

In the case of adhesively bonded structures, the adhesive (fastener) failure criterion is based on a 
maximum adhesive strain value.  The residual strength analysis is fairly complicated (see, for 
example, reference 24).  Based on the displacement compatibility between the panel and the 
stiffener, the adhesive segment strain deflection can be numerically computed for different 
amounts of disbond.  Figure 4.5.15a shows the adhesive strain versus gross stress for various 
levels of adhesive delamination.  The vertical line AB represents average failure strain of the 
adhesive.  The intersection points between the line AB and the curves give the critical gross 
stress versus amount of adhesive failed as shown in Figure 4.5.15b.  The corresponding curve 
ABC can be used for panel failure analysis.  The area above the curve defines the failure of 
adhesive. 
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Figure 4.5.15.  Gross Stress and Critical Stress Diagram for Adhesively Bonded Stringer 

4.5.6 Methodology Basis for Stiffened Panel Example Problem 

The residual strength analysis of an edge stiffened, centrally cracked skin structure of the type 
shown in Figure 4.5.16 can be performed by following the general steps described in the 
preceding subsections. 
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Figure 4.5.16.  Riveted Panel with a Central Crack Between Two Stringers 

In this subsection, the specific details are covered which are associated with conducting the 
stress-intensity factor analysis as well as the analysis to determine the stresses in the stringers 
and fastener loads.  To simplify the detailed calculations, it is assumed that only one fastener 
(rivet) on either side of the crack is active, as shown in Figure 4.5.17 and that this rivet is 
assumed to be rigid.  Thus, there is only one unknown fastener force F transferred between the 
stringers and the skin by this rivet. 
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Figure 4.5.17.  Stiffened Structure Broken into Components 

Typically, the analysis proceeds by splitting up the structure shown in Figure 4.5.16 into its 
component parts as shown in Figure 4.5.17.  The unknown force F can be calculated from the 
displacement compatibility condition between the skin and the stringer.  The complicated 
expressions which correspond to the displacements Vσ, VF, and VP due to the applied stress, σ, 
the fastener force F and the distributed pressure P(x), respectively, can be obtained using a 
procedure suggested by Westergaard [1939] and by Love [1944].  The detailed discussions on 
the methods of obtaining the required relationships are presented by Broek [1974].  The 
necessary relationships for Vσ, VF, Vp and Vst (displacement in the stringer) are given as: 
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The geometric variables r, ρ1, ρ2, θ1, θ2 and θ are shown in Figure 4.5.18.  The displacement 
compatibility condition requires equal displacements in corresponding points of sheet and 
stringer; it yields the following equation to calculate the unknown fastener force F. 

 
Figure 4.5.18.  Geometrical and Displacement Parameters Relative to the Crack Tip 
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Vσ + VF + Vp = Vst (4.5.15)

substituting the expressions 4.5.6 - 4.5.9 for Vσ, VF, Vp, and Vst in the above relationship, and 
reassembling, we get 
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The next step is to obtain an expression for the stress-intensity factor for the entire stiffened 
panel configuration.  Using superposition, the stress-intensity factor is obtained as the sum of the 
stress-intensity factors for the three cases shown in Figure 4.5.17.  It can easily be seen that for 
Case I: aK πσ=  and for Case II: K = 0.  The stress-intensity factor (K) for Case III is a fairly 
complicated expression and it is given by, 
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where s  and x,a  are normalized with respect to the rivet pitch.  The estimation of KIII requires 
solution of the above integrals by numerical methods.  Replacing the fastener force F by the 
expression and rearranging the expression for KIII, the stress-intensity factor K for the stiffened 
panel then becomes 

21λλπσπσ aaK −=  (4.5.19)
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The stress-intensity factor K can be finally expressed in the following form, 
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aK πσβ=  (4.5.21)

where 

( )211 λλβ −=  (4.5.22)

 

To calculate K for a given stiffened panel the values of Fσ, fF, fp, fst, and λ1 have to be obtained.  
These variables are numerically calculated and plotted as shown in Figures 4.5.19 to 4.5.23 for 
various values of d and ,a ,s .  For the given example data, we can now construct the residual 
strength diagram using the values obtained from these plots. 

 
Figure 4.5.19.  Normalized Panel Displacement Function (fs /p) Due to Applied Stress vs. 

Normalized Crack Length (a/p) for Various Stringer Spacing (s=S/p) 
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Figure 4.5.20.  Panel Displacement Function Due to Fastener Force vs. Normalized 

RivetDiameter (d/p) for All Stiffener Spacings 

 
Figure 4.5.21.  Normalized Panel Displacement Function (Fp /p) Due to Crack Distributed 

Pressure Along Crack vs. Normalized Crack Length (a/p) for Various Stringer Spacings (s=s/p) 
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Figure 4.5.22.  Stringer Displacement Function vs. Normalized Rivet Diameter (d/p) for Various 

Half-Stringer Widths 
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Figure 4.5.23.  Parameter λ1 Vs. Normalized Crack Length (a/p) for Various Normalized 

Stringer Spacings (s/p) 
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EXAMPLE 4.5.1 Residual Strength Analysis of Stiffened Panel 

Determine the residual strength capabilities of a stiffened panel of 7075 aluminum with a central 
crack between the two stringers as shown in Figure 4.5.24. 

For a critical crack size (2a) of 4.0 inch, what is the fracture strength and for an operating stress 
of 20 ksi, what is the critical crack size? 

 

 
Structural Geometry and Material Properties for Example 4.5.1 

SOLUTION: 

The first step is to obtain the stress-intensity factor by means of Equation 4.5.21 that involves the 
parameters λ1 and λ2.  For various crack lengths, these two variables can be calculated using 
Equation 4.5.20.  The calculations involve the values of fσ, fF, fp, fst and λ which are obtained 
from the plots for various values of a  for the given s  = 20 and d/p = 3/16.  Knowing the values 
of λ1 and λ2, the geometric parameter β can be estimated from Equation 4.5.22.  It is then 
straightforward to obtain the K vs. a plot by substituting the sets of values of a and β in the 
stress-intensity factor equation ( aK πσβ= ) for a particular value of the applied stress σ.  The 
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corresponding K vs. a plot is shown for σ = 5, 10, and 15 ksi.  This figure shows that the stress-
intensity factor decreases rapidly when the crack approaches the stringer.  The figure also shows 
the effect of stringer to panel thickness ratio on the stress-intensity factor. 

 
Stress Intensity Factor Diagram for Panel and Riveted Stringers 

The next step is to apply a failure criterion to evaluate the fracture stresses, σcr, for various crack 
sizes.  Assuming that the material exhibits negligible subcritical crack growth, the fracture 
toughness failure criterion (K = Kcr) based on the plane stress condition can then be applied.  For 
K = Kc in Equation 4.5.12, σf can be evaluated for a particular crack size and the corresponding β 
which was obtained through Equation 4.5.22.  The residual strength diagram, i.e., the plot of σf 
vs. ac for the given data (Kc = 65 ksi in ), is shown in the following figure. 
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Residual Strength Diagram for Panel and Riveted Stringers (Light Stringers) 

The residual strength curves of the fastener and stiffeners are obtained by combining the 
equations for fastener failure and the equations stringer failure.  The corresponding equations are 
given by: 
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where λ is a function of a, and the values of λ for various crack lengths can be obtained using the 
Equation 4.5.16.  To obtain this Equation 4.5.24, note that the maximum stringer load (Pmax) is 
the source of the fastener force (F = σλ) and the remote stringer force (σAs).  The composite 
residual strength diagram as shown in the figure above contains the three failure curves 
corresponding to panel, stringer, and fastener.  The stringer failure curve corresponds to α = 1 
(light stringer). 

For the crack length given (2a = 4 inches), the corresponding residual strength is found from the 
figure for a half crack length (a) of 2 inches.  Point A in this figure identifies the skin failure 
condition which occurs at a stress level of 25.9 ksi.  For the operating stress level of 20 ksi, the 
panel can be effective without catastrophic failure for cracks with length less than the critical 
crack (acr) of 3.4 inch (note 2acr = 6.8 inch).  If the panel develops a crack less than acr, it will 
not fail by unstable crack growth.  However, for any other crack size which is equal or 
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greater than the acr (3.4 inch), the residual strength level will fall below the operating stress level, 
leading to the rapid extension of the crack.  Nevertheless, the structure has to be fully analyzed 
for its crack arrest capabilities when it develops cracks of length greater than acr. 

Assume that the panel develops a crack of size acr.  At point B in the figure, the crack extends 
rapidly.  When the rapidly extending crack becomes 15 inches, the stress level in the stiffener 
(point C) reaches its critical value and the stiffener fails.  Due to the stiffener failure, the stiffener 
becomes ineffective, leading to the total failure of the panel without any crack arrest possibilities. 

In the next figure, the stiffener failure curve is plotted for a strong stiffener with α = 4 (the 
stiffener thickness if “assumed” four times the panel thickness).  If the panel develops a crack 
size acr, the crack will extend rapidly from point D to point E as shown in the next figure.  At 
point E, the fastener fails, leading to an ineffective stringer (loads are no longer transferred to the 
stringer).  Thus, the failure of the panel is unavoidable and the unstable crack growth without 
effective crack arrest leads to the total failure of the structure. 

 
Residual Strength Diagram for Panel and Riveted Stringers 

(Heavy Stringers) 
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4.5.7 Tearing Failure Analysis 

When the cracked thin sheet structure of high fracture toughness material is considered, the 
solutions based on linear elastic behavior for the calculation of residual strength are no longer 
valid due to the large scale yielding at the crack tip.  For fail-safe structures with crack arrest 
capabilities, the residual strength analysis becomes complicated.  However, using the R-curve 
based on RJ  concept as the failure criterion Ratwani and Wilhem [1974] developed a step-by-
step procedure for predicting the residual strength of built-up skin stringer structure composed of 
tough material exhibiting tearing type fractures. 

The residual strength prediction procedure is briefly outlined here to show step-by-step, the 
required data and analysis.  It should not be assumed that by reading this step-by-step procedure 
that the uninitiated can perform a residual strength prediction.  It is strongly recommended that 
the details of the preceding subsections and Ratwani and Wilhem [1974] be examined prior to 
attempting a structural residual strength analysis based on the following ten procedural steps: 

Step 1.  Model the structure for finite-element analysis or use an existing finite-element modeling 
remembering – 

a. That structural idealizations are typically two-dimensional, 

b. That no out-of-plane bending is permitted, 

c. To use a proper fastener model (a flexible fastener model for riveted or bolted 
structure, or a shear spring model for bonded structure). 

d. To use material property data from skin and substructure of interest (i.e., E, Ety 
and Ftu), 

e. To select the most critical crack location (normally highest stressed area), 

f. To take advantage of structural symmetry. 

Step 2.  Select one crack length (2a or a) of interest (based on inspection capability or detailed 
damage tolerance requirement).  Based on this “standard” crack length, five other crack lengths 
are selected for a Dugdale type elastic plastic analysis.  These crack lengths should be selected 
such that crack length to stiffener spacing (2a) ratios vary between 0.15 to 1.1 remembering – 

a. That the greatest variation in J values will take place near reinforcements, and 

b. To select at least one crack size shorter than “standard”. 

Step 3.  With the finite-element model (from Step 1) and assumed crack lengths (from Step 2), 
perform an analysis assuming Dugdale type plastic zones for each crack size remembering – 

a. To select the first increment of plastic zone length at 0.2 inches and sufficient 
successive increments (normally 6) to reach Bueckner-Hayes calculated stresses 
up to 85 percent to Fty. 

b. To make judicious selection of plastic zone increments so as to take advantage of 
overlapping ae (effective crack length) (e.g., 3.2, 3.5, 4.2, 5.0 inches for a 3 inch 
physical crack and 4.2, 4.5, 5.0 inches, etc., for a 4 inch physical crack).  If 
overlapping is done, those cases where the crack surfaces are loaded throughout 
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the crack length will be common for two or more physical crack sizes hence the 
computer programs need be run only once (e.g. 4.2 and 5.0 inches) thus reducing 
computer run times. 

Step 4.  From Step 3, obtain stresses in stiffeners for Dugdale analysis and elastic analysis.  Plot 
stiffener stresses as function of applied stress. 

Step 5.  From the crack surface displacement data of Step 3, plot J  (obtained by Bueckner-
Hayes approach) versus applied stress to Fty ratio for each crack size. 

Step 6.  From Step 5, cross plot the data in the form of J  versus crack size (a) at specific 
values of applied stress to Fty ratio. 

Step 7.  Employing the data of Step 4 and the “standard” crack size determine, gross panel stress 
to yield strength ratio, σ/Fty at ultimate strength (Ftu) for the stiffener material - assuming zero 
slow crack growth.  This information will be used subsequently to determine if a skin or stiffener 
critical case is operative. 

Step 8.  Obtain crack growth resistance data for skin material (see Volume II of reference 26) 
remembering -- 

a. To use thickness of interest (i.e., if the skin material is chemically milled, use the 
experimentally obtained R-curve for the same chemically milled material) 

b. Use proper crack orientation (LT, TL, or off angle) corresponding to anticipated 
direction structural cracking. 

Step 9.  Plot J  versus ∆aPHY curve as shown in Figure 4.5.24 from the data obtained in Step 8. 
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Figure 4.5.24.  Square Root of Jr Resistance Curve 

Step 10.  Determine structural residual strength.  On the J  versus crack size (a) plots obtained 
in Step 6 for the structure, overlay the RJ versus ∆aPHY material plot of Step 9 at the initial 
crack length of interest as shown in Figure 4.5.25.  Determine if – 
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Figure 4.5.25.  Failure Analysis Based on J critical Curve 

At the gross panel stress obtained from Step 7, significant slow tear (> 0.25 inch) will occur as 
indicated from the intersection of the RJ  versus ∆aPHY curve with the constant σ/Fty curve at a 
stringer ultimate strength (see Step 7).  Interpolation will probably be necessary between values 
of constant σ/Fty.  Then proceed as follows: 

 

If significant slow tear occurs (> 0.25 inch) the structure can be considered   to be skin critical (at 
that particular crack length).  Tangency of RJ  versus ∆aPHY and J  versus aPHY at constant 
applied stress can be used to determine extent of slow tear and residual strength at failure as a 
percentage of Fty  

If significant slow tear does not occur (∆aPHY < 0.25 inch) the structure will normally be stiffener 
critical.  To determine a conservative value of residual strength (for that crack length) use the 
Dugdale curve of Step 4 and stiffener ultimate strength. 

4.5.8 Summary 

The most important factor to consider in residual strength prediction of a cracked built-up 
structure is to decide whether the structure is skin or stiffener critical.  Normally, a short crack 
length is likely to be a skin critical case and a long crack length a stiffener critical case.  
However, there is no clear cut demarcation between the two cases.  Factors such as percentage 
stiffening, spacing of stringers, lands in the structure, and other structural details will influence 
the type of failure.  Hence, a good technique is to determine the residual strength of a given 
structure based on both skin critical and stiffener critical cases.  The minimum fracture stress of 
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the two will then represent the residual strength of the structure and should be considered to be 
the governing case. 
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Section 5 
Analysis Of Damage Growth 

The airplane damage tolerance design requirements of JSSG-2006 specify that cracks shall be 
assumed to exist in all primary aircraft structure.  These cracks shall not grow to a size to cause 
loss of the aircraft at a specified load within a specified period.  Showing compliance with these 
requirements implies that the rate of growth of the assumed flaws must be predicted.  This 
section covers basic crack growth terms, variable amplitude loading, retardation, stress sequence 
development, small crack behavior, and crack growth predictions.  

5.1 Basic Information 
Crack growth is a result of cyclic loading due to gusts and maneuvers (fatigue cracking), or of 
the combined action of sustained loading and environment (stress-corrosion cracking), or both.  
The most common crack growth mechanisms are fatigue crack growth and environment-assisted 
(corrosion) fatigue crack growth.  Certain aircraft parts, especially high-strength forgings, may 
be liable to stress-corrosion cracking.  Since there is a design threshold for stress corrosion, 
proper detail design and proper material selection can minimize or prevent stress corrosion.  
Fatigue cracking is difficult to prevent, but it can be controlled. 

To predict crack growth behavior such as illustrated in Figure 5.1.1, the following information 
must be available: 

• The stress-intensity factor, described as a function of crack size, for the relevant 
structural and crack geometry; 

• The stress (load) – time history, described for the structural location component or 
structure under consideration; 

• The baseline crack growth properties (constant amplitude crack growth rate data), 
described as a function of the stress intensity factor, for the material and for the relevant 
environment; 

• A damage integration routine that integrates the crack growth rate to produce a crack 
growth curve, and uses the proper stress-time history, the proper stress intensity 
formulation, and an appropriate integration rule. 

This section provides guidelines to arrive at crack growth estimates, and points out where 
deficiencies in knowledge and analysis methods lead to inaccuracies. 
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5.1 Basic Information 
Crack growth is a result of cyclic loading due to gusts and maneuvers (fatigue cracking), or of the 
combined action of sustained loading and environment (stress-corrosion cracking), or both. The 
most common crack growth mechanisms are fatigue crack growth and environment-assisted 
(corrosion) fatigue crack growth. Certain aircraft parts, especially high-strength forgings, may be 
liable to stress-corrosion cracking. Since there is a design threshold for stress corrosion, proper 
detail design and proper material selection can minimize or prevent stress corrosion. Fatigue 
cracking is difficult to prevent, but it can be controlled. 
 
To predict crack growth behavior such as illustrated in Figure 5.1.1, the following information 
must be available: 

• The stress-intensity factor, described as a function of crack size, for the relevant structural and 
crack geometry; 

• The stress (load) – time history, described for the structural location component or structure 
under consideration; 

• The baseline crack growth properties (constant amplitude crack growth rate data), described 
as a function of the stress intensity factor, for the material and for the relevant environment; 

• A damage integration routine that integrates the crack growth rate to produce a crack growth 
curve, and uses the proper stress-time history, the proper stress intensity formulation, and an 
appropriate integration rule. 

 
This section provides guidelines to arrive at crack growth estimates, and points out where 
deficiencies in knowledge and analysis methods lead to inaccuracies. 
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Figure 5.1.1.  Typical Crack Growth-life Curve 

5.1.1 Fatigue-Crack Growth and Stress-Intensity 
Consider the constant-amplitude fatigue loading shown in Figure 5.1.2a.  The following 
parameters are defined: 

 σm – mean stress 

 σa – stress amplitude 

 ∆σ – stress range 

 σmax – maximum stress 

 σmin – minimum stress 

 R – stress ratio: ⋅−=
+
−
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The cyclic stress can be fully characterized (apart from the frequency) by any combination of 
two of these parameters. The stress range, ∆σ, and the stress ratio, R, are the two most commonly 
used.  Note that in a constant-amplitude test each of these parameters has a constant value with 
respect to time. 
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Figure 5.1.2.  Definition of Terms for Fatigue Crack Growth and Stress Intensity 

The stress history can be converted into a stress intensity factor history at a given crack length by 
multiplying the stress history by the stress intensity factor coefficient, as shown in Figure 5.1.2b.  
The following parameters are defined: 

 Kmax – maximum stress intensity factor  amax πβσ=  

 Kmin – minimum stress intensity factor  aπβσ min=  

 Km – mean stress intensity factor  am πβσ=  

 Ka – amplitude of the stress intensity factor  aa πβσ=  

 ∆K – range of the stress intensity factor  aπσ∆β=  

 RK – cycle ratio: 
max

min
K K

KR =  

The above calculation schemes for stress intensity factor parameters, while being the most 
straightforward algebraically, have an operational quality about them.  For example, it is 
theoretically difficult to define a negative stress intensity factor that happens if the stress 
becomes compressive.  In this case, the crack closes and the crack tip stress field loses its 
singularity character; thus, the stress intensity factor ceases to have meaning.  The operational 
quality of the negative stress intensity factors calculated for compressive stress situations has 
been given a lot of consideration by the aerospace industry and by ASTM, specifically its 
subcommittee on sub-critical crack growth (ASTM E24.04).  ASTM has chosen to provide the 
following definitions when the minimum stress (σmin) is less than zero: 

Kmin = 0 if σmin < 0 ∆K = Kmax if σmin < 0 
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The reader should be aware of the ASTM definition of ∆K because that convention is used in the 
Damage Tolerant Design (Data) Handbook [1994] for the presentation of crack growth rate data 
when part of the fatigue cycle is compressive, i.e., when σmin < 0 (R < 0).  The algebraic definition 
of ∆K is used in the current version of MIL-HDBK-5.  Before negative stress ratio (R < 0) data 
are used, it is important to establish the operational definition of ∆K.  The reader should note that 
the behavior of the material under negative stress ratio conditions is itself independent of the 
operational definition of ∆K. 

In the elastic case, the stress-intensity factor alone is sufficient to describe the stress field at the 
tip of a crack.  When the plastic zone at the crack tip is small compared with the crack size, the 
stress-intensity factor gives a good indication of the stress environment of the crack tip.  Two 
different cracks that have the same stress environment (equal stress-intensity factors) will behave 
in the same manner and show the same rate of growth. 

Since two parameters are required to characterize the fatigue cycle, two parameters are required 
to characterize crack growth rate behavior.  The crack growth rate per cycle, da/dN, can be 
generally described with functional relation of the type: 

( ) ( R,KgorR,Kf
d

)
N
ad

max== ∆  (5.1.1) 

where a is the crack length, N is the number of cycles, and R is the stress ratio associated with 
the stress cycle. 

 
 

EXAMPLE 5.1.1 Meaning of da/dN Equation 

For a wide center crack panel subjected to constant amplitude loading conditions, Equation 5.1.1 
implies that the crack growth rate of a 2-inch long crack subjected to a remote loading of  
∆σ = 10 ksi for R = 0 will be identical to the rate of growth of a 0.5-inch long crack subjected to 
a remote loading of ∆σ = 20 ksi for R = 0.  The rates for the two different crack length - loading 
conditions will be the same because the stress-intensity factor range (∆K) and the stress ratio (R) 
are the same in both cases. 

 

 
Typically, fatigue crack growth rate data is described using plots of da/dN versus ∆K on double-
logarithmic scale graph paper.  Figure 5.1.3 presents fatigue crack growth rate data for 7075 
aluminum in the graphical format that is used in the Damage Tolerant Design (Data) Handbook 
[1994].  Figures 5.1.4 and 5.1.5 describe example composite da/dN data plots for 7075 aluminum 
as a function of ∆K (algebraic definition) for different stress ratio (R) values [MIL-HDBK-5H, 
1998].  Both Figures 5.1.4 and 5.1.5 provide mean trend curves that represent the function f(∆K, 
R) in Equation 5.1.1.  On the basis of these figures, it can be seen that f(∆K, R) is not a simple 
function.  Figure 5.1.6 is a schematic illustration of fatigue crack growth rate behavior from the 
threshold region (below 10-8 inch/cycle) to the onset of rapid cracking in the fracture toughness 
region (above 10-3 inch/cycle).  As can be seen from Figures 5.1.3 - 5.1.6, the behavior exhibits a 
sigmoidial shape suggesting that there might be asymptotes at the two extreme regions. 
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Figure 5.1.3.  Fatigue Crack Growth Rate Data Presentation Format Used in the Damage 
Tolerant Design (Data) Handbook [1994].  Data Presented for Two Stress Ratios for 7057-T7351 

Aluminum Alloy 
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Figure 5.1.4.  Sample Fatigue Crack Growth Rate Data for 7075-T6 Aluminum Alloy Sheet 

From MIL-HDBK-5H [1998] 
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Figure 5.1.5.  Sample Fatigue Crack Growth Rate Data for 7075-T7351 Aluminum Alloy Plate 

From MIL-HDBK-5H [1998] 
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Figure 5.1.6.  Schematic of Fatigue Crack Growth Rate Behavior 

5.1.2 Fatigue Crack-Growth Rate (FCGR) Descriptions 

Many descriptions of the function f(∆K, R) in Equation 5.1.1 have been proposed.  In the early 
literature [Pelloux, 1970; Erdogan, 1967; Toor, 1973; Gallagher, 1974], most of the descriptions 
were either based on physical models of the crack growth process (referred to as “laws”) or on 
equations that appeared to describe the trends in the data.  Currently, the fatigue crack growth 
rate (FCGR) descriptions are carefully selected to provide accurate mean trend descriptions of 
the specific data collected to support a materials evaluation or structural design.  Before 
introducing these more accurate FCGR descriptions, the Paris power law [Paris, 1964], the 
Walker equation [Walker, 1970], and Forman equations [Forman, et al., 1964] will be reviewed. 

The Paris power law equation was initially proposed to describe the crack growth rate behavior 
in the central region for specific values of stress ratio.  This equation is given by the general 
form: 

pKC
dN
da

∆=  (5.1.2) 

where C and p are experimentally determined constants.  Equation 5.1.2 is still extensively used 
to develop first order approximations of life behavior when only limited amounts of data are 
available.  The reader is cautioned that Equation 5.1.2, as well as any other FCGR description, 
should not be extrapolated beyond its limits of applicability without a great deal of care and 
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experience.  Greater life prediction errors can result from data extrapolation errors than almost 
all other design methodology errors combined. 

The Walker equation provided one of the first simple equations that accounted for the stress ratio 
shift.  It is a subtle modification of Equation 5.1.2 and is given by 

( )[ ]p

max
m KRC

dN
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−= 1  (5.1.3) 

where C, m, and p are empirical constants.  The exponent m typically ranges from 0.4 to 0.6 for 
many materials.  Because Equation 5.1.3 is a power law, it has been noted to be most useful in 
describing the central region of the growth rate behavior. 

The Forman equation was initially proposed to describe both the central and high crack growth 
regions of the behavior.  To account for the acceleration of the cracking rates as the stress-
intensity factors levels approached critical, the Paris power law equation was divided by a factor 
that would reach zero when the stress-intensity factor reached a critical level.  The general form 
of the Forman equation is: 
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where C, p, and Kc are experimentally evaluated for the given material and thickness.  Equation 
5.1.4 can be rearranged to yield: 
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which shows that the equation has the capability to describe multiple stress ratio data sets. 

The empirical constants in Equations 5.1.2 - 5.1.4 are typically derived using least square fitting 
procedures.  Note that the simplicity of Equations 5.1.2 and 5.1.3 allow for a graphical fit to the 
data on log-log coordinate paper and the direct evaluation of the constants from the graph.  The 
usefulness of Equations 5.1.2 - 5.1.4 comes from the ease in which their constants can be 
evaluated from available data, as well as the direct application of the equations to simplified life 
integration calculations.  When considering the general expression for crack growth life (Nf) 

∫= f

o

a
af )R,K(f

daN
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 (5.1.6) 

it is seen that the function f is simple for Equations 5.1.2 - 5.1.4. 

One modeling procedure that has consistently shown itself to range among the most accurate 
FCGR descriptions for predicting lives is the table look-up scheme .  For life prediction 
purposes, many aircraft companies have gone to a table look-up scheme in which they describe 
crack growth rate as a function of ∆K for specific values of fatigue crack growth rate or vice 
versa, i.e., da/dN is described for specific values of ∆K.   

Table 5.1.1 summarizes the mean trend FCGR behavior of the 2219-T851 aluminum alloy 
employed by the ASTM Task Group E24.04.04.  Within the main body of Table 5.1.1, da/dN are 
presented as a function of pre-chosen ∆K levels for specific levels of stress ratio (or environment, 
etc.).  In the rows directly above and directly below the main body of the table, the data extreme 
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values are defined.  In the bottom rows of the table, statistical summaries that define the accuracy 
of the mean trend (tabular) description relative to the FCGR data and with respect to life 
prediction (life prediction ratios based on original a vs. N data).  The RMSPE (root mean square 
percentage error) is a statistic that measures the deviation of fatigue crack growth rate data from 
the table; and, it is somewhat akin to the coefficient of (life) variation. 

The mean trend data presented in the Damage Tolerant Design (Data) Handbook [1994] can be 
directly utilized with table look-up algorithms in crack growth life prediction computer codes.  
These data might also be utilized with least square fitting procedures to generate wider ranging 
predictive schemes that account for the effects of stress ratio, frequency, environment, 
temperature, and other controlling conditions. 

The Damage Tolerant Design (Data) Handbook provides crack-growth data for a variety of 
materials.  The data are presented in the form of graphs and tables, as shown in Figure 5.1.3.  
Multiple parameter equation fitting should not be attempted if only limited sets of data are 
available.  In case limited data sets have to be used, a comparison should be made with similar 
alloys for which complete data are available, and curves may be fitted through the limited data 
sets on the basis of this comparison. 
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Table 5.1.1.  Example Fatigue Crack Growth Rate Table (2219-T851 Aluminum) 
610da/dN × inches/cycle ( )inksi∆K  

R1=-1.0 R2=0.1 R3=0.3 R4=0.6 R5=0.8 
R1 1.09 0.00730     
R2 2.55  0.00336    
R3 2.11   0.00369   
R4 1.38    0.00351  

 

minK∆
 at: 

R5 1.17     0.00112 
  1.3 0.0167    0.00429 
  1.6 0.0351   0.0176 0.0251 
  2.0 0.0676   0.0569 0.0689 
  2.5 0.127  0.0451 0.0911 0.128 
  3.0 0.216 0.0166 0.152 0.139 0.228 
  3.5 0.336 0.0639 0.246 0.218 0.431 
  4.0 0.488 0.171 0.355 0.339 0.809 
  5.0 0.884 0.566 0.691 0.753 2.60 
  6.0 1.37 1.14 1.30 1.46 7.83 
  7.0 1.91 1.93 2.28 2.50 46.3 
  8.0 2.47 3.09 3.60 3.95  
  9.0 3.08 4.78 5.14 6.07  
  10.0 3.80 7.04 6.86 9.38  
  13.0 7.16 17.0 14.4 38.4  
  16.0 13.2 36.2 30.9   
  20.0 28.3 126.0    

R1 20.7 32.0     
R2 24.7  887.0    
R3 19.3   81.3   
R4 15.8    146.0  

 

maxK∆
at: 

R5 7.01     47.4 
RMSPE 2.2 80.4 8.6 6.4 6.1 

Life prediction ratio summary 
0.0-0.5      
0.5-0.8  1    

0.8-1.25 1 3 1 2 2 
1.25-2.0      
      >2.0      
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ASTM Task Group E24.04.04 on FCGR descriptions conducted two analytical round robin 
investigations of the utility of various FCGR descriptions that describe crack growth behavior 
[Miller, et al., 1981; Mueller, et al., 1981].  These round robin investigations have clearly 
demonstrated that FCGR descriptions which are classified as “good” from a life analysis 
standpoint must adequately represent the mean trend of the FCGR data.  Figure 5.1.7 outlines a 
general procedure whereby the FCGR behavior is first described by least square regression 
analysis (Figure 5.1.7a) and then the regression equation, in conjunction with the stress-intensity 
factor analysis for the test geometry, is used in integral form to obtain an estimate of the fatigue 
crack growth life Nf (Figure 5.1.7b).  In Figure 5.1.7a, the mean trend behavior is described 
along with bounds on the regression equation.  Those descriptions which fail to model the mean 
trend of the FCGR data, either because they are preconceived to have a specific form (sinh, 
power law, Forman, etc.) or due to a lack of care in performing the regression analysis, lead to 
life prediction errors that are biased or exhibit significant scatter. 

 
Figure 5.1.7.  Description of FCGR Data Fitting and the Comparison of Predicted 

to Actual Behaviors 

To support the first round robin, FCGR data from compact and center crack test geometries 
fabricated from 0.25 inch thick 2219-T851 aluminum alloy were supplied to the participants.  
The tests were conducted between threshold and fracture toughness levels for five separate stress 
ratios (-1, 0.1, 0.3, 0.5, and 0.8).  A number of individuals from government, industry, and 
academia participated in the round robin (see Table 5.1.2) and chose to evaluate the ten (10) 
descriptions defined in Table 5.1.3.  Each participant was given FCGR data and asked to 
describe the mean trend of the behavior using equations or other procedures.  The participants 
then integrated their mean trend analysis to establish predicted life values.  They were each given 
the initial and final crack sizes as well as the loading conditions for these life predictions of 
center crack specimens and compact specimens. 
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Table 5.1.2.  Active Participants and their Organizations for 
Round Robin Investigation [Miller, et al., 1981] 

Name Affiliation 
C.G. Annis 
F.K. Haake 

Pratt & Whitney Aircraft 

J. Fitzgerald Northrop Corporation 
J.P. Gallagher* 
M.S. Miller 

University of Dayton Research Institute 

S.J. Hudak, Jr. 
A. Saxena 

Westinghouse R & D Center 

J.M. Krafft Naval Research Laboratory 
D.E. Macha Air Force Materials Laboratory 
L. Mueller+ Alcoa Laboratories 
B. Mukherjee  
M.L. Vanderglas 

Ontario Hydro 

J.C. Newman NASA Langley Research Center 
*Chairman, ASTM Task Group E24.04.04 on FCGR Descriptions (1975 - 80) 
+Chairman, ASTM Task Group E24.04.04 on FCGR Descriptions (1980 - 83) 

 

One of the procedures utilized to evaluate the ten descriptions was to summarize the sixteen (16) 
life prediction ratios (life predicted divided by life measured, NP

f /Nf, see Figure 5.1.7b) 
associated with each description.  The means and standard deviations for the life prediction ratios 
associated with each participant/FCGR description is presented in Table 5.1.4. 
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Table 5.1.3.  FCGR Descriptions for Round Robin Investigation 

Participant/FCGR 
Description No. 

Form 

(1) 2

1

C
KC

dN
da

∆=  

(2) ( )
( ) 3

2

1 P
c

P
t

KK
KKP

dN
da

∆−∆
∆−∆

=  

(3) 

( ) ( ) 







′−

∆
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∆
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K
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K
A

dNda nn 21

1
/
1

2
1  

(4) ( ) ( )( )[ ]2maxmax 1 KRKKKC
dN
da

effe
m ∗+−+=  

(5) ( ) ( ) 5432110 expexplog PxPPxPP
dN
da

++=





  

( )+6  ( )[ ]{ }432110 log CCKCsihnC
dN
da
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( )+7  ( )[ ]{ }432110 log CCKCsihnC
dN
da

++∆=  

(8) 
( )

k

bK
Keve

dN
da

/1

1ln


















 ∆
−−−+=  

(9) Tensile ligament instability model 
(10) Table lookup procedure 

+ The hyperbolic sine model is listed twice because two separate organizations 
 chose to evaluate this description. 

 

The life prediction ratio (LPR) numbers in Table 5.1.3 can be interpreted by comparing the mean 
LPR to 1.0 and the standard deviation to 0.0.  A mean LPR less than 1.0 implies a conservative 
prediction.  A further interpretation of the results of the round-robin are also presented in Table 
5.1.3 with the percentage of life prediction ratios that fall within the ranges of 0.80 and 1.20 and 
of 0.90 and 1.10.  Note that five descriptions were able to achieve LPR numbers between 0.80 
and 1.20 for at least 80 percent of the number of predictions made. 
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Table 5.1.4.  Comparison of FCGR Descriptions 

Percent of All Predictions Within: Participant/FCGR 
Description No. 

Mean Standard 
Deviation ± 20% of 1.0 ± 10% of 1.0 

1 0.95 0.27 53.3 20.0 
2 0.72 0.16 33.3 20.0 
3 1.00 0.27 86.7 26.7 
4 0.76 0.15 38.5 15.4 
5 0.96 0.12 100.0 73.3 
6 0.97 0.24 73.3 53.3 
7 2.32 5.81 80.0 66.7 
8 0.99 0.10 89.5 57.9 
9 1.05 0.32 31.3 18.8 
10 0.96 0.12 100.0 80.0 

 

5.1.3 Factors Affecting Crack Growth 
Unlike tensile strength and yield strength, fatigue crack growth rate (FCGR) behavior is not a 
consistent material characteristic.  The FCGR is influenced by many uncontrollable factors.  As a 
result, a certain amount of scatter occurs.  Therefore, crack growth predictions should be based 
on factors relevant to the conditions in service. 

Among the many factors that affect crack propagation, the following should be taken into 
consideration for crack growth properties: 

Material production: 

• Type of product (plate, extrusion, forging) 
• Heat treatment 
• Orientation with respect to grain direction 
• Manufacturer and batch 
• Thickness 

Environmental conditions: 

• Environment 
• Temperature 
• Frequency 

No attempt will be made to illustrate the effects of all these factors with data, particularly 
because some factors have largely different (and sometimes opposite) effects on different 
materials.  Rather, some general trends will be briefly mentioned. 

Several factors pertaining to the material production affect crack growth.  The crack propagation 
characteristics for a particular alloy differ for plates, extrusions, and forgings.  The latter may 
exhibit large anisotropy, which may have to be considered in the growth of surface flaws and 
corner cracks, which grow simultaneously in two perpendicular directions.  Closely related to 
this are other processing variables, particularly the heat treatment. 
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An alloy of nominally the same composition but produced by different manufacturers may have 
quite different crack propagation properties [Schijv & DeRijk, 1966].  This is illustrated in 
Figure 5.1.8.  The differences are associated with slight variations in composition, inclusion 
content, heat treatment (precipitates), and cold work.  Similar variations in crack growth occur 
for different batches of the same alloy produced by the same manufacturer.  Data presented in 
Figure 5.1.9 show that growth rates can vary with sheet thickness [Broek, 1963; Broek, 1966; 
Raithby & Bibb, et al., 1961; Donaldson & Anderson, 1960; Smith, et al., 1968]. 

 
Figure 5.1.8.  Possible Variation of Crack Growth in Materials from Different Sources  

[Schijve & DeRijk, 1966] 
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Figure 5.1.9.  Example of Effect of Thickness on Crack Growth [Broek, 1963] 

In view of the factors that influence crack growth properties, predictions of crack growth should 
be based on material data that pertain to the product form.  Spot checks may be necessary to 
account for variability in heats and/or manufacturer. 

The factors pertaining to environmental conditions are associated with the environmental 
circumstances.  A lightly corrosive environment (humid air) gives rise to higher crack growth 
rates than a dry environment [Hartman, 1965; Piper, et al., 1968; Bradshaw & Wheeler, 1969; 
Dahlberg, 1965; Meyn, 1971; Meyn, 1968; Achter, 1967; Wei, 1970; Hartman & Schijve, 1970; 
Shih & Wei, 1974].  The effect is illustrated in Figure 5.1.10.  Although opinions differ in 
explaining the environmental effect, there is concurrence that the principal factor is corrosive 
action, which is time and temperature dependent.  The effect of cyclic frequency [Piper, et al., 
1968; Meyn, 1971; Hartman & Schijve, 1970; Schijve & Brock, 1961] is related to the 
environmental effect, with slower cyclic frequencies usually associated with accelerated fatigue 
crack growth rates. 
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Figure 5.1.10.  Effect of Humidity on Fatigue Crack Propagation [Hartman, 1965] 

At low temperatures, the reaction kinetics are slower and the air contains less water vapor.  This 
may reduce crack propagation rates in certain alloys [Broek, 1972; Tobler, et al., 1974].  Figure 
5.1.11 shows the influence of low temperature on crack growth for 7075-T6 alloy compared with 
growth at normal temperatures [Broek, 1972].  Temperatures higher than ambient may increase 
crack growth rates [Schijve & DeRijk, 1963; Lachnaud, 1965].  

In view of the effect of environment on crack growth, the data used for life predictions should 
represent the effect of the expected environment and temperature. 
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Figure 5.1.11.  Example of Temperature Effect on Crack Growth [Broek, 1972] 

5.1.4 Use of Data and Data Scatter 
Fatigue-crack-propagation data for a variety of materials can be found in data handbooks.  In 
many cases, because of unique material condition, thickness and environment, the data for a 
particular application will have to be generated in the manner prescribed by Section 7. 

As indicated by the results presented in the previous section, accurate mean trend FCGR 
descriptions result in accurate fatigue crack life descriptions.  People have worried in the past 
about trying to account for the substantial amount of scatter that exists in the crack growth rate 
data.  The amount of crack growth between crack measurements and the accuracy of this 
incremental crack growth measurement determines a large part of the scatter.  Another inherent 
reason for data scatter is due to the differentiation techniques that one uses to reduce the data. 

Figure 5.1.12a shows a hypothetical example of the crack growth-life behavior observed in a 
single laboratory test; Figure 5.1.12b represents the FCGR data derived from this test.  An 
asterisk in Figures 5.1.12a and b indicates outlying data points.  The mean trend curves faired 
through the data are directly related to each other; the integral of the curve in Figure 5.1.12b 
gives the curve in Figure 5.1.12a for the test conditions.  If more tests are run and all the data 
compiled, the plot is as shown in Figure 5.1.12c; each test might have a few outlying data points, 
but the compilation has many outlying points.  When all data points, including the outliers, are 
plotted, the data exhibit a wide scatter-band, noted as the apparent scatter-band, shown in Figure 
5.1.12c.  However, as previously seen from Figures 5.1.12a and b, the outlier points did not 
significantly affect the crack growth curve or the mean trend FCGR curve.  When considered 
collectively, the outlying data points in Figure 5.1.12c can be misleading since they do not 
represent the mean trend behavior of any specimen.  If the wide scatter-band were considered for 
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a crack growth prediction, the upper bound would predict a consistent high growth rate for each 
crack size (whereas it happened only incidentally as shown in Figure 5.1.12a).  As a result, the 
diagram would reflect a large apparent scatter in crack growth lives (Figure 5.1.12d), whereas 
the real scatter in crack growth lives is much smaller. 

 
Figure 5.1.12.  Crack Growth Data Scatter for Identical Conditions 

As indicated by the above remarks, worrying about the random (within specimen) scatter in 
fatigue crack growth rates is really not that important from a life estimation standpoint.  What 
has been found from analyses of multiple specimen data sets is that the width of the scatter-bands 
associated with specimen to specimen mean trend variations in FCGR is closely related to the 
variability in crack growth-life behavior.  The scatter-band associated with specimen to specimen 
variations is identified in Figures 5.1.12c and d as the real scatter-band since it focuses on the 
variability in crack growth-life behavior. 

The coefficient in variation of crack growth lives is sometimes similar in magnitude to the root 
mean square (percentage) error associated with fatigue crack growth rate modeling.  When 
conservative estimates in crack growth lives are desired, the upper bound of the real scatter-band 
(identified in Figure 5.1.12c) determined on the basis of four or more specimens should be used. 
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5.1.5 Stress-Corrosion Cracking and Stress Intensity 

Many engineering materials exhibit some cracking behavior under sustained loading in the 
presence of an environment (thermal and/or chemical).  The type of cracking behavior for many 
chemical environments is referred to as stress-corrosion cracking behavior.  The mechanism for 
this attack process has been attributed to the chemical reactions that take place at the crack tip 
and to diffusion of reactive species (particularly hydrogen) into the high stressed region ahead of 
the crack.  The cracking process has been noted to be a function of time and it is highly dependent 
on the environment, the material, and the applied stress (or stress-intensity factor) level. 

For a given material-environment interaction, the stress-corrosion-cracking rate has been noted 
to be governed by the stress-intensity factor.  Similar specimens with the same size of initial 
crack but loaded at different levels (different initial K values) show different times to failure 
[Brown, 1968; Sullivan, 1972; Chu, 1972], as shown in Figure 5.1.13.  A specimen initially 
loaded to KIc fails immediately.  The level below which cracks are not observed to grow is the 
threshold level that is denoted as KIscc. 

 
Figure 5.1.13.  Stress Corrosion Cracking Data [Brown, 1968] 

If the load is kept constant during the stress-corrosion-cracking process, the stress-intensity 
factor will gradually increase due to the growing crack.  As a result, the crack-growth rate per 
unit of time (da/dt) increases according to 

)(Kf
dt
da

=  (5.1.7) 
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When the crack has grown to a size so that K becomes equal to KIc, the specimen fails.  This is 
shown schematically in Figure 5.1.14.  In typical tests, specimens may be loaded to various 
initial K’s such as K1, K2, and K3.  The time to failure is recorded giving rise to the typical data 
point (t1, K1).  During the test, K will increase, as a result of crack extension, from its initial value 
to KIc, when final failure occurs.  The times t2 and t3 represent the time to failure for higher K’s 
such as K2 and K3. 

 

 
Figure 5.1.14.  Stress Corrosion Cracking 

The stress-corrosion threshold and the rate of growth depend on the material and the 
environmental conditions.  Data on KIscc and da/dt can be found in the Damage Tolerant Design 
(Data) Handbook [1994] .  Typical examples of KIscc and da/dt data presentation formats are 
shown in Figures 5.1.15 and 5.1.16. 
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Figure 5.1.15.  KIscc Data as Presented by the Damage Tolerant Design (Data) Handbook [1994] 
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Figure 5.1.16.  Stress Corrosion Cracking Rate Data for 2024-T351 Aluminum as Presented 
by the Damage Tolerant Design (Data) Handbook [1994] 
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As illustrated in Figure 5.1.17, a component with a given crack fails at a stress given by 

a
KIc

c πβ
σ =   

It will exhibit stress-corrosion-crack growth when loaded to stresses in excess of 

a
KIscc

scc πβ
σ =   

 

a, Crack Size

Static Failure

Final Failure

SCC Threshold

σ
Stress

 
Figure 5.1.17.  Stress Required for Stress Corrosion Cracking 

In service, stress-corrosion cracks have been found to be predominantly a result of residual 
stresses and secondary stresses.  Stress-corrosion failure due to primary loading seldom occur 
because most stress-corrosion cracks favor the short transverse direction (S-L), which is usually 
not the primary load direction.  In many materials, the long transverse (T-L) and longitudinal  
(L-T) directions are not very susceptible to stress corrosion. 

Prevention of stress corrosion cracking is preferred as a design policy over controlling it as is 
done for fatigue cracking.  This means that stress-corrosion critical components must be 
designed to operate at a stress level lower than 

i

Iscc
scc a

K
πβ

σ =   

in which ai is the initial flaw size as specified in the Damage Tolerance Requirements of JSSG-
2006.  However, if stress corrosion can occur, it must be accounted for in damage tolerance 
analyses by using an integral form of Equation 5.1.7. 
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Stress-corrosion cracking may occur in fatigue-critical components.  This means that in addition 
to growth by fatigue, cracks might show some growth due to stress corrosion.  In dealing with 
this problem, the following should be considered: 

• Stress-corrosion cracking is a phenomenon that basically occurs under a steady stress.  
Hence, the in-flight stationary stress level (l g) is the governing factor.  Most fatigue 
cycles are of relatively short duration and do not contribute to stress-corrosion cracking.  
Moreover, the cyclic crack growth would be properly treated already on the basis of data 
for environment-assisted fatigue-crack growth.  When stress corrosion cracking is 
expected, the stress corrosion cracking rate should be superimposed on the fatigue crack 
growth rate [Wei & Candes, 1969; Gallagher & Wei, 1972; Dill & Saff, 1978; Saff, 1980]. 

• Stress-corrosion cracking is generally confined to forgings, heavy extrusions, and other 
heavy sections, made of susceptible materials.  Thus, the problem is generally limited to 
cases where plane strain prevails. 

• The maximum crack size to be expected in service is , where σ  equals 
σ

222 / σπβIcc Ka =

LT or σDM, depending upon the inspectability level (see Section 1.3). 

If stress-corrosion cracking is not expected at any crack size, the l-g stress, σ1g, should be lower 
than cIsccscc aK πβσ /= .  With ac given as above, it follows that complete prevention of stress 
corrosion extension of a fatigue crack requires selection of a material for which: 

Ic
DMLT

Iscc K
or

K
)(

lg

σσ
σ

>  (5.1.8) 
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5.2 Variable-Amplitude Loading 
Baseline fatigue data are derived under constant-amplitude loading conditions, but aircraft 
components are subjected to variable amplitude loading.  If there were not interaction effects of 
high and low loads in the sequence, it would be relatively easy to establish a crack-growth curve 
by means of a cycle-by-cycle integration.  However, interaction effects of high and low loads 
largely complicate crack-growth under variable-amplitude cycling. 

In the following sections these interaction effects will be briefly discussed.  Crack growth-
prediction procedures that take interaction effects into account will be presented in Section 5.2.3. 

5.2.1 Retardation 
A high load occurring in a sequence of low-amplitude cycles significantly reduces the rate of 
crack-growth during the cycles applied subsequent to the overload.  This phenomenon is called 
retardation.  Figure 5.2.1 shows a baseline crack-growth curve obtained in a constant-amplitude 
test [Schijve & Broek, 1962].  In other experiments, the same constant-amplitude loading was 
interspersed with overload cycles.  After each application of the overload, the crack virtually 
stopped growing during many cycles, after which the original crack-growth behavior was 
gradually restored. 

 

 
Figure 5.2.1.  Retardation Due to Positive Overloads, and Due to Positive-Negative Overload 

Cycles [Schijve & Broek, 1962] 
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Retardation results from the plastic deformations that occur as the crack propagates.  During 
loading, the material at the crack tip is plastically deformed and a tensile plastic zone is formed.  
Upon load release, the surrounding material is elastically unloaded and a part of the plastic zone 
experiences compressive stresses.  The larger the load, the larger the zone of compressive 
stresses.  If the load is repeated in a constant amplitude sense, there is no observable direct effect 
of the residual stresses on the crack-growth behavior; in essence, the process of growth is steady 
state.  Measurements have indicated, however, that the plastic deformations occurring at the 
crack tip remain as the crack propagates so that the crack surfaces open and close at non zero 
(positive) load levels.  These observations have given rise to constant amplitude crack-growth 
models referred to as closure models [Elber, 1971] after the concept that the crack may be closed 
during part of the load cycle. 

When the load history contains a mix of constant amplitude loads and discretely applied higher 
level loads, the patterns of residual stress and plastic deformation are perturbed.  As the crack 
propagates through this perturbed zone under the constant amplitude loading cycles, it grows 
slower (the crack is retarded) than it would have if the perturbation had not occurred.  After the 
crack has propagated through the perturbed zone, the crack growth rate returns to its typical 
steady state level.   

Two basic models have been proposed to describe the phenomenon of crack retardation.  The 
first model is based on the concept of the compressive residual stress perturbation and the second 
on the concept of plastic deformation with enhanced crack wedging and more closure. 

If the tensile overload is followed by a compressive overload, the material at the crack tip may 
undergo reverse plastic deformation and this reduces the residual stresses.  Thus, a negative 
overload in whole or in part annihilates the beneficial effect of tensile overloads, as is also shown 
by curve C in Figure 5.2.1. 

Retardation depends upon the ratio between the magnitude of the overload and subsequent cycles.  
This is illustrated in Figure 5.2.2.  Sufficiently large overloads may cause total crack arrest.  
Hold periods at zero stress can partly alleviate residual stresses and thus reduce the retardation 
effect [Shih & Wei, 1974; Wei & Shih, 1974], while hold periods at load increase retardation.  
Multiple overloads significantly enhance the retardation.  This is shown in Figure 5.2.3. 
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Figure 5.2.2.  Effect of Magnitude of Overload on Retardation [Shih & Wei, 1974] 

 
Figure 5.2.3.  Retardation in Ti-6V-4Al; Effect of Hold Periods and Multiple Overloads [Wei & 

Shih, 1974] 
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5.2.1.1 Retardation Under Spectrum Loading 

An actual service load history contains high- and low- stress amplitudes and positive and negative 
“overloads” in random order.  Retardation and annihilation of retardation becomes complex, but 
qualitatively the loading produces behavior that is similar to a constant-amplitude history with 
incidental overloads.  The higher the maximum stresses in the service load history, the larger the 
retardation effect during the low-amplitude cycles.  Negative stress excursions reduce the 
retardation effect and tend to enhance crack-growth.  These effects have been documented in 
various sources [Schijve, 1972; Schijve, 1970; Wood et al., 1971; Porter, 1972; Potter, et al., 
1974; Gallagher et al., 1974; Wood, et al., 1971]; a few examples are now presented. 

When the magnitude of the higher loads are reduced (or clipped) without eliminating the cycle, 
i.e., higher loads are reset to a defined lower level, the cracking rates are observed to speed up as 
shown in Figure 5.2.4 [Schijve, 1972; Schijve, 1970].  Figure 5.2.4 describes the crack growth 
life results for a study in which a (random) flight-by-flight stress history was systematically 
modified by “clipping” the highest load excursions to the three levels shown. 

 

 
Figure 5.2.4.  Effect of Clipping of Higher Loads in Random Flight-by-Flight Loading on Crack 

Propagation In 2024-T3 Al Alloy [Schijve, 1972; Schijve, 1970] 

In Schijve [1970; 1972], it was also observed that negative stress excursions reduce the 
retardation effect and omission of the ground-air-ground (G-A-G) cycles (negative loads) in the 
tests with the highest clipping level resulted in a longer crack growth life for the same amount of 
crack growth. 

Figure 5.2.5 shows the importance of load sequence.  The crack-propagation life for random load 
cycling is shown at the top.  Ordering the sequences of the loads, low-high, low-high-low, or 
high-low increases the crack-growth life, the more so for larger block sizes.  Hence, ordering 
should only be permitted if the block size is small.  Low-high ordering gives more conservative 
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results than high-low ordering.  In the latter case, the retardation effect caused by the highest 
load is effective during all subsequent cycles. 

 
Figure 5.2.5.  Effect of Block Programming and Block Size On Crack Growth Life All Histories 

Have Same Cycle Content; Alloy: 2024-T3 Aluminum [Shih & Wei, 1974] 
 

5.2.1.2 Retardation Models 

Some mathematical models have been developed to account for retardation in crack-growth-
integration procedures.  All models are based on simple assumptions, but within certain 
limitations and when used with experience, each model will produce results that can be used with 
reasonable confidence.  The two yield zone models by Wheeler [1972] and by Willenborg, et al., 
[1971], and a crack-closure model by Bell & Creager [1975] will be briefly discussed.  Detailed 
information and applications of closure models can be found in Bell & Creager [1975], Rice & 
Paris [1976], Chang & Hudson [1981], and Wei & Stephens [1976]. 

Wheeler Model 
Wheeler defines a crack-growth reduction factor, Cp: 
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where f(∆K) is the usual crack-growth function, and (da/dN) is the retarded crack-growth rate.  
The retardation factor, Cp is given as 
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where (see Figure 5.2.6): 
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rpi – current plastic zone size in the ith cycle under consideration 
ai – current crack size 
rpoL – plastic size generated by a previous higher load excursion 
aoL – crack size at which the higher load excursion occurred 
m – empirical constant  

 
Figure 5.2.6.  Yield Zone Due to Overload (rpoL), Current Crack Size (ai), and Current Yield 

Zone (rpi) 

There is retardation as long as the current plastic zone (rpi) is contained within a previously 
generated plastic zone (rpoL) ; this is the fundamental assumption of yield zone models. 

Some examples of crack-growth predictions made by means of the Wheeler model are shown in 
Figure 5.2.7.  Selection of the proper value for the exponent m will yield adequate crack-growth 
predictions.  In fact, one of the earlier advantages of the Wheeler model was that exponent m 
could be tailored to allow for reasonably accurate life predictions of spectrum test results.  
Through the course of time, it has become recognized, however, that the exponent m was 
dependent on material, crack size, and stress-intensity factor level as well as spectrum.  The 
reader is cautioned against using the Wheeler model for service life predictions based on limited 
amounts of supporting test data and more specifically against estimating the service life of 
structures with spectra radically different from those for which the exponent m was derived.  
Estimates made without the supporting data required to tailor the exponent m can lead to 
inaccurate and unconservative results. 
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Figure 5.2.7.  Crack Growth Predictions by Wheeler Model Using Different Retardation 

Exponents [Wood, et al. 1971] 

Willenborg Model 
The Willenborg model also relates the magnitude and extent of the retardation factor to the 
overload plastic zone.  The extent of the retardation is handled exactly the same as that of the 
Wheeler model.  The magnitude of the retardation factor is established through the use of an 
effective stress-intensity factor that senses the differences in compressive residual stress state 
caused by differences in load levels.  The effective stress-intensity factor (Keff

i) is equal to the 
typical remote stress-intensity factor (Ki) for the ith cycle minus the residual stress-intensity 
factor (KR): 

Ri
eff

i KKK −=  (5.2.3)

where in the original formulation [Willenborg, et al., 1971; Gallagher, 1974; Gallagher & 
Hughes, 1974; Wood, 1974] 
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in which (see Figure 5.2.6): 

ai  – current crack size 

aoL  –- crack size at the occurrence of the overload 

rpoL  – yield zone produced by the overload 

KoL
max  – maximum stress intensity of the overload 

Kmax,i  – maximum stress intensity for the current cycle. 
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The equations show that retardation will occur until the crack has generated a plastic zone size 
that reaches the boundary of the overload yield zone.  At that time, ai-aoL= rpoL and the reduction 
becomes zero. 

Equation 5.2.3 indicates that the complete stress-intensity factor cycle, and therefore, its 
maximum and minimum levels (Kmax, i and Kmin, i), are reduced by the same amount (KR).  Thus, 
the retardation effect is sensed by the change in the effective stress ratio calculated by 
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since the range in stress-intensity factor is unchanged by the uniform reduction.  Thus, for the ith 
load cycle, the crack growth increment (∆ai) is: 

( )effi RKf
dN
daa ,∆==∆  (5.2.6)

For many of the early calculations with the Willenborg model, it was assumed that Reff was never 
less than zero and that  when Reff

iKK max,=∆ eff was calculated to be less than zero.  Recent 
evidence, however, supports the calculations of Reff as given by Equation 5.2.5 and the use of a 
negative stress ratio cut-off in the crack growth rate calculation (Equation 5.2.6) for more 
accurate modeling of crack growth behavior. 

Another problem that was identified with the original Willenborg model was that it was always 
assigned the same level of residual stress effect independent of the type of loading.  In particular, 
it can be noted (through the use of Equation 5.2.3 and 5.2.4) that the model predicts that 

, and therefore crack arrest, immediately after overload if .  That is, if 
the overload is twice as large as (or larger than) the following loads, the crack arrests.  To 
account for the observations of continuing crack propagation after overloads larger than a factor 
of two or more, Gallagher & Hughes [1974] introduced an empirical (spectra/material) constant 
into the calculations.  Specifically, they suggested that 
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where φ is given by 
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There are two empirical constants in Equation 5.2.7a: Kmax, th is the threshold stress-intensity 
factor level associated with zero fatigue crack growth rates (see Section 5.1.2), and S 

oL is the 
overload (shut-off) ratio required to cause crack arrest for the given material.  The type of 
underload/overload cycle, as well as the frequency of overload cycle occurrence, affects this 
ratio.  Results of some life predictions made using what has become to be called the 
“Generalized” Willenborg model are presented in Figure 5.2.8 [Engle & Rudd, 1974].  
Compressive stress levels were ignored in this analysis. 
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Figure 5.2.8.  Predictions of Crack Growth Lives with the Generalized Willenborg Model 

Compared to Test Data [Engle & Rudd, 1974] 

Closure Models 
One of the earliest crack-closure models developed for aircraft structural applications is 
attributed to Bell & Creager [1975].  The closure model makes use of a crack-growth-rate 
equation based on an effective stress-intensity range ∆Keff.  The effective stress intensity is the 
difference between the applied stress intensity and the stress intensity for crack closure.  Some 
examples of predictions made with the model are presented in Figure 5.2.9.  The final equations 
contain many experimental constants, which reduces the versatility of the model and make it 
difficult to apply.  Recent work by Dill & Saff [1977] shows that the closure model can be 
simplified to the point of practicality while retaining a high level of accuracy in life prediction. 
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Figure 5.2.9.  Predictions by Crack Growth Closure Model as Compared with Data Resulting 

From Constant-Amplitude Tests with Overload Cycles [Bell & Creager, 1975] 

Crack-growth calculations are the most useful for comparative studies, where variations of only a 
few parameters are considered (i.e., trade-off studies to determine design details, design stress 
levels, material selection, etc.).  The predictions must be verified by experiments.  (See Analysis 
Substantiation Tests in Section 7.3).  Example calculations of crack-growth curves will be given 
in Section 5.5. 

Other factors contributing to uncertainties in crack-growth predictions are: 

• Scatter in baseline da/dN data, 

• Unknowns in the effects of service environment, 

• Necessary assumptions on flaw shape development, 

• Deficiencies in K calculation, 

• Assumptions on interaction of cracks, 

• Assumptions on service stress history. 

In view of these additional shortcomings of crack-growth predictions, the shortcomings of a 
retardation model become less pronounced; therefore, no particular retardation model has 
preference over the others.  From a practical point of view, the Generalized Willenborg model is 
easier to use since it contains a minimum number of empirical constants. 
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5.2.2 Integration Routines 
The determination of a crack growth increment due to any particular stress history depends upon 
an integration of the growth rate relation such as given by equations 5.1.2 - 5.1.4.  Four general 
methods are available for this purpose. 

The first approach is based on extensive spectrum crack growth data.  Tests that incorporate the 
important stress levels, part geometry, crack shape details and loading sequences are run to 
determine the effect of the particular variables of interest on the component life. 

A second approach, and one used extensively, is the cycle-by-cycle crack growth analysis where 
crack rates are integrated over the crack length of interest as a function of stress and crack length 
[Gallagher, 1976; Brussat, 1971]. 

A third approach is based on the statistical stress-parameter-characterization.  The actual service 
stress histories are replaced with equivalent constant amplitude stress histories for the analytical 
prediction of component life [Smith, et al., 1968]. 

A fourth approach, recently developed, utilizes a crack-incrementation scheme to analytically 
generate “mini-block” crack growth rate behavior prior to predicting life.  It combines some 
features of the first three methods [Gallagher, 1976; Brussat, 1971; Gallagher & Stalwaker, 1975]. 

The application of the second through fourth approaches requires methods for integrating the 
crack growth rate relations requires the knowledge of the following items: 

• An initial flaw distribution 

• The aircraft loading spectrum 

• Constant amplitude crack growth rate material properties 

• Crack tip stress-intensity factor analysis 

• A damage integrator model relating crack growth to applied stress and which accounts 
for load-history interactions 

• The criteria which establishes the life-limiting end point of the calculation 

 

These items are described in detail in Section 1.5 of this handbook.  The basic damage 
integrating equation is also presented as equation 1.5.1 but is repeated here: 
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where ∆aj is the growth increment associated with the jth time increment, ao is the initial crack 
length, acr is the critical crack length and tf is the life of the structure.  The determination of tf is 
the objective of this equation. 

Of the integration methods described above, the second and third are most frequently used.  The 
generation of the data required for the first method is very expensive and is only recommended 
for extremely critical parts. 
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Cycle-by-cycle method 
The second method, the cycle-by-cycle integration method, uses a type of integrating relation 
whereby the effect of each cycle is considered separately.  This is generally the least efficient 
method, but if the spectrum under consideration cannot be considered as statistically repetitive, it 
may be the most accurate of the analytical methods.  This method is covered in detail in 
subsection 5.2.3. 

Statistical Stress-Parameter Characterization 
The third method, using a statistical characterization of a crack growth parameter is based on the 
similarity of certain variable amplitude crack growth behavior to the constant amplitude function 
relationship: 
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KC

dF
da
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where (da/dF) is the flight-by-flight crack growth behavior and K  is a stress-intensity factor 
parameter that is derived using the product of a statistically characterizing stress parameter σ( ) 
and the stress-intensity factor coefficient (K/σ), i.e., 

)/( σσ KK ⋅=  (5.2.9)

The statistically characterizing parameters that have been employed in the past to some success 
are derived using a root mean square (RMS) or similar type analysis of the stress range or stress 
maximum.  The crack growth behavior of both fighter and transport aircraft stress histories have 
been described using various forms of equation 5.2.8. 

One might imply from equations 5.2.8 and 5.2.9 that the use of a single stress characterizing 
parameter for stress histories would allow one to utilize equivalent constant amplitude histories 
to derive the same crack growth rate behavior.  Unfortunately, relating constant amplitude 
behavior to variable amplitude behavior has not been that successful. 

The damage integration Equation (1.5.1R) is now expressed for the flight as 
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where Nf is the number of flights corresponding to crack length ak, and ∆aj is computed from 
Equation 5.2.8 evaluated for the given conditions.  The parameters C and p of Equation 5.2.8 are 
determined by a least squares curve fit to previously determined data.  The value that comes 
from employing the third method comes from the fact that a somewhat limited variable 
amplitude data base might be extended to cover other crack lengths, structural geometry, or 
stress level differences. 

Crack-Incrementation Scheme 
The fourth approach provides an analytical extension of the cycle-by-cycle analysis to predict 
flight-by-flight crack growth rates.  In essence, this approach combined some of the best features 
of the other three methods.  The basic element in this analysis is what is referred to as a mini-
block which is taken to be a flight (includes takeoff, landing and all intermediate stress events) or 
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a group of flights.  The approach hinges on the identification of the statistically repeating stress 
group that approximates the loading and sequence effects for the complete spectrum. 

The basic damage integration equation can be written in the mini-block form to compute the 
crack increment (∆a) due to application of NG flights: 
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where there are Nj stress cycles in the jth flight.  The most direct method for applying the 
equation is called the simple crack-incrementation-mini-block approach.  Successive crack 
increments are obtained at successively larger initial-crack-lengths.  Figure 5.2.10 illustrates this 
method.  The resulting values of ∆a/∆F and the corresponding Kmax values are fit with a curve of 
the desired type, usually similar to Equation 5.2.8, which can now be used to compute life. 

 
Figure 5.2.10.  Simple Crack-Incrementation Scheme Used to Determine Crack Growth Rate 

Behavior [Gallagher, 1976] 

An alternate method, called the statistical crack-incrementation-mini-block approach, is 
illustrated in Figure 5.2.11.  This method allows evaluation of the effect of mini-block group-to-
group variation in the crack growth rate behavior.  A number of different mini-block groups are 
used at each initial crack length.  A curve can be fit through the mean ∆a/∆F vs. maxK  values and 
the variation of ∆a/∆F at each Kmax can be observed.  Confidence limits can be determined for 
each set of data. 
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Figure 5.2.11.  Statistical Crack-Incrementation Scheme Used to Determine Spectrum Induced 

Variations in Crack Growth-Rate Behavior [Gallagher, 1976] 

The fourth approach provides a more efficient integration scheme than the cycle-by-cycle 
analysis.  However, its use is determined by the type of stress history that has to be integrated. 

Summary 
In summary, there are a number of integration schemes available.  These schemes all employ 
modeling approaches based on either limited or extensive variable amplitude databases so that 
the analyst might properly account for loading and sequence effects in the most direct and most 
accurate manner. 

5.2.3 Cycle-by-Cycle Analysis 
Several computer programs are available for general uses that include one or more of the 
retardation models in a crack-growth-integration scheme.  These are discussed in Section 1.7. 
The user has the option of using any of the retardation models discussed in the previous section.  
Most airframe companies, however, have their own in-house computer program for performing 
variable-amplitude fatigue life calculations. 

In general, the crack-growth-damage-integration procedure consists of the following steps, 
schematically outlined in Figure 5.2.12. 
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Figure 5.2.12.  Steps Required for Crack Growth Integration  

Step 1. The initial crack size follows from the damage tolerance assumptions as a1.  The stress 
range in the first cycle is ∆σ1.  Then determine 111 aK πσ∆β∆ = by using the 
appropriate β for the given structural geometry and crack geometry.  Computer 
programs generally have a library of stress-intensity factors or schemes for tabular data 
input for determining the appropriate β. 

Step 2.  Determine (da/dN)1, at ∆K1 from the da/dN -∆K baseline information, taking into 
account the appropriate R value.  The da/dN - ∆K baseline information may use one of 
the crack growth equations discussed in Section 5.1.2.  The computer program may 
contain options for any of these equations, or it may use data in tabular form and 
interpolate between data points.  The crack extension ∆a1 in cycle 1 is 
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  The new crack size will be a2 = a1 + ∆a1 
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Step 3.  The extent of the yield zone in Cycle 1 is determined as 
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Step 4.  The crack size is now a2.  The stress range in the next cycle is ∆σ2.  Calculate ∆K with 

   222 aK πσ∆β=∆ . 

Step 5.  Calculate the extent of the yield zone 
 Y22 = a2 + rp2 . 

Step 6.  If Y22 < Y2: 

  When using the Wheeler model, calculate Cp according to Equation 5.2.2. 

  When using the Generalized Willenborg model, calculate or and R eff
maxK  eff

minK eff 
according to Equations 5.2.3, and 5.2.5. 

  Go to Step 9, skipping steps 7 and 8. 

Step 7.  If Y22 > Y2, determine (da/dN)2 from ∆K2.  Determine the new crack size a3 
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daaaa 1

2
2223 ×






+=+= ∆a  

Step 8.  Replace Y2 by Y22 , which is now called Y2.  Replace aoL =a1 with aoL =a2.  Go to Step 
10, skipping Step 9. 

Step 9.  When using the Wheeler model, determine the amount of crack growth on the basis of 
∆K2 from the da/dN - ∆K data.  Find the new crack size from 
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When using the Generalized Willenborg model, determine the amount of crack growth 
using the ∆K and Reff value determine in Step 6 from the da/dN - ∆K data.  Determine 
the new crack size as 
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Step 10. Repeat Steps 4 through 9 for every following cycle, while for the ith cycle replacing a2 
by ai and a3 by ai+1. 
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This routine of cycle-by-cycle integration is not always necessary.  The integration is faster if the 
crack size is increased stepwise in the following way. 

• At a certain crack size, the available information is ai, aoL, Y2. 

• Calculate ∆ai for the ith cycle in the same way as in Steps 4 through 9. 

• Calculate ∆aj+1, . . . , ∆aj, . . . , ∆an for the following cycles but let the current crack size 
remain ai constant.  This eliminates recalculation of β every cycle. 

• Calculate Y2k for every cycle.  If Y2k > Y2, then replace Y2 by Y2k and call it Y2.  Then 
replace aoL by ai and call it aoL. 

• Sum the crack-growth increments to give: 
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• Continue increasing j until ∆a exceeds a previously determined size or until j = n and the 
cycles are exhausted.  Then increment the crack size by   

 a= ai + ∆a, 

and repeat the procedure. 
 

A reasonable size for the crack-growth increment is ∆a = 1/20 ai; this choice of increment 
typically keeps the change in K small.  It can also be based on the extent of the yield zone, e.g., 
∆a = 1/10 (Y2 - ai).  The advantage of the incremental crack-growth procedure is especially 
obvious if series of constant-amplitude cycles occur.  Since the crack size (ai) is fixed, the stress 
intensity does not change.  Hence, each cycle produces the same amount of growth.  This means 
that all n constant-amplitude cycles can be treated as one cycle to give 

 
dN
dana =∆  

The integration scheme is a matter of individual judgment, but may be dictated by available 
computer facilities. 
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5.3 Small Crack Behavior 
Damage tolerant structural design requires that a pre-existing, initial crack at a critical location in 
a structural detail must not reach the critical size required to maintain the minimum load bearing 
capability during its design life. The design life of a damage tolerant structure, i.e., the number of 
flights required to grow an initial crack to a critical size, is calculated from the crack growth 
relations discussed in Section 5.5. The initial crack size assumptions for structural details are 
discussed in Section 1. For structures with close tolerance fasteners, the initial primary damage 
size is 0.05 inch. A crack size of .005 inch for continuing damage at the holes is recommended. 
These assumptions for initial crack lengths are based on NDI capability of the designer. With 
improved NDI techniques, cracks smaller than 0.05 inch can be detected. The small crack growth 
behavior discussed here provides guidelines for crack growth analysis if an initial crack smaller 
than 0.05 inch is assumed in the damage tolerant design of structural members.   

5.3.1 Small Crack Growth Analysis 
The design guidelines and linear elastic fracture mechanics based life prediction methods 
discussed in this Handbook are applicable to long cracks only.  From mechanics considerations, 
the development of crack occurs in three distinct stages: crack initiation, small crack 
development and long crack progression. Crack initiation (and nucleation) is not discussed in this 
Handbook because of the required assumption of a pre-existing structural crack.  A long crack 
has a dominant singularity in the continuum domain.  A crack is considered small when it is 
smaller than the long crack.  For a small crack, the similitude rules break down.  The crack size 
is comparable to one or few grains, the plastic zone size is not small compared to the size of the 
crack and the assumption of a linearly elastic material at the crack tip region is not realistic. 

It has been experimentally observed that small crack growth behavior is different from the 
behavior of long cracks. However, the upper limit of the crack size below which the small crack 
effects start and the conventional long crack growth behavior resumes is not well established. 
The crack lengths from .040 in. to .070 in. have been proposed. The following observations of 
small crack behavior from experimental data have been reported in the literature. 

1. It has been demonstrated from the crack growth data under both the constant amplitude 
loads and the spectrum loads that the small crack growth rates are higher than those for 
long cracks.  Higher crack growth rates result in non-conservative predictions of fatigue 
life.  

2. A small crack can grow even when the applied stress intensity factor is well below the 
threshold limit. The threshold stress intensity factor range is dependent on the stress ratio. 

3. The experimental results show that the small crack effects are more pronounced at 
extreme values of stress ratios. 

4. The behavior of small cracks initiated at holes is different from the behavior of small 
cracks in un-notched materials. 

Because of these differences, an understanding of the mechanics of small crack growth and 
mechanisms of cracking in the small crack regime is necessary. The structural designer should 
have the appropriate design tools to incorporate the effects a small crack may have on crack 
growth rate and resulting life prediction. The small crack effects are present either because the 
similitude rule for LEFM application to crack growth breaks down or inappropriate evaluation of 
the damage parameters such as the stress intensity factor K or the J-integral used for steady state 
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crack growth rate prediction.  The similitude rules are a set of requirements on structural crack 
geometry and the mode and extent of crack-tip deformation of a material under loading.  A 
discussion of similitude rules is presented by Leis, et.al.[1986]. 

The small crack effects have been observed in both notched and un-notched specimens. The un-
notched small crack growth behavior has been attributed to crack grain boundary interaction 
effects not accounted for in the fracture mechanics based predictions of small crack growth. In 
the case of long cracks, the crack growth in the plastic wake is averaged over many grains. It has 
been argued by Leis, et al. [1986] and Blom, et al. [1986] that the difference in crack growth at 
notches is not due to the breakdown of similitude rules but inaccurate calculations of the stress 
intensity factors.   

Based on observations of small crack growth in 2024-T3, Blom [Blom, et al., 1986] reported that 
the short crack effects are due to plasticity induced crack closure and roughness induced closure 
effects. He also concluded that in this material a crack should be al least four grains in length 
before qualifying as a long crack. In Newman’s [1992] study of small cracks in 2024-T3 and 
7075-T6 specimens, the crack closure transients have been found to be the cause of crack growth 
effects. There is transient behavior of crack opening stress as the crack progresses from small 
crack size to long crack. At higher stress ratios (stress ratios over 0.5), the crack may be assumed 
to be open and thus has no significant effect on crack opening stress. At higher negative stress 
ratios (i.e. at R=-2), the effects have been found to be more significant.  A fatigue crack growth 
analysis computer code “FASTRAN” based on plasticity induced closure has been developed 
and currently available at NASA Computer Management and Software Information Center. 

Nagar [2002] studied small fatigue crack growth behavior at pin-loaded holes in structural joints 
where small cracks are often observed. Experiments were conducted on 2024-T3 specimens with 
0.003 inch single, thru-radial cracks. The rectangular panel specimens with a radial crack at the  
loaded hole and doublers of varying stiffness were joined by close fit titanium pins. The doublers 
provided the variation in load transfer rates at the fasteners holes. The loads of constant 
amplitude with marker bands and spectrum loads were applied to the specimens. 

A comparison of structural joint small crack growth data with FASTRAN predictions show that 
FASTRAN predicts small crack behavior under constant amplitude loading reasonably well. 
However, the plasticity induced closure based predictions by FASTRAN do not correlate with 
the small crack growth data under periodic over loads (marker bands) as well. The predictions of 
small crack life under spectrum loads (EIFS) were even farther off. In general, the crack growth 
rates are lower than predicted. Thus there is a question whether FASTRAN can be employed 
reliably to predict small crack growth in joints with loading histories. 

The experimental strain data developed during this program also indicated that the load transfer 
rates for steel doublers can not be predicted using the same technique as used in NASTRAN 
which have been used for calculations of fastener load transfer with aluminum doublers. This 
study was conducted under a co-operative FAA/Air Force/Boeing program and the details are 
available in an Air Force Research Laboratory Report [Nagar, 2002]. 



5.4 Stress Sequence Development 
In order to predict the crack-growth behavior of an aircraft structure, the designer needs to know 
the sequence of stress cycles applied during the life of the structure.  This stress history for a new 
design is developed from the service life requirements and the mission profile information 
specified by the procurement activity.  Based on this information a repeated load history due to 
ground handling, flight maneuvers, gusts, pressurization, landing, store ejection, and any other 
load source is developed.  The stress history at any given point is then determined from the 
applicable load/stress relations.  Giessler, et al. [1981] describes this procedure in detail.   

This section will outline the necessary steps and illustrate the development of a simplified stress 
sequence for the purpose of showing the effect of various sequence characteristics on crack-
growth behavior.  Understanding of these effects is of great importance in determining the 
damage tolerance of a structure. 

5.4.1 Service Life Description and Mission Profiles 
The load sequence developer works from the service life requirement summary and the mission 
profiles as given by the aircraft procurement documents.  The service life data contains the total 
flight hours, expected calendar year life, number of missions to be flown, identification of 
mission types, and number of touch and go and full stop landings.  The mission profile 
description provides the time variation of the airspeed, altitude, and gross weight such as 
illustrated in Figure 5.4.1.  Each mission is divided into segments, as shown, which can be easily 
characterized by the type and frequency of the various load sources. 

 
Figure 5.4.1.  Mission Profile and Mission Segments 
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The load spectrum for each mission segment is characterized by a table of occurrences of a load 
parameter.  The commonly used parameter is the normal load factor at the aircraft center-of-
gravity, nz.  Such a table can be presented as an exceedance plot, which shows the number of 
occurrences that exceed specified values during a specified time period.   

MIL-A-8866 presents tabular exceedance data for six classes of aircraft, broken out by mission 
segment.  The number of identified segments varies from three to seven.  These tables give the 
number of exceedances per 1,000 mission hours.  The total number of exceedances is on the 
order of 105 - 5 x 105.  Figure 5.4.2 shows a plot of the composite maneuver spectrum for the six 
classes of aircraft.  This composite was made by summing the exceedances of the mission 
segments for each class of aircraft. 
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Figure 5.4.2.  Maneuver Spectra According to MIL-A-8866 

These three basic pieces of information, the service life summary, the mission profiles, and the 
load factor spectra are converted into the loads history and the stress history at critical locations 
on the aircraft.  This procedure is briefly described in the next section. 

5.4.2 Sequence Development Techniques 
The preparation of a flight-by-flight load sequence is done in five essential steps: 

1. Prepare the representative life history mission ordering. 

2. Define mission segment flight conditions. 

3. Determine the number of maneuver and gust load cycles at each load level in each 
mission segment. 

4. Order the maneuver and gust load cycles within each mission segment. 

5.4.2 



5. Place load cycles from other sources within each mission segment. 

Giessler, et al. [1981] presents detailed instructions to accomplish these steps; however, brief 
descriptions are presented here for completeness. 

The establishment of the mission sequence for the life history of the aircraft is usually done in a 
deterministic manner and is based on past observations of similar type aircraft.  It is reasonable 
to assign missions in blocks as flying assignments usually follow specific groupings of missions 
as various flying skills are being stressed.  Missions occurring relatively few times are usually 
interspersed throughout the sequence either singly or in small numbers.  It is recommended that 
the severest missions be somewhat evenly spaced throughout the sequence.  It is common to treat 
the sequence as a repeating block.  Each block would contain all mission types and represent 
some proportion of the total flight history.  Blocks of five hundred or one thousand flight hours 
have been found to be convenient.  For example: for a 6,000 hour aircraft life, a 500 hour block 
would be repeated twelve times to obtain the total sequence. 

Each mission is divided into segments for ease in defining the loading cycles.  This division is 
specified in the mission profile.  The same ordering of mission segments is used each time a 
mission occurs.  This division is useful in two ways: it facilitates the identification of load 
spectra and it provides for the definition of the flight condition parameters.  The flight condition 
parameters are the values of airspeed, altitude, gross weight, configuration, and time used for 
each mission segment.  These conditions are selected from the mission profile to give a set of 
representative loading conditions for each segment.  These are combined with the load level 
indicator to compute the loads. 

The determination of the number and severity of loads assigned to each mission segment is based 
on a spectrum of a load level indicator.  For most applications this is the normal load factor, nz.  
This spectrum is obtained from analysis of previous usage of similar aircraft in the case of a 
design specification, or from current usage of the aircraft being analyzed in the case of an update 
to the design analysis.  Some of the concerns that need to be considered when applying this 
information will now be discussed. 

The load information for an aircraft structure is usually in the form of an exceedance spectrum.  
The spectrum is an interpretation of in-flight measurements of center-of-gravity accelerations or 
stresses at a particular location.  The interpretation consists of a counting procedure, which 
counts accelerations (or stresses) of a certain magnitude, or their variation (range).  Information 
on the various counting procedures can be found in Schijve [1963] and VanDÿk [1972]. 

Typical exceedance spectra are given in Figure 5.4.3 for a transport wing, bomber wing, and 
fighter wing.  The ordinate represents the normal load factor, nz.  The abscissa represents the 
number of times a level on the vertical axis is exceeded.  For example, using the transport 
spectrum in Figure 5.4.3, level A is exceeded n1 times and level B is exceeded n2 times.  This 
means that there will be n1-n2 events of a load between levels A and B.  These loads will be lower 
than B, but higher than A.  The exact magnitude of any one of the n1-n2 loads remains 
undetermined. 
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Figure 5.4.3.  Exceedance Spectra for 1000 Hours 

One can define an infinite number of load levels between A and B.  However, there are only n1-n2 
occurrences, which means that while the number of load levels to be encountered is infinite; not 
every arbitrary load level will be experienced.  Strictly speaking each of the n1-n2 occurrences 
between A and B could be a different load level.  If one chose to divide the distance between A 
and B into n1-n2 equal parts, ∆A, each of these could occur once.  Mathematically, a level A+∆A 
will be exceeded n1-1 times.  Hence, there must be one occurrence between A and A+∆A.  In 
practice, such small steps cannot be defined, nor is there a necessity for their definition. 

If measurements were made again during an equal number of flight hours, the exceedance 
spectrum would be the same, but the actual load containment would be different.  This means 
that the conversion of a spectrum into a stress history for crack-growth analysis will have to be 
arbitrary because one can only select one case out of unlimited possibilities. 

Going to the top of the spectrum in Figure 5.4.3, level C will be exceeded 10 times.  There must 
be a level above C that is exceeded 9 times, one that is exceeded 8 times, etc.  One could identify 
these levels, each of which would occur once.  In view of the foregoing discussion this becomes 
extremely unrealistic.  Imagine 10 levels above C at an equal spacing of ∆C, giving levels C, 
C+∆C, C+2∆C, etc.  If level C is exceeded 10 times, all of these exceedances may be of the level 
C+3∆C for another aircraft. 

As a consequence, it is unrealistic to apply only one load of a certain level, which would imply 
that all loads in the history would have a different magnitude.  Moreover, if high loads are 
beneficial for crack growth (retardation), it would be unconservative to apply once the level 
C+∆C, once C+2∆C, etc., if some aircraft would only see 10 times C. 

Hence, the maximum load level for a fatigue analysis should be selected at a reasonable number 
of exceedances.  (This load level is called the clipping level).  From crack-growth experiments 
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regarding the spectrum clipping level, it appears reasonable to select the highest level at 10 
exceedances per 1,000 flights.  This will be discussed in more detail in later sections.  (Note that 
the maximum load used in the fatigue analysis has no relation whatsoever to the Pxx loads for 
residual strength analysis). 

The same dilemma exists when lower load levels have to be selected.  Obviously, the n loads in 
1,000 hours will not be at n different levels.  A number of discrete levels has to be selected.  This 
requires a stepwise approximation of the spectrum, as in Figure 5.4.4.  As shown in the following 
table, the number of occurrences of each level follows easily from subtracting exceedances. 
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Figure 5.4.4.  Stepped Approximation of Spectrum 

Table 5.4.1.  Occurrences Calculated from the Exceedances of Figure 5.4.4 

Level Exceedances Occurrences 
L1 n1 n1 
L2 n2 n2-n1 
L3 n3 n3-n2 
L4 n4 n4-n3 
L5 n5 n5-n4 

 

The more discrete load levels there are, the closer the stepwise approximation will approach the 
spectrum shape.  On the other hand, the foregoing discussion shows that too many levels are 
unrealistic.  The number of levels has to be chosen to give reliable crack-growth predictions. 
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Figure 5.4.5 shows results of crack-growth calculations in which the spectrum was approximated 
in different ways by selecting a different number of levels each time.  If the stepped 
approximation is made too coarse (small number of levels) the resulting crack-growth curve 
differs largely from those obtained with finer approximations.  However, if the number of levels 
is 8 or more, the crack-growth curves are identical for all practical purposes.  A further 
refinement of the stepped approximation only increases the complexity of the calculation; it does 
not lead to a different (or better) crack-growth prediction.  Crack-growth predictions contain 
many uncertainties anyway, which means that one would sacrifice efficiency to apparent 
sophistication by taking too many levels.  It turns out that 8 to 10 positive levels (above the in-
flight stationary load) are sufficient.  The number of negative levels (below the in-flight 
stationary load) may be between 4 and 10. 

 

 
Figure 5.4.5.  Fatigue-Crack Growth Behavior Under Various Spectra Approximations 

Selection of the lowest positive level is also of importance, because it determines the total 
number of cycles in the crack-growth analysis.  This level is called the truncation level.  Within 
reasonable limits the lower truncation level has only a minor effect on the outcome of the crack-
growth life.  Therefore, it is recommended that this lower truncation level be selected on the 
basis of exceedances rather than on stresses.  A number in the range of 105 - 5 x 105 exceedances 
per 1,000 flights seems reasonable.  This will be discussed in more detail in Section 5.5. 
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EXAMPLE 5.4.1 Constructing Occurrences from Exceedance Information 

This example illustrates how a stepped approximation can be constructed.  Consider the positive 
load factor spectrum shown in Figure 5.4.4.   

First select the maximum level as the load which is exceeded 10 times in 1,000 flights.  This is 
done by constructing a line from the 10 exceedance level to the curve and then constructing the 
horizontal to intersect the vertical axis.  This gives L1= 4.9 g.  Next construct a vertical from the 
105 exceedance value.  This line is extended until the area A5 equals B5.  The horizontal line 
defining the top of A5 is extended to the vertical axis defining the level L5.  In this case L5 = 1.8g.   

Now the interval from L5 to L1 is divided into as many parts as desired.  They may be equal or 
not.  Current fighter aircraft practice uses 0.5 g intervals.  After the vertical divisions are 
selected, horizontal lines are extended at L2, L3, and L4 such that the enclosed areas (A2, B2), (A3, 
B3) and (A4, B4) are approximately equal.  At that point the verticals are constructed to define n2, 
n3, and n4.  This now gives the results: 

 

Level nz Exceedance Occurrences 
L1 4.9 10 10 
L2 4.0 1400 1,390 
L3 3.25 6500 5,100 
L4 2.5 30,000 23,500 
L5 1.8 100,000 70,000 

Total  100,000 
 

This procedure is only used to construct the steps after the L1 level.  The L1 level is taken as the 
intersection with the curve.  It is seen that, as the exceedance plot tails off the high levels on nz, 
to construct equal areas becomes difficult if not impossible.  In the present example, in order to 
keep the exceedance value of 10 for the high level, L1 could not extend beyond 5.0 g and the 
lower limit of the range could not go below 4.75 g.  Now the range from 4.75 g to L2 would need 
to be added to the number of levels.  This would add high level occurrences that may not be 
realistic.  It should be remembered that the exceedance plot is a curve faired through observed 
data and that the high level values are usually the result of very few observations.   

This method of approximating the spectrum associates the level L5 with the occurrence 
represented by a range extending on either side of L5 and similarly for L1 which was discussed 
above.  An alternate procedure is to select the ranges first and then to associate the occurrences 
with the mid-point of the ranges. 

 

 

After the levels and number of occurrences of the load indicator are determined for each mission 
segment, the actual loads are computed using the previously defined flight conditions and the 
specific load equations for the aircraft.  Cycles are formed by combining the positive loads with 
the mean or negative loads.  As there are more positive loads than negative loads, most cycles 
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are formed with the mean, or 1.0g steady flight condition, as the minimum value of the cycle.  
The assignment of the negative load cycles is usually on a random basis. 

The sequencing of these load cycles is the next step.  In order to achieve a realistic effect on the 
crack-growth analysis, care must be taken in establishing this sequence.  Some guidelines are 
given below. 

a) Deterministic loads are placed directly in the sequence.  Obviously, the ground load of 
the ground-air-ground (G-A-G) cycle will occur at the beginning and at the end of each 
flight.  Similarly, maneuver loads associated with take-off will be at the beginning of the 
flight. 

b) Probabilistic loads due to gusts and maneuvers have to be arbitrarily assigned and 
sequenced.  The assignment of the loads in a particular mission segment is made on a 
random basis to all flights containing that mission segment.  This results in each flight of 
a particular mission having a different selection of loads.  If a repeating block approach is 
used, then each flight in the block would be different.  Sequencing of the assigned loads 
within a segment can be either random or deterministic.  A deterministic low-high-low 
sequence has been shown by Schijve [1970, 1972] to be very similar to random loading 
for a gust spectrum.  This sequence is also realistic for the combat maneuvering segments 
of fighter aircraft.  Thus, the low-high-low sequence is recommended if programmed 
sequencing is considered rather than random sequencing. 

c) After determination of all the mission stresses, simplifications are sometimes possible.  
Usually the stresses will be given in tabular form.  They will show an apparent 
variability.  For example, if an acceleration, n2, is exceeded 10,000 times, this will not 
result in the exceedance of 10,000 times of a certain stress level, since n2 causes a 
different stress in different missions or mission segments.  However, if a stress 
exceedance spectrum is established for the various missions on the basis of the tabular 
stress history, it may turn out that two different missions may have nearly the same stress 
spectrum.  In that case, the missions can be made equal for the purpose of crack-growth 
predictions. 

d) Placement of non-probabilistic load sources which occur a specified number of times in a 
flight is made on a deterministic basis.  One such method is to place them after a certain 
number of occurrences of the probabilistic loads.  This is reasonable for a random 
sequencing, however, if the sequencing has been low-high-low, then following the same 
method and placing these miscellaneous cycles in the proper location is suggested. 

While the above discussions were primarily directed toward development of wing loadings, 
similar methods are used to obtain the load sequencing for other parts of the aircraft.  Only the 
significant loading conditions will change. 

5.4.3 Application of Simplified Stress Sequences for Design Studies 

In the early design stage, not much is known about the anticipated stress histories.  An 
exceedance spectrum based on previous experience is usually available.  However, material 
selection may still have to be made, and operational stress levels may still have to be selected.  
Hence, it is impossible and premature to derive a detailed service life history as discussed in 
Section 5.4.2.  Yet, crack-growth calculations have to be made as part of the design trade-off 
studies.  The designer wants to know the effect of design stress, structural geometry, and material 
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selection with respect to possible compliance with the damage-tolerance criteria, and with 
respect to aircraft weight and cost.  Such studies can be made only if a reasonable service stress 
history is assumed.  The following example shows how much a history can be derived in a 
simple way, if it is to be used only for comparative calculations. 

 

EXAMPLE 5.4.2 Construction of a Simple Stress Sequence 

Consider the exceedance spectrum for 1,000 flights shown below.  Instead of selecting stress 
levels for the discretization, it is much more efficient in this case to select exceedances.  Since a 
large number of levels is not necessary in this stage, six levels were chosen in the example.  The 
procedure would remain the same if more levels were to be selected. 

1.E+00 1.E+01 1.E+02 1.E+03 1.E+04 1.E+05 1.E+06

S1
S2
S3
S4
S5
S6
L6
L5
L4
L3
L2
L1

The exceedances in the example were taken at 10 (in accordance with Section 5.4.2); 100; 1,000; 
10,000; 100,000; and 500,000 (in accordance with Section 5.4.2).  Vertical lines are drawn at 
these numbers, and the stepped approximation is 
made.  This leads to the positive excursion levels, 
S1-S6, and the negative excursion levels, L1-L6 , as 
shown below.  The stress levels and exceedances 
are given in columns 1 and 2 of the table; 
subtraction gives the number of occurrences in 
column 3. 

The highest stress level is likely to occur only 
once in the severest mission.  Therefore, a 
mission A spectrum is selected, as shown in 
column 4, in which S1 occurs once, and lower 
levels occur more frequently in accordance with 
the shape of the total spectrum.  In order to use all 
10 occurrences of level S1, it is necessary to have 
10 missions A in 1,000 flights.  The number of 
cycles used by 10 missions A is given in column 
5.  The occurrences from these missions are 
subtracted from the total number of occurrences (column 3) to give the occurrences in the 
remaining 990 flights (column 6). 

The next severest mission is likely to have one cycle of level S2.  Hence, the mission B spectrum 
in column 7 can be constructed in the same way as the mission A spectrum.  Since 60 cycles of 
S2  remain after mission A, mission B will occur 60 times in 1,000 flights.  The 60 missions B 
will use the cycles shown in column 8, and the cycles remaining for the remaining 930 flights are 
given in column 9. 
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Composite Mission A  Mission B  
1 

Level 
2 

Exceedances 
3 

Occurrence
s 

4 
Occurr. 

5 
10 x 

6 
Remain
(= 3-5) 

7 
Occurr. 

8 
60 x 

9 
Remain
(= 6-8) 

S1 10 10 1 10 -- -- -- -- 

S2 100 90 3 30 60 1 60 -- 

S3 1,000 900 15 150 750 3 180 570 

S4 10,000 9,000 48 480 8,520 17 1,020 7,500 

S5 100,000 90,000 300 3,000 87,000 200 12,000 75,000 

S6 500,000 400,000 1,900 19,000 381,000 1,500 90,000 291,000 

Composite Mission C  Mission D  
1 

Level 
  10 

Occurr. 
11 

570 x 
12 

Remain
(= 9-11) 

13 
Occurr. 

14 
360 x 

15 
Remain
(= 12-14) 

S1   -- -- -- -- -- -- 

S2   -- -- -- -- -- -- 

S3   1 570 -- -- -- -- 

S4   10 5,700 1,800 5 1,800 -- 

S5   100 57,000 18,000 50 18,000 -- 

S6   400 228,000 63,000 175 63,000 -- 

 

Level S3 will occur once in a mission C, which is constructed in column 10.  There remain 570 
cycles S3, so there will be 570 missions C.  These missions will use the cycles given in column 
11, and the remaining cycles are given in column 12.  

Mission Number of Times Repeat 
D 6 
B 1 
C 19 
B 1 
D 6 

Repeat 33 
times 

A 1  
 

There will be 10 missions A, 60 missions B, and 570 missions C in 1,000 flights, meaning that 
360 flights remain.  By dividing the remaining cycles in column 12 into 360 flights, a mission D 
spectrum is defined, as given in column 13.  Consequently, all cycles have been accounted for. 
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A mission mix has to be constructed now.  With mission A occurring 10 times per 1,000 flights, 
a 100-mission block could be selected.  However, a smaller block would be more efficient.  In 
the example, a 33-mission block can be conceived, as shown below.  After 3 repetitions of this 
block (99 flights) one mission A is applied. 

Mission Number of Times Repeat 
D 6 
B 1 
C 19 
B 1 
D 6 

Repeat 33 
times 

A 1  
 

The cycles in each mission are ordered in a low-high-low sequence.  The negative excursion L1-
L6 are accounted for by combining them with the positive excursions of the same frequency of 
occurrence:  L1 forms a cycle with S1, L2 with S2, etc.  

 

 

To arrive at the stresses an approximate procedure has to be followed also.  Given the flight 
duration, an acceleration spectrum (e.g., the 1,000 hours spectra given in MIL-A-8866B) can be 
converted approximately into a 1,000 flight spectrum.  Limit load will usually be at a known 
value of nz, e.g., 7.33g for a fighter or 2.5g for a transport.  As a result, the vertical axis of the 
acceleration diagram can be converted into a scale that gives exceedances as a fraction of limit 
load.  This is done in Figure 5.4.6 for the MIL-A-8866B spectra of Figure 5.4.2.  A comparison 
of these figures will clarify the procedure. 

Once the spectrum of the type of Figure 5.4.6 is established, design trade-off studies are easy.  
Selecting different materials or different design stress levels S1-S6 and L1-L6 can be determined 
and the flight-by-flight spectrum is ready.  Selection of a different design stress level results in a 
new set of S1-S6., and the calculations can be re-run. 
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Figure 5.4.6.  Approximate Stress Spectrum for 1000 Flights Based on MIL-A-8866B (USAF) 

 
This shows the versatility of the spectrum derivation shown in Example 5.4.2.  It is a result of 
choosing exceedances to arrive at the stepped approximation of the spectrum, which means that 
the cycle content is always the same.  If stress levels were selected instead, a change in spectrum 
shape or stress levels would always result in different cycle numbers.  In that case, the whole 
procedure to arrive at the spectrum in Example 5.4.2 would have to be repeated, and many more 
changes would have to be made to the computer program. 

Example 5.4.2 shows only a few levels.  The spectrum could be approximated by more levels 
and more missions could be designed, but the same procedure can be used.  In view of the 
comparative nature of the calculations in the early design stage, many more levels or missions 
are not really necessary. 

Note:  The stress history derived in this section is useful only for quick comparative calculations 
for trade-off studies. 

The stress history developed in Example 5.4.2 was applied to all the s spectra from MIL-A-
8866B (shown in Figure 5.4.6) to derive crack-growth curves.  These results will be discussed in 
Section 5.5.3. 
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5.5 Crack Growth Prediction 
The analysis procedure for crack-growth prediction requires the following steps: 

1. Find baseline crack growth data (Section 5.1) 

2. Select a retardation model; select and apply an integration routine (Section 5.2) 

3. Establish a stress history and mission mix (Section 5.4) 

4. Determine the stress-intensity factor (Section 11) 

Each of these steps was discussed in general terms in one of the foregoing sections.  However, 
there are some detail problems that need consideration.  These detail problems are the subject of 
Section 5.5. 

5.5.1 Cycle Definition and Sequencing 
In Section 5.2, the retardation phenomenon was discussed.  Retardation caused by high stress 
excursions can have a large effect on crack growth.  As a result, the sequence of low and high 
stresses can be critical.  Independent of retardation, however, there is another sequence effect 
that is related to the cycle definition necessary for a crack growth calculation. 

If a flight-by-flight stress history is developed for damage tolerance analysis or tests, it will be 
given as a sequence of load levels.  Each of the cases, a, b, c, and d in Figure 5.5.1, could be 
considered as a series of details in such a sequence.  Each case is a stress excursion of 8δ 
between levels A and B containing a dip of increasing size from a to d.  In case a, the dip might 
be so small that for practical purposes it can be neglected.  The cycle then can be considered as a 
single excursion with a range ∆K1 of size 8δ.  In cases b through d, the dips are too big to be 
neglected.  Normal crack growth calculations might consider each of these cases as a sequence of 
two excursions, for example case b would be made up of two excursions, one with a range ∆K2, 
the other with a range ∆K3, each of size 5δ. 

 
Figure 5.5.1.  Definition of Cycles 
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Table 5.5.1.  Calculation of Crack Growth For Figure 5.5.1 

Range Calculated Crack Growth (∆a) 
a ∆aa = C(∆K1)4 = C(8δ)4 = 4096 Cδ4 
b ∆ab = C(∆K2)4 + C(∆K3)4 = 2C(5δ)4 = 1250 Cδ4 
c ∆ac =  2C(6δ)4 = 2592 Cδ4 
d ∆ad =  2C(7.5δ)4 = 6328 Cδ4 

Range-Pair Calculated Crack Growth (∆a) 
a ∆aa = C(∆K1)4 = C(8δ)4 = 4096 Cδ4 
b ∆ab = C(∆K1)4 + C(∆K4)4 = C(8δ)4 + C(2δ)4 = 4112 Cδ4 
c ∆ac =  C(8δ)4 + C(4δ)4 = 4352 Cδ4 
d ∆ad =  C(8δ)4 + C(7δ)4 = 6497 Cδ4 

 

If the four cases were treated this way, the calculated crack extension based on range excursions 
would be as given Table 5.5.1, where, for simplicity, the crack growth equation is taken as da/dN 
= C(∆K)4 and the R ratio effect is ignored.  As indicated in this table, the damage estimates for 
cases b and c are considerably less than the crack damage estimated for case a.  This is very 
unlikely in practice, since the crack would see one excursion from A to B in each case.  
Therefore, cases b, c, and d should be more damaging than case a in view of the extra cycle due 
to the dip.  Although the effect of cycle ratio was neglected, the small influence of R could not 
account for the discrepancies. 

It seems more reasonable to treat each case as one excursion with a range of ∆K1 plus one 
excursion of a smaller range (e.g., ∆K4 in case b) which follows the philosophy of range-pair 
counting.  If this is done, the ranges considered would be as indicated by the dashed lines in 
Figure 5.5.1.  The crack growth calculation based on range-pair counting is shown at the bottom 
of Table 5.5.1, indicating an increasing amount of damage going from a to d. 

Another cycle definition is obtained by rainflow counting [VanDÿk, 1972; Dowling, 1972].  The 
method is illustrated in Figure 5.5.2.  While placing the graphical display of the stress history 
vertical, it is considered as a stack of roofs.  Rain is assumed to flow from each roof.  If it runs 
off the roof, it drips down the roof below, etc., with the exception that the rain does not continue 
on a roof that is already wet.  The range of the rain flow is considered the range of the stress.  
The ranges so obtained are indicated by AB, CD, etc., in Figure 5.5.2.  Figure 5.5.3 shows how 
cycle counting methods may affect a crack growth prediction. 

 

5.5.2 



Tensile Direction

 
Figure 5.5.2.  Rain Flow Count 

 

 

Figure 5.5.3.  Calculated Crack Growth Curves for Random Flight-by-Flight Fighter Spectrum 
[VanDÿk, 1972] 

Several other counting methods exist, and they are reviewed in Schijve [1963] and VanDÿk 
[1972].  Counting methods were originally developed to count measured load histories for 
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establishing an exceedance diagram.  Therefore, the opinions expressed in the literature on the 
usefulness of the various counting procedures should be considered in that light.  The counting 
procedure giving the best representation of a spectrum need not necessarily be the best descriptor 
of fatigue behavior. 

It is argued that ranges are more important to fatigue behavior than load peaks.  On this basis, the 
so-called range-pair count and the rainflow count are considered the most suitable.  However, no 
crack growth experiments were ever reported to prove this. 

The use of counting procedures in crack growth prediction is an entirely new application.  An 
experimental program is required for a definitive evaluation.  Calculated crack growth curves 
show that the difference in crack growth life may be on the order of 25-30 percent.  It should be 
noted that counting is not as essential when the loads are sequenced low-high-low in each flight.  
The increasing ranges automatically produce an effect similar to counting.   

For the time being, it seems that a cycle count will give the best representation of fatigue 
behavior.  Therefore, it is recommended that cycle counting per flight be used for crack growth 
predictions of random sequences.  Care should be taken that the stress ranges are sequenced 
properly to avoid different interaction effects (note that Kmax determines retardation and not ∆K).  
As an example, consider again Figure 5.5.2.  The proper sequence for integration is:  CD, GH, 
KL, EF, AB, PQ, MN.  In this way, the maximum stress intensity (at B) occurs at the proper time 
with respect to its retardation effect, and the maximum stress-intensity of cycle AB will cause 
retardation for cycles PQ and MN only. 

5.5.2 Clipping 
Apart from the sequencing problems addressed in the previous section, there is a sequence 
problem associated with retardation.  In Section 5.4, it was pointed out that sequencing of 
deterministic loads should be done in accordance with service practice; probabilistic loads can be 
sequenced randomly, but a low-high-low order per flight is acceptable.  This can be concluded 
from data of the type presented in Figure 5.2.5. 

The sequencing effect due to retardation is largely dependent on the ratio between the highest 
and lowest loads in the spectrum and their frequency of occurrence.  As a result, it will depend 
upon spectrum shape.  Compare, for example, the fighter spectrum with the transport spectrum in 
Figure 5.4.6.  The relatively few high loads in the transport spectrum may cause a more 
significant retardation effect than the many high loads in the fighter spectrum. 

The selection of the highest loads in the load history is critical to obtain a reliable crack growth 
prediction.  It was argued in Section 5.4 that it is not realistic to include loads that occur less 
frequently than about 10 times in 1,000 flights, because some aircraft in the force may not see 
these high loads.  This means that the spectrum is clipped at 10 exceedances.  No load cycles are 
omitted.  Only those higher than the clipping level are reduced in magnitude to the clipping level.  
The effect of clipping on retardation and crack growth life was illustrated in Figure 5.2.4. 

The question remains whether proper selection of a realistic clipping level is as important for a 
crack-growth prediction as it is for an experiment.  In this respect, it is important to know which 
retardation model is the most sensitive to clipping level.  As pointed out above, the sensitivity 
may also depend upon spectrum shape.  The effects can be determined by running crack growth 
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calculations for different clipping levels, different spectrum shapes, and with two retardation 
models. 

Calculations were made for the six spectra shown in Figure 5.4.6, by using the flight-by-flight 
history developed in Example 5.4.2.  The cycles in each flight were ordered in a low-high-low 
sequence.  Figure 5.5.4 shows the crack growth curves for the full spectra using the Willenborg 
model, and Figure 5.5.5 shows the curves using the Wheeler model.  The crack configuration 
was a corner crack from a hole, as indicated in the figures.  A limit load stress of 35 ksi was used 
for all spectra, and the material was 2024-T3 aluminum. 

 
Figure 5.5.4.  Spectrum Fatigue Crack Growth Behavior Willenborg Retardation Model 
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Figure 5.5.5.  Spectrum Fatigue Crack Growth Behavior Wheeler Retardation Model  

Subsequently, four significantly different spectra (A, B, C, and E) were selected.  Crack growth 
curves were calculated using the clipping levels S2, S3, S4, and S5 in Example 5.4.2.  The 
resulting crack growth curves for one spectrum are presented in Figure 5.5.6.  Also shown is a 
curve for a linear analysis (no retardation).  The crack growth life results for all spectra are 
summarized as a function of clipping level in Figure 5.5.7.  Test data for gust spectrum 
truncation are also shown.  Some characteristic numbers are tabulated in Table 5.5.2 for the four 
spectra as a function of crack growth model. 
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Figure 5.5.6.  Effect of Clipping Level on Calculated Crack Growth for Spectrum B-Trainer 
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Table 5.5.2.  Characteristic Value for the Four Spectra of Figure 5.5.6 

Retardation Life (Flights) Symbol Spectrum Linear 
Analysis 
(Flights) Willenborg Fully 

Retarded 
Wheeler  
m = 2.3 

A ▲  Willenborg 
∆ Wheeler 

Fighter 270 4,900 2,100 

B ●  Willenborg 
○  Wheeler 

Trainer 460 14,200 7,900 

C ■  Willenborg 
□  Wheeler 

B-1 Class 
Bomber 

140 700 700 

D ▼Willenborg 
▽  Wheeler 

C Transport 1,270 6,700 11,600 

 

 
Figure 5.5.7.  Effect of Clipping for Various Spectra 
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Figures 5.5.4 through 5.5.7 allow the following observations: 

• The two retardation models predict largely different crack growth lives for all spectra, 
except C.  The differences are not systematic.  Since there are no test data for 
comparison, the correct answers are not known. 

• With one exception, the two models essentially predict the same trend with respect to 
clipping levels.  This shows that they both have equal capability to treat retardation. 

• The steep spectra (fighter, trainer) are somewhat more sensitive to clipping level.  
Apparently, the damage of the high cycles outweighs their retardation effect. 

• With extreme clipping, the analysis attains more the character of a linear analysis, 
indicating that the largest amount of damage in the linear analysis comes from the large 
number of smaller amplitude cycles. 

• Bringing the clipping level down from 10 exceedances per 1,000 flights (top data points 
in Figure 5.5.7) to 100 exceedances per 1,000 flights (second row of data points in Figure 
5.5.7) reduces the life by only 15 percent or less for all spectra. 

In addition, crack growth calculations were made to re-predict the gust spectrum test data shown 
in Figure 5.5.7.  The results are presented in Figure 5.5.8 where the calculated results are shown 
to be very conservative.  However, with one exception, they would all fall within the scatter-
band of Figure 5.2.4.  The baseline data used were worst case upper-bound da/dN data.  This can 
easily account for a factor of two in growth rates.  If the growth rates were reduced by a factor of 
two, the calculations would be very close to the test data (dashed line in Figure 5.5.8). 

 
Figure 5.5.8.  Calculated and Experimental Data for Gust Spectrum Clipping [Schijve, 1970; 

1972] 
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One important thing has been disregarded so far.  As shown in Figure 5.2.1, compressive stresses 
reduce retardation (compare curves B and C).  Omission of the ground-air-ground (GAG) cycle 
in the experiments by Schijve (1970) shown in Figure 5.5.8 increased the life by almost 80 
percent.  Apart from the GAG cycle, there are other compressive stresses in the spectrum.  All 
compressive stress effects were ignored in the crack growth calculations with the retardation 
models used for this analysis. 

The top clipping level in Figure 5.5.8 is at 5 exceedances per 1,000 flights, the second level is at 
13 exceedances per 1,000 flights.  From these results and Figure 5.5.7, it appears that an 
exceedance level of 10 times per 1,000 flights will combine reasonable conservatism with a 
realistically high clipping level.  This supports the arguments given previously to select the 
clipping level at 10 exceedances per 1,000 flights for both calculations and experiments.  The 
effect of clipping level should be calculated for a small number of representative cases to show 
the degree of conservatism. 

5.5.3 Truncation 
Truncation of the lower load levels is important for the efficiency of crack growth calculations.  
Truncation means that cycles below a certain magnitude are simply omitted.  The argument is 
that low stress excursions do not contribute much to crack growth, especially in view of the 
retardation effect.  Since there are so many cycles of low amplitude, their omission would speed 
up experiments and crack growth calculations. 

Figure 5.5.9 shows some experimental data regarding the effect of truncation.  The lowest load 
levels of a complete stress history were simply omitted, without a correction of the stress history.  
These data might be somewhat misleading, because truncation was not carried out properly.  
Figure 5.5.10 shows the improper and the correct procedure for truncation. 

 
Figure 5.5.9.  Effect of Lowest Stress Amplitude in Flight-by-Flight Tests Based on Gust 

Spectrum [Schijve 1970; 1972 ] 
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The left half of Figure 5.5.10 illustrates the truncation procedure used for the experiments in 
Figure 5.5.9.  In the example, the 580,000 cycles of level S8 would simply be omitted, thus 
reducing the total cycle content from 700,000 to 120,000.  Proper truncation requires that the 
lower spectrum approximation step be reconstructed, as indicated in the right half of Figure 
5.5.10.  The hatched areas in the figure should be made equal.  This means that the number of S7 
cycles would increase from 80,000 to 260,000, and the total cycle content would be reduced 
from 700,000 to 300,000.  This increase of 180,000 cycles of S7 would be substituted for 580,000 
cycles of S8.  In this way, the effects of lower level truncation are less than suggested by the 
experimental data in Figure 5.5.9. 

 

Improper Truncation  Correct Truncation 
Level Exceedances Occurrences  Level Exceedances Occurrences 

S1 10 10  S1 10 10 
S2 100 90  S2 100 90 
S3 600 500  S3 600 500 
S4 2,000 1,400  S4 2,000 1,400 
S5 8,000 6,000  S5 8,000 6,000 
S6 40,000 32,000  S6 40,000 32,000 
S7 120,000 80,000  S7 300,000 260,000 
S8 700,000 580,000     

 

Figure 5.5.10.  Improper and Correct Truncation 

In Section 5.4 it was recommended that the truncation level be selected at 105 - 5x105 
exceedances per 1,000 flights, depending upon how steep the exceedance curve is at its extreme 
point.  That recommendation is reiterated here. 
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5.5.4 Crack Shape 

The most common crack shape in crack growth analysis is the quarter-circular corner flaw at the 
edge of a hole.  Stress-intensity factor solutions for this case are presented in Section 11.  For use 
in crack growth analysis, these solutions present some additional problems.  The stress-intensity 
factor varies along the periphery of the crack.  Since crack growth is a function of the stress-
intensity factor, crack extension also will vary along the crack front.  If this is accounted for in a 
calculation, the flaw shape at a hole changes from quarter-circular to quarter-elliptical. 

For the calculation, it would be sufficient to include two points of the crack front, e.g., the crack 
tip at the surface and the crack tip at the edge of the hole.  The stress-intensity factor is calculated 
at these points, and the amount of crack growth determined.  There will be a different amount of 
growth along the surface than along the edge of the hole.  For an initially quarter-circular crack 
of size ai, the new crack will have a size ai+∆as along the surface, and a size ai+∆ah along the 
hole.  For the next crack growth increment the crack may be considered a quarter-elliptical flaw 
with semi-axes ai+∆as, and ai+∆ah. 

There are three reasons why the above procedure may not give the accuracy expected for crack 
growth life estimating: 

• The variation of stress-intensity factor along a corner flaw front at the edge of a hole is 
not accurately known. 

• The differences in stress-intensity factor cause differences in growth and flaw shape 
development.  If this is so, the difference in crack growth properties in the two directions 
(anisotropy) should be accounted for too. 

• The differences in growth rates and stress-intensity factor levels also give different 
retardation effects. 

When the flaw size becomes equal to the plate thickness, the flaw will become a through-
thickness-crack with a curved front for which stress-intensity solutions are readily available.  
Cracks usually have a tendency to quickly become normal-through-thickness cracks once they 
reach the free surface (Figure 5.5.11).  Therefore, it is recommended to conservatively assume 
the crack to become a normal-through-thickness-crack of a size equal to the thickness 
immediately after it reaches the free surface (a = B, Figure 5.5.11). 
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Figure 5.5.11.  Development of Flaws 

5.5.5 Interaction of Cracks 

For the initial flaw assumptions, JSSG-2006 paragraph A3.12.1 states: “Only one initial flaw in 
the most critical hole and one initial flaw at a location other than a hole need be assumed to exist 
in any structural element.  Interaction between these assumed initial flaws need not be 
considered.”  Obviously, interaction between these cracks can be disregarded because these 
cracks are not assumed to occur simultaneously, although each of them may occur separately.  
However, more than one initial flaw may occur if due to fabrication and assembly operations two 
or more adjacent elements can contain the same initial damage at the same location.  Note that 
each of the adjacent elements has only one flaw. JSSG-2006 paragraph A3.12.1 further states: 
“For multiple and adjacent elements, the initial flaws need not be situated at the same location, 
except for structural elements where fabrication and assembly operations are conducted such that 
flaws in two or more elements can exist at the same location.” 
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The previous statement that interaction between assumed initial flaws need not be considered is 
not repeated here because these cracks will interact as they occur simultaneously.  In principle, 
the damage tolerance calculation should consider this interaction.  However, a rigorous treatment 
of this problem is prohibitive in most cases.  Consider, e.g., a skin with a reinforcement as in 
Figure 5.5.12.  Because of assembly drilling, both holes should be assumed flawed (Figure 
5.5.12a).  If both elements carry the same stress, there will be hardly any load transfer initially.  
Hence, the stress intensities for both flaws will be equal, implying that initially both will grow at 
the same rate. 

If the two cracks continue to grow simultaneously in a dependent manner, their stress-intensity 
factors (K) will eventually be different (e.g., K of the reinforcement would increase faster if only 
for the finite size effect).  This means that in a given cycle the rate of growth would be different 
for the two cracks resulting in different crack sizes.  Since it cannot be foreseen prior how the 
crack sizes in the two members develop, it would be necessary to develop K-solutions for a range 
of crack sizes and a range of crack size ratios in the two members. 
 

 
Figure 5.5.12.  Interaction of Cracks 
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EXAMPLE 5.5.1: Interacting Cracks 

Assume the crack size in the skin is as, the crack size in the reinforcement ar.  For a given value 
of ar, the K for the skin crack would be calculated as a function of as.  This calculation would be 
repeated for a range of ar sizes.  The same would be done for the reinforcement crack and a 
range of as values.  For any given combination of ar and as, the two stress-intensity factors then 
can be found by interpolation. 

 

 

Although the consequences of crack interaction should be evaluated, routine calculations may be 
run without interaction of cracks [Smith, et al., 1975; Smith, 1974].  Obviously, the calculation 
procedure is much simpler if interaction can be ignored.  However, the procedure may give 
unconservative results. 

If either element remained uncracked, the stress-intensity factor in the cracked element would be 
much lower because there would be load transferred from the cracked element to the uncracked 
element.  Obviously, the stress-intensity factor in the cracked skin of Example 5.5.1 would be the 
lowest.  The cracks could be grown as if the other element was uncracked and crack growth 
would be slower. 

Finally, the reinforcement could be totally cracked.  Interaction must be taken into account, i.e., 
the crack in the skin would be treated now for the case of a failed reinforced panel (e.g., stringer 
reinforced structure with middle stringer failed). 

This means that two analysis have to be made for a K-determination, one with the reinforcement 
uncracked, one with the reinforcement failed.  If the two independent crack growth analyses 
show that the reinforcement has failed, the analysis of the skin is changed appropriately. 
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Section 6 
Examples of Damage Tolerant Analyses 
The basic ingredients for damage tolerance analysis are the residual strength calculation and the 
crack growth prediction.  These two subjects were dealt with in two previous sections.  This 
section will show how crack growth and residual strength analysis are combined in a damage 
tolerance analysis of an actual structure in the various stages of design.  Guidelines will be given 
on how to demonstrate compliance with the Airplane Damage Tolerance Design Requirements 
of JSSG-2006.  The various options to qualify a structure will be reviewed. 

In the next subsection, the general scheme for a damage-tolerance analysis will be given in the 
form of a stepwise procedure.  Thereafter the option of inspectable versus non-inspectable 
qualification will be considered; the advantages and disadvantages of each will be summarized.  
Then an example will be given to show the consequences of selecting a certain qualification 
option.  Finally, a number of example problems will be presented to illustrate the application of 
damage-tolerance analysis. 
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6.1 Damage Tolerance Analysis Procedure 
For intact structure the analysis procedures for Slow Crack Growth and Fail Safe structure are 
essentially the same.  An initial flaw is assumed and its growth is analyzed until failure of the 
member or load path occurs (or instability and arrest in Fail Safe Crack Arrest structure). 

For intact structure, there are two options for the qualification of each type of structure: depot-
level inspectable or non-inspectable.  The differences are in the assumed initial flaws and the 
required crack growth life to instability.  These requirements are explained in detail in Section 
1.3. 

After load path failure (or instability and arrest), the damage will be of sufficient size to afford 
more frequent inspection.  As a result, there are more options for qualification of the structure 
with remaining structure damage depending upon the inspectability of the remaining structure 
damage.  The options are: flight evident, ground evident, walkaround visual, special visual, and 
depot level.  The required crack-growth life with remaining structure damage present depends 
upon the inspection interval, which increases from one (1) flight to ¼ lifetime.  Obviously, these 
requirements do not apply to slow crack growth structure. 

Crack arrest can only occur if there is load transfer from the cracked part to other members (e.g., 
separate member or reinforcements in the case of Fail Safe structure).  However, load transfer 
does not automatically classify a structure as Fail Safe structure.  Only if such load transfer can 
be shown to give crack arrest, and if the remaining structure requirements can also be met, can 
the structure be qualified as Fail Safe structure.  In all other cases the structure is considered as 
Slow Crack Growth structure and should be qualified on the basis of Slow Crack Growth  
requirements. 

The crack growth analysis for all types of structures requires the following steps: 

Step 1. Determine the stress-intensity factor (K) as a function of crack size for each member 
involved.  Possible load transfer must be considered, because it may affect K and this 
crack growth.  (See Section 11). 

Step 2. Obtain or derive the stress history for the location under consideration.  (See Section 5). 

Step 3. Obtain baseline crack-growth data (da/dN as a function of ∆K and R) for all the 
materials involved, e.g., the skin and the reinforcement members might be fabricated 
from different materials.  (Section 7 summarizes data collection programs). 

Step 4. Using the results of Steps, 1, 2, and 3, calculate the crack-growth curve for each element, 
using one of the retardation models described in Section 5.  Start with a 0.05 inch flaw.  
The result will be as shown schematically in Figure 6.1.1. 
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Figure 6.1.1.  Diagrammatic Crack Growth Curve (SCG = Slow Crack Growth, FS = Fail Safe) 

Step 5. By using the results of the residual strength analysis (Section 4), plot the critical (first 
instability) crack sizes, aDMC and aLTC , for depot level inspectability (fail safe load 
PDM) and non-inspectable (fail safe load PLT).  These are shown in Figure 6.1.1.   
NOTE:  Since PDM (and PLT) differ for slow crack growth and for fail safe categorized 
structure, four critical crack sizes may have to be considered. 

Step 6. For slow crack growth structure, check Figure 6.1.1 to determine: 
I. whether BD is equal to or greater than 2 design lifetimes. 
II. whether CE (or C’E) is equal to or greater than ½ design lifetime. 
If only I is satisfied, the structure is qualified as slow crack growth, non-inspectable.  If 
only II is satisfied, the structure is qualified as slow crack growth, depot level 
inspectable structure.  If both I and II are satisfied, it is optional to qualify the structure 
as non-inspectable, or inspectable.  It should be qualified as non-inspectable to avoid 
costly inspections.  If neither I nor II is satisfied, there are three options: 
• redesign or lower stress levels until either I or II is satisfied. 
• make the structure dismountable and require a special non-destructive inspection.  

In that case the post-inspection flaw may be assumed 0.05-inch instead of 0.25-inch.  
Then BE should be equal to ½ lifetime for qualification as slow crack growth, 
depot level inspectable structure. 

• demonstrate that cracks smaller than 0.25-inch can normally be detected, and show 
that crack growth from this size to critical covers ½ lifetime for qualification as 
slow crack growth, depot level inspectable structure. 

To check for potential qualification as Fail Safe structure continue with the following steps: 

Step 7. Check (Figure 6.1.1) to determine: 

I. whether AF is equal to or greater than 1 design lifetime. 
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II. whether CG (or C’G) is equal to or greater than ¼ design lifetime. 

If either or both of the two conditions are satisfied the structure might qualify as fail 
safe structure with the same possibilities as in Step 6.  However, classification still 
depends upon the following steps.  If neither condition is satisfied, either redesign or 
reduce stress levels.  (Note that the structure would certainly not satisfy Slow Crack 
Growth requirements.) 

Step 8. Determine the size of the arrested crack from the residual strength analysis (Section 4). 

Step 9. Determine the remaining structure damage as specified in JSSG-2006, the Airplane 
Damage Tolerance Requirements.  First calculate the stress-intensity factor as a 
function of crack size.  The growth of this damage is calculated in the same way as that 
of the initial damage following Steps 1 through 4. 

• for independent structure, a flaw of 0.005 inch should be assumed in the adjacent 
(uncracked) member.  The remaining structure damage is of the size to which this 
flaw has grown prior to instability and arrest or member failure. 

• two adjacent members in Fail Safe dependent structure have a common source of 
cracking, so that both have a 0.02 inch initial flaw.  If one member fails, the 
remaining structure damage in the adjacent member is obviously of the size to 
which the 0.02-inch initial flaw has grown prior to instability of the crack in the 
first member. 

• in Fail Safe structure, the crack may arrest in a hole.  In that case the remaining 
structure damage is simply a 0.005 inch flaw at the other side of the hole, plus its 
growth prior to instability.  If the crack does not arrest in a hole, remaining structure 
damage has to be mutually agreed upon by the USAF and the contractor. 

Step 10. Determine the total damage size by combining the results of Steps 8 and 9.  Determine 
the stress-intensity factor of this damage as a function of its further growth. 

Step 11. Calculate the post-arrest crack propagation curve, using the stress-intensity factors 
determined in Step 10 and follow the same procedure as in Steps 2, 3, and 4. 

Step 12. By using the results of the residual strength analysis (Section 4) plot the critical crack 
size for the applicable level of remaining structure inspectability; five levels are 
available.  If the life satisfied the requirement for the selected inspection, the structure 
qualifies as Fail Safe structure provided that the residual strength of the remaining 
structure at the moment of arrest is adequate.  If neither of these requirements is met, 
the structure does not qualify.  In that case, there are two options: 

• redesign (e.g., detail design of adjacent structure) or lower stress level. 

• try to qualify the structure as Slow Crack Growth  structure by following Steps 1 
through 6 (larger initial flaw sizes and longer crack lives are specified in that case). 

The following example illustrates, in a much simplified example, the interaction of these 
decisions and some of the information which can be obtained from the basic crack growth 
analysis.  This example is illustrative only and many of the simplifying assumptions would not 
be valid for actual design purposes. 
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A Simplified Example 

It is not immediately obvious whether it is always advantageous to qualify a structure as non-
inspectable.  This subsection intends to illustrate in which cases higher design stresses can be 
allowed if the non-inspectable qualification is selected, and in which cases an inspectable 
qualification would allow higher design stresses.  Subsequently, the other advantages and 
disadvantages of the two cases will be briefly considered. 

For Slow Crack Growth structure the required crack-growth life for the non-inspectable case (2 
lives from 0.05 inch to critical) is on the order of four times the required life for depot level 
inspectability (1/2 lifetime from 0.25 to critical).  The same holds for Fail Safe structure (1 
lifetime from 0.05-inch to critical, and ¼ lifetime from 0.25 to critical). 

Crack-growth curves usually show a sharp rise towards the end of the life.  This raises the 
question whether the structure would not always qualify as non-inspectable if it qualifies as 
depot level inspectable.  For example, in Figure 6.1.1, if CG covers ¼ lifetime would not AF be 
at least 1 life; and similarly if CE covers ½ life would not BE at least cover 2 lives?  If this were 
so, a depot-level inspectable structure would always qualify as non-inspectable.  (A non-
inspectable structure would not always qualify as depot level inspectable, however.)  Then the 
inspectable case would be superfluous, since the non-inspectable qualification would always 
permit the higher design stress. 

If the initial damage of 0.05 inch consists of through cracks in skin panels, it can easily be shown 
that the crack-growth life from initial flaw size to failure is always more than four times the life 
from 0.25 inch (through crack) to failure.  However, this does not hold for the case of cracks at 
holes.  In the following example, an approximate derivation shows in which cases depot-level 
inspectable qualification would allow higher stresses than non-inspectable structure, and vice 
versa.  It should be emphasized that this example is only an approximation.  The results should 
not be used as a basis for design; each new structure should be considered as a separate case, and 
be analyzed as such. 

The stress-intensity factor for a cracked hole can be given as:  

 aK πβσ=  

 For simplicity, a fourth power law for crack growth is assumed:  

 ( )4KC
dN
da ∆φ=  

where φ is an arbitrary retardation factor, used as an average for the whole spectrum (it would be 
different for different spectra, but this is irrelevant since φ will disappear during the derivation).  
The growth rate can be integrated to give the crack-growth life as: 
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In this equation, ai is the initial flaw size, ac is the critical crack size, and β is a function of crack 
length and hole diameter.  For the non-hole case where β was independent of crack length (for 
simplicity assume β = 1), it would follow that: 
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where the subscript LT refers to the non-inspectable case, and DM refers to the depot-level 
inspectable case. 
Using the proper function for β  for a radial crack at a hole, Equation 6.1.1 was evaluated to give 
the equivalent of Equation 6.1.3.  For Slow Crack Growth structures, aiLT = 0.05-inch and aiDM = 
0.25 inch.  The critical cracks acLT and acDM were taken equal, because the last part of the crack-
growth curve is very steep, (i.e., the difference in life would only be small if acLT ≠ acDM).  For 
Fail Safe structures, aiLT = 0.25 inch.  Also here acLT and acDM were taken equal. 
On the basis of these numbers, the equations were numerically evaluated as a function of the 
critical crack size (ac) for various hole sizes.  The results are shown in Figures 6.1.2 for Slow 
Crack Growth and 6.1.3 for Fail Safe.  The abscissa gives ac ; it could be converted into KIc (or 
Kc) since  
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Figure 6.1.2.  Design Curve for Slow Crack Growth Structure 

For cracks at holes, the ratio NLT/NDM becomes smaller than 4 above a certain value of ac (when 
the material has a sufficiently high toughness).  The larger the hole diameter, the smaller the 
crack size at which NLT/NDM<4.  In view of the small initial crack size (more life is spent in crack 
growth to 0.25 inch) these numbers are somewhat larger for Fail Safe structures (Figure 6.1.3). 
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Figure 6.1.3.  Design Curve for Fail Safe Structure 

In the regime NLT/NDM > 4, it is easier to qualify the structure as non-inspectable.  If the total life 
from ai to ac just covers two lifetimes (1 life for Fail Safe structure, the life from 0.25 to ac will 
fall short of ½ life (¼ life for Fail Safe structure).  The crack-growth life might be so long that it 
still qualifies as both inspectable and non-inspectable.  That means that the structure is oversized. 

As an example, consider a Slow Crack Growth structure with ac = 0.35-inch and D = 0.2-inch.  
According to Figure 6.1.2 this would have NLT/NDM ≈ 6.  For the structure to qualify as depot-
level inspectable, NDM  has to be at least ½ life.  Then NLT would be at least 3 lives (NLT/NDM  = 6), 
whereas 2 lives would be adequate to qualify as non-inspectable.  If crack-growth is assumed 
approximately inversely proportional to σ4 (since da/dN = C∆K4) the design stress could be 
increased by a factor of (3/2)1/4 ≈ 1.11.  The structure would still qualify as Slow Crack Growth, 
non-inspectable, but not any more as depot-level inspectable (NDM would only be 1/3 life). 

On the other hand, if the toughness were high enough to give ac = 0.75 inch, an inspectable 
structure could be designed to a higher stress.  For D = 0.2 inch, the ratio NLT/NDM  would be on 
the order of 2.5 (Figure 6.1.2).  If NLT would still be equal to 2 lives, then NDM would be 2/2.5 = 
0.8 life.  In order to qualify for depot-level inspectability, the stress could be raised by a factor of 
(0.8/0.5)1/4 = 1.12.  In that case, NDM would be ½ life, but NLT would only be 2.5 x 0.5 = 1.25 
lives.  Hence, qualification as non-inspectable would require 12 percent lower stress than 
qualification as depot-level inspectable. 

Similar examples can be given for Fail Safe structure.  The smaller initial crack sizes work 
slightly in favor of the non-inspectable qualification.  It should be borne in mind, however, that 
the primary crack-growth requirements here may not be decisive for the design, because the 
remaining structure damage requirements have to be met also. 

As might be expected, longer critical crack sizes favor qualification as depot-level inspectable at 
higher allowable stresses than qualification as non-inspectable.  Longer critical crack sizes are 
also beneficial for the total crack-growth life.  Therefore, qualification as non-inspectable is 
more easily attainable with high toughness materials. 

A depot-level inspectable structure has advantages and disadvantages.  Safety is ensured by 
sufficiently slow growth of cracks of inspectable sizes (large critical crack size) and by periodic 
inspections.  However, the necessity of inspection is a burden to the operator, and it may make 
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the design less attractive.  Besides, safety does depend on the adequacy of inspections.  If a crack 
is not detected in a timely manner, failure will still occur. 

Non-inspectable structures will generally be somewhat heavier.  Safety is ensured by a 
sufficiently long crack-growth life.  The inadequacies and deficiencies of the damage tolerance 
analysis (which are the same as for inspectable structure) are not partly compensated by periodic 
inspections.  If the crack growth analysis would be a factor 2 in error, a catastrophic failure 
might still occur within one lifetime.  This could be prevented if the structure were inspectable. 

The latter considerations are less applicable to Fail Safe structures.  Their safety is ensured by 
adequate remaining structure damage behavior, and by the fact that the large damage after load 
path failure (or instability and arrest) is easier to detect.  Consequently, pre-instability 
requirements can be less stringent, and are more of economical significance than in the case of 
Slow Crack Growth structure. 



6.2 Damage Development And Progression 
Fatigue-crack-growth prediction is complicated by the assumptions that have to be made for the 
progression of damage through the structure (continuing damage and remaining structure 
damage).  These damage assumptions are specified in JSSG-2006 Table XXX and will not be 
repeated here.  This section will discuss interpretation of these requirements through a series of 
three examples of increasing complexity.  The examples pertain to a Slow Crack Growth 
component, a Multiple Load Path Dependent, Fail Safe structure, and a Crack Arrest, Fail Safe 
structure, in this order.  They are illustrations of the analysis procedure.  No general rules can be 
given. 

6.2.1 Slow Crack Growth Structure 
The first example is a heavy-section spar cap (Figure 6.2.1a).  The spar cap will be treated as 
Slow Crack Growth structure.  The initial flaw has to be assumed at the most critical location.  
Assume that this is location A (Figure 6.2.1a).  Due to assembly drilling the skin is assumed to 
be flawed also.  If there is load transfer from the cracked spar cap to the skin, it should be taken 
into consideration.  The damage development for the spar cap is shown schematically in Figure 
6.2.1b, the change of the stress-intensity factor is shown schematically in Figure 6.2.1c. 

 

 
Figure 6.2.1.  Damage Development in Slow Crack Growth Structure 

Crack 1 starts as a 0.05 inch crack.  It grows until the remaining ligament fails at K = KIc.  The 
continuing damage is a 0.005 inch flaw at the other side of the hole (point B).  Its prior growth 
need not be considered, since the primary damage terminated by ligament failure (JSSG-2006 
paragraph A3.12.1e).  Hence, it may be assumed to have been stationary thus far. 
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At ligament failure, crack 2 is suddenly introduced and the stress-intensity factor is determined 
by the total damage size, consisting of the failed ligament, the hole, and a 0.005 inch crack.  This 
damage grows to failure by the growth of crack 2. 

Now consider the case that B is the critical location (Figure 6.2.1a).  In that case, crack 1 would 
be absent (ligament intact), but crack 2 would start at 0.05 inch (dashed lines in Figure 6.2.1b,c).  
Due to the absence of crack 1 it will grow slower. 

Now assume that C is the most critical location.  This case is depicted in Figure 6.2.1d, e.  Crack 
3 will start as a 0.05 inch crack, and terminates in the next hole.  Continuing damage is a 0.005-
inch crack at the other side of the hole, plus its prior growth, ∆a, must be assumed (JSSG-2006 
paragraph A3.12.1e).  Contrary to the previous case, the 0.005 inch crack was growing 
previously.  Its independent growth, ∆a, has to be calculated.  Due to this previous growth there 
is an increase of K.  When crack 3 terminated in the next hole the stress-intensity factor of crack 
4 jumps, because crack 3 and 4 together now constitute the total damage.  Therefore, the growth 
of crack 4 will be much faster than before. 

6.2.2 Multiple Load Path, Fail Safe Structure 
The second example is academic, but illustrative.  It is a multiple load path dependent beam 
consisting of members A, B, C (Figure 6.2.2a).  Assume that crack 1 is the critical crack.  (If the 
critical location was at the other side of the hole, damage development would be similar as in 
Figure 6.2.2).  Due to assembly drilling the two members, A and B should both be assumed 
flawed.  The damage development is shown in Figure 6.2.2b, c. 

 
Figure 6.2.2.  Damage Development in Multiple Load Path, Fail Safe Structure 
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Cracks 1 and 2 both start as 0.05 inch flaws.  Crack 1 is assumed to grow faster, and when K = 
KIc rapid crack propagation (instability) will occur at which point member A is assumed failed.  
Remaining structure damage has to be assumed in the adjacent member (crack in member C).  It 
is a 0.005 inch crack plus its prior growth, ∆a. 

Due to member failure the stress-intensity factors of all cracks will show a jump.  Therefore, 
cracks 2 and 3 will grow much faster than before:  Final failure will occur when the stress-
intensity factor (K) of crack 3 reaches KIc, or when K of crack 2 reaches Kc, whichever occurs 
first.  (It is assumed that plane stress prevails in the thin member B).  The period between failure 
of member A and final failure (indicated by t in Figure 6.2.2c) has to be adequate for one of the 
options of remaining structure damage inspection.  Otherwise, the structure would not qualify as 
Multiple Load Path, Fail Safe structure. 

6.2.3 Crack Arrest, Fail Safe Structure 
The last example is Crack Arrest Fail Safe structure consisting of a skin with tear straps, as 
shown in Figure 6.2.3a.  Due to assembly drilling, skin, tear strap and shear clip are assumed to 
have  0.02 inch corner flaws, giving rise to cracks 1, 2, and 3.  Damage development is shown in 
Figure 6.2.3b.  Stress-intensity factor (K) development is shown in Figure 6.2.3c.  Corresponding 
points on the flights axes are indicated by A, B, C, and D. 

 
Figure 6.2.3.  Damage Development in Crack Arrest Fail Safe Structure 
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First consider cracks 2 and 4 in the tear strap.  When crack 2 terminates due to ligament failure, 
the continuing damage is a 0.005 inch crack 4 without prior growth.  From point A onwards, 
growth of crack 4 will be rapid until the tear strap fails. 

The independent previous growth of crack 1 was slow.  However, upon tear strap failure there 
will be load transfer from the cracked tear strap to the skin.  Consequently, there will be a sudden 
increase of the stress-intensity factor of the skin crack resulting in accelerated growth.  When K 
of the skin crack reaches Kc, instability (rapid crack growth) will occur, and the crack will run to 
the left tear strap.  Due to load transfer from the skin to the tear strap, K will drop (point C), and 
the instable crack will be arrested at the tear strap. 

Subsequent damage development is strongly dependent upon remaining structure damage 
assumptions (which may be mutually agreed upon by the USAF and the contractor).  In this 
particular example, the most logical damage would be a 0.005 inch crack at both 5 and 6 (only 
prior growth of 5 should be considered).  At the moment of instability of crack 1, the shear clip 
will most likely be failed, because it was cracked already.  Hence, there will be little load transfer 
to the frame.  Therefore, it is most likely that crack 6 becomes unstable immediately in conjunction 
with crack 1, so that the skin crack would be from the left to the right tear strap.  This case would 
be as in JSSG-2006 paragraph A3.12.1d.  (A two-bay crack with the central strap failed).  It is 
questionable whether also the frame should be assumed cracked.  Upon failure of the shear clip, 
continuing damage requirements would strictly apply to the frame, at the next fastener hole 
(away from the primary damage source).  The complexity of these assumptions is obvious. 

Further growth of the skin crack (with continuing cracks 5 and 7) will take place until Kc is 
reached again.  The period CD would have to be adequate, otherwise the structure would not 
qualify as Crack Arrest Fail Safe structure. 



6.3 Slow Crack Growth Structure 
The purpose of this example is to demonstrate the lowest level of damage tolerance analysis that 
can be undertaken.  This example problem will be set up to use only a hand-held calculator for 
all calculations.  Some simplifying assumptions to obtain engineering estimates will also be 
demonstrated. 

EXAMPLE 6.3.1 Wing Attachment Fitting  

Problem Definition 
A training aircraft has been discovered to have cracks in the wing attachment fitting.  A redesign 
and retrofit will be necessary.  Cracks have been found in two aircraft that have been grounded.  
The problem is to determine inspection intervals for the remainder of the force until the 
modifications can be performed. 

 

 
Wing Attachment Fitting 

Material Property Data 
The material for the attachment fitting is 7079 aluminum forging with the following properties: 

 KIc = 22.5 ksi√in 

and a Forman equation describes the crack growth rate behavior: 
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Structural Loads and Stress History 
Each aircraft is equipped with a counting accelerometer.  The data has been collected and 
published in the form of nz counts per 500 hours, as shown in the table.   

The stress analysis for the aircraft gives the l-g stress as 7.0 ksi., and using this, the nz values are 
converted to stresses.  Assuming the 1-g stress is the minimum stress, the stress ratios R can be 
calculated.  These values are also shown in the table. 
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Stress History for 500 Hours 

nz Counts/500 Hours Smax 

(ksi) 
R 

5.1 80 35.7 0.20 
4.5 1200 31.5 0.22 
3.5 2500 24.5 0.29 
3 12500 21.0 0.33 
2 22000 14.0 0.50 

 

Initial Flaw Sizes 
The structure is assumed to be slow crack growth structure.  A special inspection program has 
demonstrated an initial flaw size inspection capability of 0.02 inches. 

Geometry Model 
The critical configuration is determined to be a radial through flaw at the edge of the hole.  The 
stress-intensity factor for this geometry, while well known, is not amenable to closed form 
solutions.  However, applying the approximation techniques discussed in Section 11 leads to an 
approximate expression for K as follows: 

  aK max πσ3=  

This equation represents a K solution for a through crack in a plate multiplied by the stress 
concentration factor, Kt, for a hole.  Using this expression the initial K’s for each load level are 
determined, as shown in the table. 

Residual Strength Diagram 
The residual strength diagram for this configuration is obtained simply by setting K in the above 
equation equal to KIc and solving for a, which gives: 
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Plotting this function gives the residual strength diagram, as shown. 

 

6.3.2 



0

10

20

30

40

50

0 0.02 0.04 0.06 0.08 0.1

Crack Size, a  (in.)

R
es

id
ua

l S
tr

en
gt

h 
(k

si
)

 
Residual Strength Diagram 

Fatigue Crack Growth Analysis 
The basic purpose of this analysis is simply to determine the life under the given stress history.  
Since the shape of the crack growth curve is not of prime importance because of the imminent 
retrofit, a damage index approach can be used to estimate the life.  The Forman Equation may be 
integrated to give the life from an initial crack size to critical crack size for nz level. 
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This function is evaluated to give Nallow for each stress level in the history.  The results are shown 
in the next table. 

Using a fatigue damage analogy, a damage index (DI) is calculated for each stress level by 
dividing the number of counts in 500 hours by Nallow.  For nz = 5.1, the damage index is: 
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The life is then obtained by dividing 500 hours by the sum of the damage indices: 
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Inspection Intervals 
The life calculated from the previous analysis is 486 hours under the given usage.  Based on the 
simplifying assumptions made in the analysis an inspection interval of 200 hours until the 
retrofits are made should be recommended. 

 

Crack Propagation Analysis Using Linear Damage Indices 

nz Count/500 Hours Smax 

(ksi) 
R Ko 

(ksi√in) 
Nallow Damage 

Index 

5.1 80 35.7 0.20 8.49 2320.92 0.034 
4.5 1200 31.5 0.22 7.49 4260.63 0.282 
3.5 2500 24.5 0.29 5.83 13957.88 0.179 
3 12500 21.0 0.33 4.99 28875.60 0.433 
2 22000 14.0 0.50 3.33 222173.42 0.100 
      Sum = 1.027
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6.4 Multiple Load Path Structure 
The basic purpose of the example is to illustrate two facets of damage tolerance design.  The first 
is that, while a structure may appear to fit one category of JSSG-2006 by virtue of its geometry, 
the loading and damage progression may force the structure to be qualified under another 
category.  Secondarily, this example attempts to illustrate the use of some of the more advanced 
techniques described in Section 11. 

EXAMPLE 6.4.1 Wing Spanwise Splice  

Problem Definition 
The problem is to determine the adequacy of the base or depot level inspection intervals for an 
existing cargo aircraft wing structure.  The fracture critical location in the wing box has been 
described as the lower surface spanwise splice.  In addition, an attempt will be made to qualify 
the structure as Multiple Load Path Fail Safe structure per JSSG-2006. 

 

Spanwise Splice, Wing Lower Surface 

Material Property Data 
Spanwise splice material is 7075-T6511 extrusion 

  KIc = 25 ksi in.  

  Kc = 50 ksi in.  
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    (Forman equation) 

Structural Loads and Stress History 
Input stresses are defined for a typical usage mission mix of 14 missions consisting of 12 
logistics missions and 2 training missions with touch-and-go landings.  Typical stresses for 
logistics and training missions are shown in the following tables.  The mission mixes to be 
considered are: 

a) Logistics missions only 

b) Training missions only 
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c) Heavy logistics deliver and lightweight return 

d) Mixture of logistics and training missions of typical usage. 

Typical Logistics Mission Spectrum 

Layer Maximum Stress
(ksi) 

Minimum Stress 
(ksi) 

Cycles per Layer 

1 14.0 0.0* 1 
2 14.0 12.6 325 
3 16.0 10.0 32 
4 17.6 8.6 2 
5 19.3 6.3 1 
6 17.6 8.6 2 
7 16.0 10.0 32 
8 14.0 12.6 325 

*Actual minimum GAG stresses were approximately –12.0 ksi (compressive). 
Negative stresses were truncated to zero for analysis. 
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 Typical Training Mission Spectrum 

Layer Maximum Stress
(ksi) 

Minimum Stress 
(ksi) 

Cycles per 
Layer 

1 8.0 0.0* 1 
2 8.0 7.0 429 
3 10.0 6.4 64 
4 12.0 4.4 4 
5 13.7 2.7 1 
6 8.0 7.0 429 
7 10.0 6.4 64 
8 12.0 4.4 4 
9 13.7 2.7 1 
10 8.0 0.0* 1 
11 8.0 7.0 429 
12 10.0 6.4 64 
13 12.0 4.4 4 
14 13.7 2.7 1 
15 8.0 0.0* 1 
16 8.0 7.00 429 
17 10.0 6.4 64 
18 12.0 4.4 4 
19 16.1 0.7 1 
20 8.0 0.0* 1 
22 10.0 6.4 64 
23 12.0 4.4 4 
24 13.7 2.7 1 
25 8.0 7.0 429 
26 10.0 6.4 64 
27 12.0 4.4 4 
28 8.0 0.0* 1 
29 8.0 7.0 429 
30 10.0 6.4 64 
31 12.0 4.4 4 

*Actual minimum GAG stresses were approximately –6.0 ksi (compressive). Negative stresses 
were truncated to zero for analysis. 
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Initial Flaw Sizes 
The splice structure is assumed to be a multiple load path structure.  It is dependent structure 
because of assembly drilling of fastener holes.  The damage assumptions are: 

• Initial   - 0.02 inch radius corner crack at edge of hole toward free edge 
(each plank of splice) for Multiple Load Path Fail Safe 
qualification, 

   - 0.05 inch for Slow Crack Growth qualification 

• Continuing - 0.005 inch radius corner crack at diametrically opposite side of 
hole in each plank. 

Geometry Model 
The finite-element-modeling approach was selected since this type of joint might contain some 
load transfer.  Two levels of finite-element models were developed for the structural splice.  The 
large first level model contains ten fastener holes with fasteners and over-layed grid systems in 
the reduced splice area which are coupled through the centroid of each fastener.  The second 
level model is a much finer grid model of a section of the first level model.  Boundary nodal 
point and fastener displacements of the first level model were applied to the second level model 
for fracture mechanics analysis.  The contact boundary conditions of the fastener and plate were 
those of a loose “neat-fit” pin. 

 
Joint Finite Element Model Criteria Hole Finite Element Model 
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The variation of stress-intensity factor (K) with crack size as derived from this analysis is shown 
in the plot.  The work-energy and crack-opening displacement methods show essentially the 
same results.  Details of this type of derivation are covered in Section 11. 

 
Stress Intensity Factor Coefficient as a Function of Crack Size (to Free Edge)  

The basic stress analysis of this joint demonstrated that each member of the splice is equally 
stressed and there was no load transfer.  This means that both planks, if cracked, will crack at the 
same rate and the two planks will become critical at the same time.  Therefore, the structure will 
never meet Multiple Load Path Fail Safe structure requirements and must be analyzed as Slow 
Crack growth with corresponding initial damage sizes. 

Residual Strength Diagram 
The residual strength diagram was generated based on the following failure criteria: 

• Corner crack instability based on KIc 

• Through-the-thickness crack instability based on Kc 

The residual strength in the large crack region is based on a through-the-thickness edge crack.  The 
figure shows the residual strength diagram for the structure based on the above assumptions and 
the stress-intensity-factor analysis.  The limit load stress level is assumed approximately 35 ksi. 
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Residual Strength Curve of Spanwise Splice 

Fatigue Crack Growth Analysis 
The spectra used in the growth analysis consisted of the typical usage mix of 14 missions as 
mentioned previously.  The stresses were ordered in a low-high-low sequence per mission.  
Other missions were logistics only, training only, or heavy logistics only.  The mission mixes 
considered in the analysis were: 

• Logistics mission only 

• Training mission only 

• Logistics and training missions (typical usage) 

• Heavy logistics 

The next figure shows the fatigue-crack-propagation behavior of the splice subjected to the four 
mission mix spectra starting from the initial 0.050 inch corner flaw at the edge of the hole. 

There are two sets of curves in the figure.  The linear curves represent linear solutions that ignore 
load interaction (retardation) effects.  The linear solutions are seen to be conservative by at least 
a factor of three.  Even more significant for life and inspection interval predictions is the fact 
that, when considering mission mix variations, linear analysis may not even rank the various 
stress histories correctly.  The linear analysis shows the “logistics only” mission to be more 
severe than the various mission mixes.  However, full consideration of load interaction effects 
shows this to be the most benign of the four variations considered. 
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Fatigue Crack Propagation Behavior of Spanwise Splice Under Various Spectra 

Inspection Intervals 
Based on the spectrum loading fatigue-crack-propagation results, the qualification and the 
required inspection intervals can be determined.  The original design life of the structure was 
30,000 hours with a quarter life depot or base level inspection interval of 7500 hours.   

For qualification as Slow Crack Growth Non-Inspectable structure, the analytical crack-growth 
life should be 2 lifetimes or 60,000 hours.  For qualification as Slow Crack Growth Depot Level 
Inspectable structure, the crack-growth life from a 0.25 inch in-service flaw to critical should be 
1/2 lifetime or 15,000 hours.  These requirements cannot be met. 

Based on an average training flight of 3.0 hours and an average logistics flight of 4.0 hours, the 
following inspection intervals could be recommended instead: 

 Training Missions = 645 hours 

 Logistics Missions = 1450 hours 

 Typical Usage Mix = 1875 hours 

 Heavy Logistics = 1375 hours 
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6.5 Fail Safe Multiple Load Path Structure 
This example will be used to demonstrate the application of damage tolerance requirements at 
the early design stages of fail safe structure.  This example will demonstrate the steps necessary 
to establish the crack arrest capability of the structure and present the trade-offs necessary to 
establish stringer spacing and sizing in built-up structure. 

 

EXAMPLE 6.5.1 Skin Stringer Construction  

Problem Definition 
A transport wing is being designed to satisfy the requirements of JSSG-2006.  Three basic 
geometries must be evaluated to determine the “optimum” crack arrest structure that will 
then be evaluated for life and inspection intervals.  The wing will be designed for a 30,000-
hour lifetime. 

Candidate Geometries 
The geometric quantities are shown below.  The values of the geometry parameters for the 
three candidates are given in the table.  The stiffening ratio u is calculated as: 

 
bayst

st
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st
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A
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+
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2a – crack length 
p – fastener spacing 

W – bay width 
Ast – stringer area 

Abay – bay area 
 

 
Skin-crack across stiffener 
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Skin Stiffener Panel Configuration 

 
 

Skin-Stiffener Geometry 

Z-Stiffener Cross-Section, Ast (inch2) 
Bay Width (w) 

Skin Thickness 
(inch) 

6.0 in. 8.0 in. 10.0 in. 

Stiffening Ratio 
Ast/Atotal 

0.30 1.2 1.5 2.0 40 
0.25 1.5 2.0 2.5 50 
0.20 1.8 2.4 3.0 60 

tst/tsk = 1.0, Fastener diameter D = 0.5 inch, 2D edge distance, 3D spacing 

 

Material Property Data 
The following material strength, fracture and fatigue-crack-propagation data are given as 
follows: 

Skin Material:  

2024-T3 sheet or plate 

 Kc = 90 ksi √in   (t = 0.2 - 0.3 inch) 

 ( )
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  (Forman equation) 

Stiffener Material: 

7075-T6 extruded Z-sections 
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 Ftu = 77 ksi 

 Fty = 67 ksi 

Selection of “Optimum” Geometry 

The structural configurations defined in the table were analyzed for residual strength and crack 
arrest capability.  The results were determined for rigid fasteners.  Complete residual strength 
diagrams were developed for each structural geometry:  (a) stiffener failure due to skin crack, (b) 
skin failure with crack, and  (c) fastener shear failure based on allowable per 1,000 pounds. 

The three critical structural cracking conditions analyzed were as follows: 

(1) A skin crack located symmetrically about a stiffener reinforcement 

(2) A skin crack located symmetrically about a broken stiffener 

(3) A skin crack located symmetrically at mid-bay between stiffeners 

The next figure shows the critical stress or residual strength as a function of crack aspect ratios 
(a/w) for a skin crack across the stiffener.  The residual strength of the skin, stiffener, and first 
fastener adjacent to the crack are shown.  The skin critical stress is based on Kc and the stiffener 
critical stress is based on Ftu.  The fastener parameter is σcr/Qcr where σcr is the critical stress per 
Qcr (Qcr = 1000 lb).  The curves shown are for 60% stiffening and were generated using methods 
described in Section 4.5.  Similar curves would be generated for 40% and 50% stiffening.  The 
results demonstrate an increase of residual strength with increasing percent stiffening.  Residual 
strength decreases with increased stiffener spacing. 
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Residual Strength Diagram – Skin Crack Across Stiffener 

The following figure shows the residual strength diagram for the skin stiffener panel for a crack 
located across a broken stiffener.  The variation of residual strength with crack size is shown for 
the skin and the adjacent stiffeners at 40, 50 and 60 percent stiffening.  The critical stress for the 
skin is based on Kc and the adjacent stiffener critical stress is based on Ftu.  This structural crack 
condition is the most critical of the three cases.  Since the stiffener is failed, the load transfer 
carrying capability of the stiffener is lost and actually causes the crack to open more and increase 
the skin stress intensity level.  This case should be considered primary in Fail Safe Crack Arrest 
structural design. 
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Residual Strength Diagram – Broken Stringer 
 

The residual strength of the skin stiffened panels for a structural crack located at mid-bay are 
shown in the next figure.  The structural geometries analyzed are the same as for a skin crack 
located across a stiffener.  Again only the 60% stiffening curves are shown.  The effect of 
increasing percent stiffening on increasing residual strength can be seen in the figures for each 
bay width.  For a given percent stiffening, the residual strength of the structural panel decreases 
with increased bay width. 
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Residual Strength Diagram – Mid–Bay Skin Crack 

In comparing the three cases analyzed and presented in the previous figures, the following 
conditions of structural instability are summarized: 

(1) For a skin crack located symmetrically across a stiffener, the critical structural 
element is either the stiffener or skin. 

(2) For a skin crack located symmetrically across a failed stiffener, the critical 
structural element is the skin. 

(3) For a skin crack located symmetrically between stiffeners, the critical structural 
element is the skin. 

The skin stiffener geometry results in crack-arrest capability.  A skin crack that grows critical 
will be arrested provided the adjacent stiffeners are intact.  Examination of the results of the 
trade study shows that the requirement to contain damage hinges on the ability of the stiffener to 
remain intact with a crack.  Therefore, it was required to conduct fatigue-crack-propagation 
analysis of the skin stiffened panel for the following crack conditions: 

(1) A skin crack located symmetrically about a stiffener. 

(2) A crack in the stiffener with a crack in the skin. 
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The results of the trade study are summarized below in terms of crack arrest capability.  The 
maximum allowable stress that can be applied to the structure for crack containment is presented 
as a function of bay width and percent stiffening.  The “near-optimum” structural configuration 
selected for further analysis was: 

Percent Stiffening = 60 percent 

Bay Width = 7.0 inches 

Fastener Diameter = 0.50 inch 

3D spacing 

2D edge distance 

 

 
Arrest Capability of Structure (Results of Trade Study) 

The selection of 60 percent stiffening was also enhanced by the crack arrest capability of the 
structure for a broken central stiffener situation.   

Since the results of the trade study considered rigid fastener connections, the effect of fastener 
flexibility or deformation has to be evaluated.  Using techniques described in Section 11.2 and 
Section 4.5, a model was developed to obtain the stress-intensity factor for this configuration.  
The stiffeners were simulated by a lumped stiffness finite-element mesh system.  This system 
was over-layed on the finite-element mesh system of the skin.  The mesh systems were 
connected through discrete nodes that simulated the fastener flexibility by “soft-springs”.  Crack 
progression was simulated by unzipping double nodes. 
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The variation of stress-intensity factor with through-the-thickness crack size is shown in the next 
figure.  Comparison with the behavior of an unstiffened panel shows the decrease in stress-intensity 
level due to the load transfer at a given crack size.  The stiffener stress concentration factor due 
to load transfer (σg + ∆σg)/σg and the first fastener loads are shown in the following figure. 

 

60% Stiffening 
Bay = 7.0 in. 
Ws = 2.0 in. 
p/w =  0.214 

 
Stress Intensity Variation with Crack Length 

(Crack Symmetric about Stringer) 
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Stiffener Stress Concentration and Fastener Load Due to Load Stiffener 

Damage Tolerance Analysis 
In an effort to demonstrate the interrelationships between all the elements in the damage 
tolerance analysis, the results of all the analyses have been collected on a single figure.  The 
most critical case is the crack in the skin with the central stringer broken.  This is the case 
presented. 
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Damage Tolerant of Fail Safe Structure 

The figures shows the residual strength diagram, the crack growth curve, the degradation of 
residual strength as a function of time, and the assumed load spectrum.  The residual strength 
diagram and the crack growth curve are drawn in an unusual way, with the crack axis to the left 
and the cycle axis to the bottom.  This has been done to get all plot properly positioned. 

Initially, when the crack is small, the center stringer is still intact.  Since the attachment holes in 
skin and stringer are assembly drilled, both holes are assumed initially flawed (0.05 flaw).  This 
means that the center stringer will fail at a certain moment in time.  The occurrence is shown in 
the crack growth curve, because it is important for the life.  The residual strength diagram is only 
for the case with the center stringer failed, because that is the relevant situation.  Corresponding 
points in the three diagrams are indicated by A, B, C; A’, B’, C’; A”, B”, C”; and A ,  B,  C, . 

The assumed load spectrum is a gust exceedance spectrum for 30,000 flight hours, or 1 lifetime.  
Average flight time is supposed to be 3 hours, so the life is 10,000 flights.  The vertical axis 
shows accelerations.  It is assumed that the conversion to stresses is properly made, so that a 
point in the exceedance diagram corresponds with a point at the same level in the residual 
strength diagram.  Limit load is assumed to be as the once-per-lifetime occurrence, which brings 
the design ultimate at the indicated level.  The techniques described in Section 5.4.1.2 were used 
to develop the mission segment stress history from the load spectrum.  This stress history was 
then used for the crack growth predictions. 

The spectrum permits determination of the fail safe loads.  It is assumed that the spectrum may 
be linearly extrapolated.  Only PLT, PDM, and PWV are indicated.  The load PLT is the highest load 
occurring in 20 lives, i.e., it has a frequency of occurrence of 5 x 10-2 in one lifetime.  The Depot 
Level fail safe load occurs once in 5 lives, so it has a frequency of occurrence of 2 x 10-1 in one 
lifetime.  Finally, PWV occurs once in 1000 flights. 

The damage tolerance requirement for intact structure concerns the growth of the initial flaw to 
instability, i.e., to the point at which an instability would first be possible at the given fail safe 
load.  For a non-inspectable, intact, fail-safe structure, the initial 0.02-inch flaw may not cause 
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instability at PLT in one lifetime.  Instability at PLT is first possible at B .  This point is at 34,000 
hours which is just over one lifetime.  Hence, the condition is satisfied.  The instability would 
extend the crack from B to C.  In the crack growth curve there would be a jump from B’ to C”, 
and crack growth would continue along C” D” parallel to C’ D’.  Instability need not occur at B , 
since PLT may not be encountered (PLT could occur once in 20 lives; it may not be met at all in 
less than 20 lives).  In that case, crack growth will continue along B’ C’ D’. 
The possibility that the structure might qualify as Depot Level inspectable will now be considered.  
For Depot Level inspectability the crack growth period should be a quarter lifetime to instability 
at PDM.  The instability would first be possible at F .  The in-service damage depends on inspection.  
For normal NDI without removal of fasteners, the damage would be 0.25 inch through-the-
thickness crack (a = 0.25 in.).  The 0.25 inch crack is at E’, the residual strength is at E.  Thus, 
the period from E  to F  should be ¼ lifetime.  Apparently, the structure could qualify for this. 

For a close-visual, Depot-Level inspection, the in-service damage is a 2-inch crack (a = 1 inch).  
This crack occurs at H’, with a residual strength at H.  The period from H  to F  should cover ¼ 
lifetime, or 7,500 hours.  Since it covers approximately 10,000 hours, the structure would still 
qualify as inspectable. 

Apparently, there would be no problems in satisfying any one of the primary requirements for 
intact structure.  Next consider the requirements to be met at and after instability.  The residual 
strength at instability should be 1.15 PLT or 1.15 PDM, whichever is applicable. 

The non-inspectable structure may show instability at B .  The crack will grow to C  and be 
arrested.  At that moment, the residual strength is still at G .  Hence, the level of G  should be 
1.15 times the level of B .  In reality, it is only 10 percent higher.  Consequently, the structure 
does not qualify as non-inspectable after all. 

The Depot-Level-inspectable structure may show instability at F .  The crack will be arrested at 
K , the residual strength still being at G .  The level of G  is 19 percent above K , so that the 
structure would meet the requirement.  Hence, the structure should be classified as Depot Level 
inspectable.  Inspections should be called for either by NDI or close visual, since both are 
adequate as shown above. 

The requirements for remaining structure damage call for adequate crack growth life after 
instability.  A two-bay crack is assumed to be Walk-Around Visual detectable.  In that case, the 
required residual strength is PWV, the load occurring once in 1,000 flights.  The remaining 
structure damage may not grow to critical at PWV within 5 times the inspection interval, i.e. 50 
flights.  At PWV, the skin crack would become critical at L .  However, the stringer becomes 
critical already at M .  At that point the skin crack extends to N’ (or N ). 

Instability may occur at F  with arrest at K .  Hence crack growth from K  to N  should take at 
least 50 flights.  According to the figure, this crack growth covers approximately 5,000 hours of 
1,700 flights, which should be plentiful.  However, at this point, the figure is deceiving, because 
the possibility of stringer failure by fatigue was ignored. 
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When the crack extends to K , its propagation is slow, because of load transfer to the stringer.  
Therefore, the skin crack can easily meet the requirement.  But the load transfer induces a high 
stress in the stringer, and from now on the stringer has to be assumed cracked also.  This means 
that the line for stringer failure is likely to be modified from GM  to GP .  This implies that a 
separate crack growth and residual strength analysis has to be carried out for the cracked stringer.  
For the purpose of illustration, suppose GP  is the result of the analysis.  Then the stringer will 
fail at P .  Hence, the crack growth life from K  to R  has to be 50 flights.  This still can be met.  
Thus, the structure qualifies as a CAFS structure with Depot Level inspectability of the intact 
structure, and Walk-Around Visual inspectability of remaining structure damage. 

One thing still has been neglected.  If the stringer starts cracking, it will become more compliant.  
This means that load transfer will be somewhat reduced.  As a result, the stringer life will be 
slightly longer, whereas crack growth in the skin will be slightly faster.  Since the life from K  to 
R  is 500 flights (1500 hours), this correction will not affect the conclusion that the structure 
meets the requirements. 

Summary 

This particular example does not present the details of the analysis to the extent that others in this 
chapter and throughout the handbook do.  The emphasis of this example is on interpreting the 
analysis.  While the figure seems rather imposing at first glance, the interrelationships it displays 
are necessary to the full understanding of damage tolerance analysis. 
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Section 7 
Damage Tolerance Testing 
The purpose of this section is to describe tests that support the development of damage tolerant 
aircraft structures.  These tests range from simple element tests used to collect basic material 
properties to the full-scale article tests used to verify the damage tolerant characteristics of the 
complete structure.  For purposes of presentation, the damage tolerant tests have been subdivided 
into four categories: materials tests, quality control tests, analysis verification tests, and structural 
hardware tests. 
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7.1 Introduction 
The materials tests provide the basic materials data for structural life analyses and for residual 
strength calculations.  For the most part, these tests are conducted as early in the design phase as 
practical, in order to aid in the selection of materials and in the sizing of the structure.  Materials 
data covered by this category of tests include fracture toughness and crack growth resistance 
properties, as well as basic tensile, compression, bearing and shear data. 

The quality control tests provide data that support the initial quality design assessments or ensure 
the uniformity of the production product.  Requirements for these tests are defined after the 
preliminary sizing and the identification of fracture critical parts have been accomplished.  
Quality control data covered by this category of tests include equivalent initial quality (EIQ), 
fracture toughness, tensile strength and notch tensile strength data. 

The analysis verification tests provide data that define the accuracy of the damage tolerance 
analysis tools relative to their ability for predicting the crack growth behavior of the structure 
under operational conditions.  These tests are typically conducted during the design analysis and 
development testing phase of the contract prior to testing the full-scale structure.  Additional 
testing may also be required subsequent to the full-scale flight and ground tests to support 
interpretation and evaluation of cracking problems.  Analysis verification tests include those tests 
that are used to verify stress-intensity factor calculations, residual strength methods, crack 
growth calculations and test spectrum truncation procedures. 

The structural hardware tests have two functions: (a) to support the verification of the complete 
structural design, and (b) to define those areas of the structure that need additional attention.  
These tests are scheduled so that there is sufficient time to incorporate structural changes into 
production aircraft.  In fact, production go-ahead is predicated on achieving one design lifetime 
of flight-by-flight loading in the full-scale durability test per JSSG-2006 paragraph 3.11.1.  
Structural hardware tests include joint tests, component tests, assembly tests, as well as full-scale 
structural tests. 

Each of the following sections will describe one of the four categories of damage tolerant tests.  
Test procedures as well as data reduction methods will be outlined as appropriate.  Where the 
test has been required by JSSG-2006, the appropriate paragraphs in this controlling document are 
cited.  
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7.2 Material Tests 
The material tests provide the basic materials data for conducting structural crack growth life and 
residual strength analyses.  The tests are relatively simple to conduct compared to many of the 
tests in the other categories.  Typically, a large number of material tests are conducted in the 
early part of the design phase so that the appropriate materials can be selected to meet design 
objectives.  The materials selection process may concentrate on specific design criteria relative to 
requirements of cost, weight, strength, stiffness, fracture toughness, corrosion resistance, and 
crack growth resistance to fatigue loading.  The damage tolerance materials tests discussed in 
this section must, of course, be supplemented by other tests, e.g. tensile tests, exfoliation tests, 
etc., in order to ensure that preliminary material trade studies result in the appropriate choices for 
the given application.  Typically, before the final bill of materials for the structure is signed off, 
additional in-depth structural tests must be accomplished to verify initial material choices and to 
identify additional criteria not initially considered. 

Residual strength and crack growth life analyses are supported by a damage integration package 
that requires the definition of fracture toughness and crack growth rate properties for the 
materials being considered (See Section 2 for a discussion of the damage integration package).  
As indicated in Section 4 on Residual Strength and in Section 5 on Crack Growth, a material’s 
crack growth behavior is a function of a wide number of different factors such as anisotropy, 
environment, loading rate, processing variables, product form, thickness, etc.  The damage 
integration package accounts for these effects by utilizing data collected from specimens (a) that 
are representative of the material variables of interest, (b) that contain cracks which grow in the 
appropriate direction, and (c) that are loaded in the manner representative of operational 
conditions. 

Standardization of test methodologies, data reduction and reporting procedures are to a large part 
responsible for the success of the current life prediction models.  The predictive accuracy of any 
lifing model is only as good as the quality of the baseline crack growth and fracture data inputs.  
The American Society for Testing and Materials (ASTM) is the world leader in producing 
consensus testing standards to accurately identify materials behavior in general – and most 
important to the DTDH – have been the leader in developing procedures usable for damage 
tolerance applications.  The ASTM Standards applicable to the DTDH are listed in Table 7.2.1. 

The ASTM Book of Standards is published yearly to give all users of the test methods and 
analytical procedures the latest versions available.  Within this section, whenever an ASTM 
Standard Test Method is referenced (i.e. ASTM E399), the ASTM Book of Standards for the 
current year should be consulted. 
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Table 7.2.1.  ASTM Standards for Damage Tolerant Testing 

Standard Title Specimens Results 
E399 Standard Test Method for Plane-Strain 

Fracture Toughness of Metallic Materials 
C(T), SE(B), A(T), 

DC(T), A(B) 
KIc 

E561 Standard Practice for R-Curve 
Determination 

M(T), C(T), C(W) KR 

E647 Standard Test Method for Measurement of 
Fatigue Crack Growth Rates 

M(T), C(T), ESE(T) da/dN vs ∆K

E740 Standard Practice for Fracture Testing with 
Surface-Crack Tension Specimens 

SC(T) KIe  

E812 Standard Test Method for Crack Strength of 
Slow-Bend Precracked Charpy Specimens 

of High Strength Metallic Materials 

Charpy σc  

E1304 Standard Test Method for Plane-Strain 
(Chevron-Notch) Fracture Toughness of 

Metallic Materials 

Chevron-notch KIvJ, KIvM  

E1457 Standard Test Method for Measurement of 
Creep Crack Growth Rates in Metals 

C(T), da/dt 

E1681 Standard Test Method for Determining a 
Threshold Stress Intensity Factor for 

Environment-Assisted Cracking of Metallic 
Materials 

MC(W), SE(B), 
C(T) 

KIEAC, KEAC

E1820 Standard Test Method for Measurement of 
Fracture Toughness 

SE(B), C(T), DC(T) KIc , JIc, 
CTOD 

E1823 Standard Terminology Relating to Fatigue 
and Fracture Toughness 

All NA  

E1942 Standard Guide for Evaluating Data 
Acquisition Systems Used in Cyclic Fatigue 

and Fracture Mechanics Testing 

All NA  

 

Each of the Standard Test Methods used for damage tolerance testing have a selection of test 
specimens that are preferred for each test.  Figure 7.2.1 shows the most common types of 
specimens and includes the preferred specimen ratios of width/thickness (W/B) for each type.  
The thickness B is the dominant geometric consideration for determining if the specimen crack 
tip geometry is in a plane strain or a plane stress (or intermediate) condition.  An asterisk denotes 
the most common W/B ratio for damage tolerance testing. 
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Figure 7.2.1.  Specimens for Damage Tolerance Testing 
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Figure 7.2.1.  Specimens for Damage Tolerance Testing (Continued) 
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As a result of the concerns about the effects of anistropy on material fracture toughness and 
crack growth resistance properties, standard nomenclature relative to directions of mechanical 
working (grain flow) has evolved.  Figure 7.2.1 shows drawings of specimens which will be 
oriented in different directions relative to the product form.  The orientation of the crack plane 
should be identified whenever possible in accordance with the systems shown in Figure 7.2.2.  

For rectangular sections, the reference directions are identified in parts a and b of Figure 7.2.2 
where an example of a rolled plate is used.  The same system would be useful for sheet, 
extrusions, and forgings with non-symmetrical grain flow: 

L – direction of principal deformation (maximum grain flow) 
T – direction of least deformation 
S – third orthogonal direction. 

 
Figure 7.2.2.  Crack Plane Orientation Code for Rectangular Sections and for Bar  

and Hollow Cylinders [ASTM 2001] 
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When reporting crack orientation in rectangular sections, the two letter code, such as T-L in 
Figure 7.2.2a, is used when both the loading direction and direction of crack propagation are 
aligned with the axes of deformation. 

For specimens tilted with respect to two of the reference axes (Figure 7.2.2b), a three-letter code, 
e.g. L-TS, is used.  The designation used can be interpreted by considering the codes as a 
composite pair in which the first element in the pair designates the direction normal to the crack 
plane and the second element designates the expected direction of crack propagation.  The code 
T-L for a cracked specimen indicates that the fracture plane has a stress application normal in the 
T direction (width direction of the plate) and the expected direction of propagation in the L 
direction (in the longitudinal direction of the plate), see Figure 7.2.2a.  The code L-TS means 
that the crack plane is perpendicular to the L direction (principal deformation) and the expected 
crack direction is intermediate between T and S, see Figure 7.2.2b. 

For cylindrical sections where the direction of principal deformation is parallel with the 
longitudinal axis of the cylinder, such as for drawn bar stock and for extrusions or forged parts 
having a circular cross section, the specimen reference directions are described in Figure 7.2.2c.  
The three directions used here are: 

L – directional of maximum grain flow (axial) 
R – radial direction, and 
C – circumferential or tangential direction 

Interpretation of the specimen designations relative to the location of the crack plane and crack 
path is similar to that employed for the rectangular sections. 

In the remainder of this section, attention will be given to those tests which are utilized to collect 
data that support the material selection function and the damage integration package.  The first of 
these subsections covers those tests which are used to establish the fracture toughness of 
materials.  The other subsections cover tests utilized to collect sub-critical crack growth data. 

7.2.1 Fracture Toughness Testing Methods 
Fracture toughness data have provided the basis for estimating the crack length-residual strength 
behavior of aerospace structures since the late fifties.  Initial correlation tests for airplane skin-
stringer type structures were typically conducted using wide, center crack panel tests of the skin 
material.  It was soon realized that such tests were inappropriate for estimating the fracture 
behavior of thicker material/structure for a number of reasons.  By the late sixties, ASTM had 
evolved a fracture toughness test for materials that fail by abrupt fracture.  This test method 
eventually became the plane-strain fracture toughness (KIc) test standard, ASTM E399, in 1972.  

Additional work by ASTM throughout the seventies resulted in several additional fracture 
toughness methods.  One such method appropriate for tougher (or thinner) materials which fail 
by tearing fracture is ASTM Standard E561, which covers the development of the KR resistance 
curve.  The KR resistance curve test has found wide acceptance in the aircraft industry since 
calculation procedures were already in place to utilize the data for residual strength estimates.  
Another recently-approved standard, ASTM E1820, covers the determination of fracture 
toughness using several methods.  One such method applicable to materials which lack sufficient 
thickness for plane-strain fracture toughness (KIc) per ASTM E399 is the J-integral approach to 
determine the plane-strain toughness JIc. 
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7.2.1.1 Plane-Strain Fracture Toughness 

The plane-strain fracture toughness (KIc) measures crack resistance to abrupt fracture under tri-
tensile crack tip stress conditions where the constraint against crack tip deformation is 
maximized.  As such, KIc data represent a lower bound on the fracture toughness that a material 
might experience under a wide range of cracking and geometric configurations.  The ASTM 
E399 standard that covers plane-strain fracture toughness of metallic materials  was developed to 
obtain values of fracture toughness using relatively thick specimens (thus maximizing the crack 
tip constraint) subjected to quasi-static loading conditions.  The determination of KIc is also 
covered in the common fracture toughness method ASTM E1820. 

A variety of specimen configurations are currently recommended for collecting KIc data, some of 
which are described in Figure 7.2.1.  The compact tension [C(T)] and the single edge notched 
bend specimen [SE(B)] were initially the only specimens recommended for the measurements 
and most laboratories are well equipped to support these tests.  The arc-shaped tension [A(T)], 
disk-shaped compact tension [DC(T)], and arc-shaped bend [A(B)] specimens have since been 
added as these configurations evolved to characterize the resistance of specific structural product 
forms, i.e. tube/pipe type structures and cylindrically shaped bar stock.  

It should be noted that ASTM E399 uses linear elastic fracture mechanics as its basis for 
calculating fracture toughness.  For this reason, specimen sizing requirements are predicated on 
maintaining a crack tip plastic zone size that is a small fraction of the planar dimensions of the 
specimen.  The test method is also specific about ensuring that the thickness of a KIc specimen is 
substantially larger than the crack tip plastic zone size so that a crack tip tri-tensile stress state is 
established which maximizes the constraint on plastic deformation.  Basically, the specimens are 
sized so that the dimensions of crack size (a), thickness (B), and remaining ligament size (W-a) 
are greater than the ratio of 2.5 (KIc/σys)2, i.e., so that 
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where σys is the 0.2 percent offset yield strength and the KIc value meets all the test criteria. 

The procedures for determining fracture toughness outlined in ASTM E1820 are essentially 
identical to E399 for samples sufficiently thick to provide valid KIc measurements.   The plane-
strain crack toughness test is unusual in that there can be no advanced assurance that the fracture 
toughness established by a given test will be a valid KIc value.  The fracture toughness calculated 
after a given test must be validated through a series of criteria checks that are thoroughly 
described in E399 and E1820.  The principle advantage of E1820 is that one can analyze the test 
information using different criteria to come up with valid toughness measurements if the 
thickness is too thin for valid KIc values.   

Schematic load-displacement curves representative of the type of behavior exhibited during a test 
to determine the plane-strain fracture toughness are shown in Figure 7.2.3.  The collection of 
such load-displacement data is a requirement of most ASTM fracture related standards.  The 
objective of this test record is to establish the load, PQ, which will be used in the calculations of 
the test fracture toughness value (KQ), and the level of maximum test load (Pmax).  The test 
fracture toughness (KQ) is a conditional result that must be validated through checking the size 
requirements before accepting KQ as a valid plane-strain fracture toughness (KIc) value.  If KQ is 
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a non-valid test result according to ASTM E399, KQ should not be utilized as an estimate for KIc 
for design purposes since the value may be very non-conservative.   

 
Figure 7.2.3.  Principal Types of Load-Displacement Records [ASTM 2001] 

7.2.1.2 R-Curve 

The R-Curve measures crack resistance to tearing fracture for situations where the material 
thickness employed within a structure is below the requirement for plane-strain fracture 
toughness conditions.  The R-curve describes the extent of crack movement from an initial 
starting condition as a function of the level of applied stress-intensity factor (K) and as such 
represents a complete history of quasi-static crack growth up until fracture occurs.  It has been 
shown for several materials that the R-curve for a given thickness is independent of crack size 
and structural geometry [McCabe, 1973]. 

For the detailed reasons stated in Section 4 on Residual Strength, the R-curve is not as easily 
employed in design as abrupt fracture criteria.  Early work on aerospace materials with 
thicknesses below that required for KIc was directed at obtaining the limits on the R-curve, i.e. on 
obtaining KONSET, associated with the K conditions at the start of crack movement, and Kc, 
associated with the K conditions at the moment of instability.  After it was realized that the 
plane-stress fracture toughness (Kc) was a function of crack size and structural geometry as well 
as thickness, attention was focused on obtaining the complete history of the tearing fracture. 

ASTM evolved a standard practice for determining the R-curve to accommodate the widespread 
need for this type of data.  While the materials to which this standard practice can be applied are 
not restricted by strength, thickness or toughness, the test specimens utilized in tests must be of 
sufficient size to remain predominantly elastic throughout the duration of the test.  The reason for 
the size requirement is to ensure the validity of the linear elastic fracture mechanics calculations.  
Specimens of standard proportions are required, but size is variable, to be adjusted for yield 
strength and toughness of the material considered. 
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The ASTM Standard E561 covers the determination of R-curves using middle cracked tension 
panel [M(T)], compact tension [C(T)], and crack-line-wedge-loaded [C(W)] specimens.  The 
compact tension and middle cracked tension panel geometries are illustrated in Figure 7.2.1.  A 
schematic illustrating the loading arrangement for the crack-line-wedge-loaded specimen is 
provided in Figure 7.2.4.  The crack-line-wedge-loaded configuration and loading conditions are 
such that, as the crack grows, the stress-intensity decreases under fixed-displacement conditions.  
Such an arrangement facilitates collecting the complete R-curve using one specimen since the 
crack growth remains stable under decreasing K conditions.  Load control conditions ensure that 
the stress-intensity factor will increase as the crack grows.  This arrangement results in limiting 
the KR versus crack extension (∆a) data to a level associated with the fracture of the test 
specimen. 

Split Pin

Wedge

Specimen

Base Block

 
Figure 7.2.4.  Crack-Line-Loaded Specimen with Displacement-Controlled Wedge Loading 

[ASTM 2001] 

While the C(W) specimen had gained substantial popularity for collecting KR curve data, many 
organizations still conduct wide panel, center cracked tension tests to obtain fracture toughness 
data.  As with the plane-strain fracture toughness standard, ASTM E399, the planar dimensions 
of the specimens are sized to ensure that nominal elastic conditions are met.  For the M(T) 
specimen, the width (W) and half crack size (a) must be chosen so that the remaining ligament is 
below net section yielding at failure.  It is recommended in ASTM E561 that the M(T) specimen 
be sized so that the dimensions can be referenced to the plane stress plastic zone size (ry). 
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where the specimen sizes are chosen on the basis of the maximum stress-intensity factor 
expected in the test.  Table 7.2.2 provides a list of minimum recommended M(T) sizes for 
assumed Kmax -to-yield strength ratios. 
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Table 7.2.2.  ASTM E561-98 Recommended M(T) Dimensions  

Kmax/σys  
(in1/2) 

Width
(in.) 

Crack Size
(in.) 

Specimen Length 
(in.) 

0.5 3.0 1.0 9 
1.0 6.0 2.0 18 
1.5 12.0 4.0 36 
2.0 20.0 6.7 30* 
3.0 48.0 16.0 72* 
* Panels wider than 12 in. will require multiple pin grips and the 

length requirement is relaxed to 1.5W 
 

It should be noted that the initial crack length is sized to be W/3 to minimize the potential for net 
section yielding prior to a stress-intensity factor controlled fracture.  Based on data collected 
from a number of aluminum panels with different widths, it appears that there is a tendency for 
the calculated fracture toughness Kc to increase with increasing panel width, as shown in Table 
7.2.3.  While it is difficult to generalize the observation based on these results to all materials, 
such data indicates that it is possible to develop conservative predictions of the plane-stress 
fracture toughness by using sub-size specimens. 
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Table 7.2.3.  Room Temperature Plane-Stress Fracture Toughness Values for Several 
Aluminum Alloys Presented as a Function of Thickness and Width  

Material Crack 
Orientation 

Buckling 
Restraint 

Specimen
Thickness

(in.) 

Specimen
Width 
(in.) 

Kapp 
(ksi in1/2) 

Kc 
(ksi in1/2 

No. of 
Measure. 

2.0 29.6 34.6 5 
3.0 29.1 30.1 2 

2020-T6 L-T No 0.063 

15.8* 36.1 36.9 4 
2.0 25.9 30.5 5 
3.0 26.9 27.8 2 

2020-T6 T-L No 0.063 

15.8* 34.5 34.5 5 
2.0 35.6 -- 9 
6.0 51.2 57.9 3 

2024-T81 T-L No 0.063 

9.0* 55.2 61.2 2 
3.0 26.7 31.3 6 
4.0 38.0 47.1 7 

2024-
T851 

T-L No 0.250 

20.0* 38.6 48.4 12 
7.5 47.3 -- 3 
9.0 51.4 55.0 12 

7075-T6 
clad 

L-T No 0.040 

30.0* 64.9 85.6 6/2+ 
5.9 53.5 60.1 9/6+ 

11.8* 61.5 70.1 17 
7075-T6 

clad 
L-T Yes 0.080 

23.6* 62.4 69.3 20 
3.0 49.4 -- 11 
9.0* 64.5 70.0 16/12+ 

7075-T6 
clad 

L-T No 0.090 

20.0* 56.4 61.8 10 
8.0 59.7 -- 13 
15.9 77.2 -- 8 

7075-
T7351 

L-T Yes 0.250 

36.1* 93.0 119.9 3/2+ 
8.0 43.1 45.9 3 

16.0* 47.3 52.7 9 
7075-
T7351 

L-T No 1.00 

20.0* 77.9 96.7 16/12+ 
*Width requirements meet ASTM E 561 requirements.   
+First number represents number of Kapp calculations, the second represents Kc    [ASTM 2001] 

 
Another test condition important to consider during R-curve (or plane-stress fracture toughness) 
testing is the amount of buckling restraint that should be built into the test fixtures.  Most tests 
are conducted either with no buckling restraint or with extensive fixturing that tends to maintain 
inplane loading by preventing buckling.  With tests conducted with limited buckling restraint, the 
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spurious stress distributions created when buckling occurs (at the specimen edges or in the crack 
tip region) can lead to mechanical driving factors that either enhance or degrade the calculated 
levels of applied stress-intensity factor.  The ASTM E561 method places restrictions on the 
amount of buckling exhibited during the R-curve test. 

The data collected during an R-curve test includes load and crack size readings.  The stress-
intensity factor associated with a given increment of crack size, i.e. KR, is calculated using the 
stress-intensity factor formula for the specimen, the applied force (P), and a plasticity enhanced 
crack size.  The plasticity enhanced crack length is referred to as the effective crack (aeff) and is 
calculated by adding the plane stress plastic zone radius (ry), per Equation 7.2.2, to the current 
physical crack, i.e. 

yeff raaa ++= ∆0  (7.2.3) 

where ao is the initial crack length and ∆a is the increment of crack movement. 

Visual and non-visual methods of measuring crack size are available for collecting the data.  
Within ASTM E561, the details associated with making crack length measurements based on 
compliance (force-displacement) methods are fully described. In fact, for those situations where 
extensive crack tip plasticity can occur, the compliance methods are recommended since these 
methods yield an estimate of crack length that already accounts for a plasticity correction. 

ASTM E561 recommends that the R-curve be presented using an effective crack increment (∆aeff 
= ∆a + ry) so that the instability predictions can be directly made from the plots.  Thus, the R-
curve is a plot of KR = K(aeff, P) versus ∆aeff.  The test engineer must describe how ∆aeff and aeff 
were calculated so that structural engineers using the data have a full report of the behavior. 

7.2.1.3 Crack Initiation J-Integral 

The JIc can be used as a toughness value at the initiation of crack tearing from a sharp fatigue 
crack in metallic materials.  This toughness value can serve as a basis for screening tough 
materials or for evaluating materials utilized in sub-KIc thicknesses.  Requirements for a valid JIc 
value according to ASTM E1820 are based on the ratio of the JIc to yield strength, i.e.,  
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where B is thickness and b0 is the initial ligament.  The relationship between the J-integral and 
the stress-intensity factor was given in Section 11 as, 

'E
KJ

2

=  (7.2.5) 

where E′ = E, the elastic modulus, for plane stress, and E′ = E/(1-ν2) for plane strain, and ν = 
Poisson’s ratio.  Thus, using Equations 7.2.5 evaluated at the critical condition (J = JIc, K = KJIc) 
and Equation 7.2.4, the thickness requirement becomes after some algebra 
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For the typical condition where the ratio of yield strength to elastic modulus (σys/E) is below 0.1, 
JIc values can be obtained using specimens thinner than that required by the KIc standard (ASTM 
E399). 

The KJIc value in Equation 7.2.6, however, does not normally correspond to the KIc value that 
would be obtained using the plane-strain fracture toughness standard.  The KJic value based on JIc 
measurements is typically lower and thus leads to conservative estimates of the ASTM E399 KIc 
value.  The differences in KJIc and KIc arise as a result of differences in the amount of allowable 
physical crack growth associated with the two standards; there is less growth allowed for the JIc 
value than for the KIc value. 

While the use of a toughness standard for sub-KIc thickness specimens provides additional 
opportunities for characterizing material resistance to fracture, the JIc concept appears somewhat 
limited relative to the design of aerospace structures.  A single test of a JIc type specimen might 
be similar in cost to a KIc type test; but a number of JIc type specimens must be tested to develop 
the required crack resistance data prior to estimating the JIc value.  Through unloading 
compliance testing, it is possible to reduce the number of tests.  

7.2.2 Sub-Critical Crack Growth Testing Methods 
Since the early sixties, sub-critical crack growth data have provided the basis for estimating the 
crack growth behavior of structural components under service conditions.  In the initial stages of 
damage tolerant design methodology and test development, the effects of stress ratio, 
environment and load sequencing were poorly understood.  Thus, the initial damage integration 
packages did not account for these effects; furthermore, testing capability was for the most part 
limited to constant amplitude or to block loading.  By the early seventies, understanding and 
capability had progressed to the point where evaluation of each major damage producing element 
in the service history could then be modeled by damage integration packages.   

The ASTM Committee E08 on Fatigue and Fracture Testing also played an important part in 
developing standards for collecting data which could be used to support damage integration 
packages.  Throughout the seventies, inter-laboratory testing programs were conducted which 
further refined the testing conditions that could be standardized by consensus.  The AF Materials 
Laboratory funded development of a standard test method to ensure a stable methodology for 
information used in aircraft damage tolerance assessments [Hudak, et al., 1978].  In 1978, ASTM 
issued the first standard based on these developments, ASTM E647, on fatigue crack growth rate 
(da/dN) testing.  Additional standards or additions to existing standards such as ASTM E1681 on 
environmentally assisted cracking testing (KIEAC), on corrosion fatigue, on automated methods 
and on threshold testing have and continue to evolve.  Methods for non-visual crack size 
monitoring such as compliance and electric-potential have been developed over the last 15 years 
and incorporated into nearly all of the fracture related standards. 

7.2.2.1 Fatigue  Crack Growth Rate Testing 

Fatigue crack growth rate data that support standard damage integration packages of the type 
described in Sections 5.1 and 5.2 are based on constant amplitude testing of cracked specimens.  
Typically, multiple specimen tests are conducted at a number of fixed stress ratio (R) conditions 
so that the complete range of crack growth rate is covered for the mechanical and environmental 
variations of interest.  For the most part, all tests of this type are covered by ASTM E647 on 
fatigue crack growth rate testing. 
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Test conditions that deal with the conditions essential for obtaining near threshold growth rates 
are further described by ASTM E647.  Substantial care is necessary for correctly controlling the 
precracking operation and the stress-intensity-factor control conditions in the near threshold 
region of the fatigue crack growth rate curve (da/dN vs ∆K) [Yoder, et al., 1981; Wei & Novak, 
1982].  Also, ASTM E647 must be supplemented with information relative to control of 
environmental conditions when these conditions affect behavior. 

The ASTM E647 describes the test, as well as the data collection, reduction and reporting 
requirements.  The test itself requires standard fatigue test capability and utilizes precracked 
specimens which have widely accepted stress-intensity factor solutions.  The standard currently 
recommends three specimen configurations, the middle-cracked tension [M(T)], the compact 
tension [C(T)], and the eccentrically-loaded single edge tension [ESE(T)] specimen geometries, 
which are shown in Figure 7.2.1.  While the M(T) specimen is generally recommended for all 
stress ratio conditions, it should be noted that the C(T) and the ESE(T) specimens can only be 
used for positive stress ratio conditions.   

The primary control exercised during a test is the control of the fatigue forces that are being 
applied to the test sample.  Most modern servocontrolled, electrohydraulic test machines that are 
periodically recalibrated using force cells traceable to the National Institute of Standards and 
Technology (NIST) will result in force control well within the ASTM E647 requirements.  Force 
cells, of course, should be selected such that fatigue crack growth rate tests are being conducted 
using forces that are at the higher end of the load cell range to maximize force accuracy.  
Specific care should be taken to minimize force errors.  Such errors can cause major errors in 
reported crack growth rate data since stress-intensity factor (K) is a linear function of force. 

Fatigue crack growth rate data are derived from the crack length data (discrete pairs of crack 
length and cycle count data) and test load data.  Significant errors in crack growth rate behavior 
can also result if systematic errors in crack length measurement occur since such errors directly 
affect the calculated stress-intensity factor parameters. ASTM E647 places strict requirements on 
the measurement of crack size and recommends a frequency of crack length measurement based 
on the gradient (rate of change) of the stress-intensity factor through the crack length interval in 
the given test specimen. 

Figure 7.2.5 shows a schematic that illustrates the data reduction of a single test’s crack length 
data to the fatigue crack growth rate format.  The procedures that one uses to differentiate the 
crack length data have some effect on the individual da/dN vs ∆K discrete data points.  To ensure 
some uniformity in this part of the data reduction process, ASTM E647 recommends that either 
the secant or the 7-point incremental polynomial methods be utilized.  In fact, the standard 
includes a listing of a FORTRAN computer program that can be utilized to reduce the crack 
length data according to the 7-point incremental polynomial method.  Other differentiation 
methods leading to the same data trends for a given test include 5, 7, 9 point incremental, linear, 
quadratic, and power law least squares fitting schemes and the three-point average incremental 
slope method utilized by MIL-HDBK-5.  The specific differences that result from differentiating 
a set of crack length data using different methods are primarily associated with point-to-point 
data scatter in the a vs N data.  Discussion of the impact of this scatter on design was covered in 
Section 5.1.   
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Figure 7.2.5.  Fatigue Crack Growth Rate Data Reduction Procedure 

ASTM E647 recommends that duplicate tests be conducted to establish the crack growth rate 
behavior for a given set of test conditions (constant and environment).  However, if a complete 
definition of the growth rate behavior between threshold and fracture is required for a given set 
of test conditions, six constant load type tests with three different load levels might be required 
to cover the range.  For determining general trends under a given set of test conditions, shortcut 
methods are available.  These methods include:  

• methods of periodically increasing the constant amplitude load (by less than 10 percent) 
as the crack grows, and  

• methods of periodically modifying either the stress ratio or cyclic load frequency during a 
test.   

These shortcut methods are designed so that only selected intervals of the fatigue crack growth 
rate data are generated, although a description of the complete da/dN vs ∆K curve is possible 
since the entire range of behavior is covered. 

When shortcut methods are utilized to obtain a design database, it is recommended that a 
preliminary test program be conducted to verify the accuracy of these shortcut methods.  The 
preliminary test program would be based on a sufficient number of both constant load amplitude 
and shortcut tests to justify the shortcut test methods, since changing test loads, stress ratio 
levels, cyclic load frequencies and environmental conditions can introduce crack growth 
transients.  The crack growth transients of most concern are those that modify the interpretation 
of the mean trend behavior exhibited by the material under the test variations considered.  The 
preliminary test program should determine the magnitude of the transient and the crack growth 
increment required to establish steady-state behavior after a new condition is introduced.  The 
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approving agency should review the results of the preliminary test program relative to the impact 
of transient behavior and to the development of data reduction methods that exclude those 
intervals of crack length where transient behavior might be exhibited. 

7.2.2.2 Stress Corrosion Cracking 

Stress corrosion or environmentally-assisted cracking data which support standard damage 
integration schemes, as well as materials evaluation and selection studies, are based on either 
constant load or constant displacement type tests of fatigue cracked specimens placed in 
simulated service environments.  There are two types of stress corrosion cracking data properties 
measured by such tests:   

1) the threshold property (KIEAC), which is the level of the stress-intensity factor associated 
with no cracking in the given environment, and  

2) the crack growth rate resistance property (da/dt as a function of the static stress-intensity 
factor K). 

ASTM E1681 covers determination of stress corrosion threshold.  Figure 7.2.1 describes the 
three types of test specimen configurations utilized in the ASTM standard:  

• a bolt-loaded, compact [MC(W)] specimen,  

• a constant load single-edge specimen [SE(B)], and  

• a compact tension specimen [C(T)].   

As can be noted from the figure, the bolt-loaded MC(W) specimen is a self-loading specimen.  
The force loaded SE(B) and C(T) specimens must be placed in a test figure that supports the 
specimen while under load, which is typically applied using weights attached to one end of the 
specimen.  (Note that ASTM E1681 does not describe da/dt testing, but does mention da/dt 
information may be obtained on such tests.) 

As with other sub-critical crack growth resistance tests, the materials test engineer must pay 
particular attention to the pre-cracking, loading, and crack size measurement details.  In addition, 
because the environment has a more important influence on the crack growth resistance of many 
materials, specific controls must be instituted here also. 

Crack growth tests conducted in aqueous or similar deleterious environments lead to difficult 
crack length measurement problems since typically the direct use of visual techniques is 
restricted to conditions whereby the specimen is removed from the environment.  Use of visual 
techniques under these conditions is acceptable if it can be shown that removing the specimen 
from the environment introduces no major crack growth transient effects.  Collecting crack 
length data using electric potential difference (EPD) methodology and the relationships between 
crack size and potential voltage difference has gained credibility in recent years as a means of 
automating the measurement of crack size in both SE(B) and C(T) specimens.  Since stress-
corrosion cracking tests are conducted over longer periods of time (~ 10,000 hours) than other 
mechanical tests, stability of the crack size measurement system must be given a great deal of 
attention. 

Differences of opinion exist between the experts relative to the use of either the increasing 
(constant load) or decreasing (constant displacement) stress-intensity factor (K) type specimens 
for collecting threshold stress corrosion cracking data.  These differences result from the 
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influences of test conditions and of crack growth transients.  Since the objective of the KIEAC test 
is to obtain a threshold level of K associated with a preset growth rate limit, a series of tests 
should be conducted which would minimize these effects. 

The KIEAC results obtained using constant load specimens are influenced somewhat by the fact 
that the test time includes both the time associated with initiating the crack movement from the 
sharp precrack and that associated with subsequent propagation.  For KIEAC data collection 
programs using increasing K specimens, a number of tests should be conducted such that the 
precracked specimens are loaded above and below the level of the expected stress-intensity 
factor condition associated with zero crack movement.  Subsequently, each unbroken specimen 
should be broken open and examined for evidence of crack movement during the test period.  In 
all cases, the KIEAC value is lower than the lowest value of the stress-intensity factor associated 
with the broken specimens.  If no stress-corrosion cracking movement is observed when the 
unbroken specimens are examined, the KIEAC is taken as the highest stress-intensity factor level 
associated with the unbroken specimen group.  When stress-corrosion cracking movement is 
observed in the unbroken specimen group, the amount of crack movement should be divided by 
the test time in order to ascertain if the average growth rate associated with any test is below that 
required to obtain the KIEAC value.  The highest level of stress-intensity factor that yields an 
average growth rate below that required is taken as the KIEAC value. 

The KIEAC results obtained using the bolt-loaded (K-decreasing type) specimen can be influenced 
by crack growth transients that occur after loading.  (For additional information see the 
discussion in ASTM E1681 on stress relaxation influences in Section 5.1.7)  For KIEAC data 
collection programs using decreasing K specimens, a number of tests should be conducted such 
that the precracked specimens are loaded to levels that are slightly above (10 to 25 percent) the 
level of expected KIEAC.  High initial stress-intensity factor levels (relative to KIEAC) result in a 
number of problems in determining KIEAC accurately.  These problems sometimes result from the 
fact that once the precrack starts to move it has a longer distance to travel before arresting as a 
result of the high initial K condition and the slowly decaying K gradient associated with the bolt-
loaded conditions.  Another problem associated with high initial K conditions is that cracks will 
sometimes initiate and arrest prematurely due to crack blunting (under first loading) and crack 
front tunneling.  In the decreasing K specimen, as soon as crack movement occurs from the 
precrack, the crack front loses the sharpness of a fatigue crack; this sometimes results in a value 
of KIEAC that is somewhat above that measured in the increasing K specimen. 

Some of the problems in estimating KIEAC using either constant-load (increasing K) and bolt-
loaded (decreasing K) specimens are alleviated when crack growth measurements are 
continuously made throughout the test.  Specifically, measurement of the first crack movement 
that occurs in constant-load specimens provide a better time basis for estimating the crack 
growth rate from unbroken specimens.  Even periodic measurement of the crack length in the 
bolt-loaded C(T) specimens will increase the test engineer’s confidence that transient or 
abnormal crack growth behavior has not occurred during the test. Crack growth rate data used for 
sensing a material’s resistance to environmental attack is collected and reduced in a manner 
similar to fatigue crack growth rate data.  The principal difference in an environmental attack 
testing program is that the loads or displacements are held constant during the test.  KIEAC is used 
primarily for ranking materials for sub-critical crack growth resistance in environments.  
Because fatigue testing is conducted extensively in similar environments during the design of 
airframe structures, a high level of interest continues in combining the time dependent rate 
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information with the cyclic dependent data into a common predictive model.  It is therefore 
suggested that when such tests are necessary to support damage integration packages, that stress-
corrosion cracking rate tests follow the basic guidelines of the fatigue crack growth rate tests in 
ASTM E647. 



7.3 Quality Control Testing 
The quality control tests provide data that (a) support the initial quality design assessments and 
non-destructive inspection (NDI) requirements, or (b) ensure the uniformity of the production 
product.  Because many of these tests will be conducted during the production run they are fairly 
simple tests.  Requirements for these tests are defined after the preliminary sizing and the 
identification of fracture critical parts.  Quality control data covered by this category of tests 
include equivalent initial quality (EIQ) data, continuing assessment of the non-destructive 
evaluation (NDE) capability, and component prolongation tests for fracture toughness and crack 
growth resistance. 

One sure method for minimizing damage tolerant problems due to the presence of the manufacturing 
induced rogue flaw is to take ample precautions on the production line to minimize the probability 
that such defects could be present in safety-of-flight structures.  The manufacturer, during design, 
will typically suggest methods for ensuring strict production line control of material preparation, 
fabrication and joining techniques.  The manufacturer’s control can be periodically checked 
using the same type of testing and analysis approaches that were utilized in design to justify the 
choices of materials and defect sizes for the airframe’s damage tolerant analysis.   

Throughout the procurement cycle of several recent weapon systems, fracture toughness was 
controlled to specified design minimum levels for airframe safety-of-flight type structure.  The 
particular fracture toughness property used for quality control was the plane-strain fracture 
toughness – KIc, (see Section 7.2).  Since some manufacturing processes are such that they alter 
the microstructure of some materials (and thus the fracture resistance), it was believed necessary 
to monitor the behavior of material subjected to the gamut of processes that precede final assembly.  
In fact, the B-1A material quality control program was designed so that the fracture toughness 
was sampled for each fracture critical part after each major manufacturing process; such a sampling 
program provided an immediate indication if any process was detrimental to the fracture toughness. 

In almost all the past cases where fracture toughness was controlled, ASTM E399 was employed 
to obtain a valid plane-strain fracture toughness (KIc) value.  As a result of the difference in cost 
between a KIc test and other much simpler mechanical tests such as the tensile test, engineers 
have been giving attention to the development of tests that are both simple and representative of 
the fracture toughness property of interest.  The double-edge notched specimen and the round 
edge-notched specimen are two notched geometries that have been examined.  Both notched 
geometries are prepared with sharp root radii, i.e. radius < 0.002 inch, but do not contain fatigue 
precracks.  A Chevron Notch Test for KIV (ASTM E1304) can also be used as a KIc indicator. 

For quality control purposes, the manufacturer might prepare a series of round-edge notched 
specimens and KIc specimens with the same microstructure (from the same lot of material) and 
determine the relationship between, for example, notched tensile strength and fracture toughness.  
The series of tests would be repeated for different microstructure (different lots of material) until 
every possible combination of microstructure was covered.  The manufacturer would then formulate 
a global relationship between notched tensile strength and fracture toughness of this material. 
Using standard statistical techniques, the manufacturer could then establish the required level of 
notch tensile strength that should be measured during production in order to achieve the 
minimum allowable level of fracture toughness. 
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While the crack growth property is actually of greater concern than the fracture toughness property, 
controlling the level of subcritical crack growth resistance via a quality control test has not been 
attempted for any large weapon system due to the expense and complexity of the crack growth rate 
test.  The Air Force funded one study to explore the possible development of an inexpensive crack 
growth test but the results of this program were mixed [Creager & Sommers, 1977].  With the 
advent of automated fatigue crack growth rate test methods, future quality control programs could 
incorporate a test for controlling the subcritical crack growth resistance of fracture critical parts. 



7.4 Analysis Verification Testing 
The analysis verification tests provide data that define the accuracy of the damage tolerance 
analysis tools relative to their ability to predict the crack growth behavior of the structure under 
operational conditions.  In essence, these tests are conducted to verify individual or collective 
elements of the damage integration package that will be used to conduct damage tolerant life 
analysis studies.  Analysis verification tests include those tests that are used to verify stress-
intensity factor calculations, residual strength methods, crack growth calculations, and test 
spectrum truncation procedures.  The tests range in difficulty from constant amplitude tests on 
fairly simple structural geometries to flight-by-flight load type tests conducted on structures that 
simulate isolated design features contained in full-scale structural components.  These tests are 
typically conducted during the design analysis and development testing phase of the contract 
prior to testing the full-scale structure and major components.  Additional testing may also be 
necessary subsequent to the results of the full-scale flight and ground tests to support 
interpretation and evaluation of cracking problems. 

7.4.1 Structural Parameter Verification Techniques 

The current analytical procedures for developing the stress-intensity factor (K) associated with 
two-dimensional structural geometries have been extensively verified.  The verification of the 
tools required to solve three-dimensional structural geometry problems, however, is still 
receiving major attention.  This subsection reviews the experimental techniques utilized to verify 
the analytical procedures for obtaining stress-intensity factors for two- and three-dimensional 
geometries. 

For the two-dimensional crack geometries, the engineer has the opportunity to employ four 
different types of experimental tests to verify the stress-intensity factor solution for the given 
problem:  compliance (displacement/load) measurements [Bubsey, et al., 1973], moiré fringe 
techniques [Kiu & Ke, 1975], photoelastic procedures [Kobayashi, 1973], and crack growth rate 
testing [James & Anderson, 1969].  In the realm of the three-dimensional problem, only two of 
the above tests can be relied upon:  photoelastic procedures [Smith, 1975], and crack growth rate 
testing [Grandt & Sinclair, 1972; Grandt & Hinnerichs, 1974]. 

7.4.1.1 Compliance 

The compliance measurement test is based on the relationship between compliance (C), which is 
a measure of stored energy in the structure, and the strain energy release rate (G).  The 
relationship as discussed in Section 1.3 is: 
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where P is the applied load, B is the structural thickness, and a is a measure of crack length.  The 
compliance in Equation 7.4.1 is associated with the displacement of the load points along the 
axis of loading.  It should be noted that displacements not along the axis of loading cannot be 
used in the calculation of the strain energy release rate (G).  Once the relationship between G and 
C has been established the stress-intensity factor (K) is calculated using: 
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where E′ = E, the elastic modulus, for plane stress problems and E′ = E/(1-ν 2) for plane strain 
problems, ν is Poisson’s ratio.  Since the bulk of the material in any given structure is subject to 
plane stress conditions, the better correlations are obtained between analytically determined K 
solutions and compliance determined K solutions based on the plane stress formulation of 
Equation 7.4.2. 

7.4.1.2 Moiré Fringe 

The moiré fringe technique for obtaining the stress-intensity factor for a through-thickness crack 
(two-dimensional geometry) is based on the measurement of in-plane displacements (or strains) 
in the crack tip region.  The moiré fringes, which leads to displacement or strain measurements, 
are developed as a result of an interference created by an optical mismatch of two grid patterns; 
one pattern is the model grid which is placed on the structure, the other is the reference grid 
which has the same pattern as the model grid in the unloaded condition.  As the moiré fringes are 
converted to, say, displacement measurements in the crack tip region, the displacement (δ) of the 
crack surfaces close to the crack tip is related to the stress-intensity factor (K) through the 
relation (plane stress-linear elasticity assumed) 
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where E is the elastic modulus and r is the distance from the crack tip.  Typically, measurements 
are made of the displacement as a function of distance from the crack tip; and, the collection of 
these results are used with a linear regression equation to estimate the value of K. 

Continuing evolvement of the moiré interferometry techniques have produced methods for 
increased displacement sensitivity which are covered by a review paper by Post, et al. [2000]  In 
a method called microscopic moiré interferometry, two techniques have evolved which are used 
sequentially:  a) an immersion interferometer uses a fluid coupling media to produce virtual 
reference gratings of 4800 lines/mm – double the usual basic sensitivity, b) a complementary 
technique uses optical/digital fringe multiplication by fringe shifting, along with an efficient 
algorithm to generate an enhanced contour map of the displacement field.   The two advances 
work in concert to result in an overall sensitivity multiplier as high as 24X. 

Even planar surfaces are no longer a strict requirement for using moiré.  Work by Boeman 
[1991] and later expanded by Mollenhauer [1997] have developed innovative methods for 
imaging the inner surfaces of bolt holes in composite plates. 

Other variations include shadow moiré, which is useful for higher in-plane displacements, again 
as with regular moiré, increased sensitivities can be obtained using the optical/digital fringe 
multiplication techniques. 

In work by Epstein and Dadkah [1993], applications to fracture mechanics solutions have been 
pursued.  Moiré interferometry measures the stress intensity factor local to the crack-tip without 
relying on compliance calculations, a savings in instrumentation complications for both fracture 
and corrosion studies.  Portable field units have been developed at Idaho National Engineering 
Lab for extending the use to maintenance and field activities.  

A comprehensive review of experimental mechanics techniques and applications is included in 
Rastogi [2000]. 
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7.4.1.3 Photoelasticity 

Photoelastic techniques are based on the bi-refringent characteristics exhibited by transparent 
plastic materials of specific tailored compounds of plexiglas, polycarbonate, and epoxy resins.  
These plastics, under load, develop an isochromatic fringe pattern that can be directly related to 
the maximum shear stresses in the geometry being analyzed.  The photoelastic materials can be 
selected to match with the expected elongation of the substrate material.  In Table 7.4.1, the 
photoelastic test materials are bracketed into three levels by expected elongation range.  The 
maximum measurable strain for a particular photoelastic coating depends upon its stress-strain 
curve and the linearity of photoelastic behavior.   

Table 7.4.1.  Coating Selection for Elongation Levels 

Coating Material Maximum Elongation Typical Application 
PS-1 
PS-8 
PL-1 
PL-8 

5% 
3% 
3% 
3% 

Testing on metals, concrete, 
glass, and hard plastics in the 

elastic and elastoplastic ranges 

PS-3 
PL-2 
PL-3 
PS-4 

30% 
50% 

>50% 
>40% 

Testing on soft materials such as 
rubber, plastics and wood 

PS-6 >100% Testing on soft materials such as 
rubber, plastics and wood 

 Chart courtesy of Vishay Measurements Group, Inc. 

 

The bi-refringent sensitivity is another important factor to consider when choosing a photoelastic 
coating [Vishay Measurements Group, Inc., 2001].  The overall sensitivity of the strain 
measurement system depends on: 

• The sensitivity of the coating is expressed by the fringe value, φ.  The fringe value 
represents the difference in principle strains, or the maximum shear strain, required to 
produce one fringe.  The lower this parameter, the more sensitive the coating, 

• The sensitivity of the polariscope system for examining the photoelastic pattern and 
determining the fringe order, N. 

The primary difference between the approach used for two- and three-dimensional work is that 
two-dimensional models can be directly analyzed under load whereas the three-dimensional 
model must be reduced to a two-dimensional model before the crack tip fringe information can 
be recovered.  To obtain the fringe results from the three-dimensional model, the isochromatic 
fringe pattern must first be frozen in place while the model is under load; the stress freezing is 
accomplished through a thermal treatment that takes the material above a critical temperature for 
a hold-time period which is followed by a slow cooling.  Subsequent to the stress freezing 
operation, the three-dimensional model is sliced up to obtain a two-dimensional slice that 
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contains the crack segment of interest.  This two-dimensional slice is then interrogated with 
normal photoelastic equipment (polariscope) to recover the imbedded fringe information. 

A new development for building 3-D structural models is by using stereolithography (SLA).  
[TECH, Inc. 2001]  SLA is a rapid prototyping process by which a product is created using an 
ultra-violet (UV) curable liquid resin polymer and advanced laser technology.  Using a CAD 
package such as Pro/Engineer, SolidWorks, or other solid modeling software, a 3-D solid model 
is exported from the CAD package as an .stl file. The .stl file is then converted into thin layers. 
The sliced model, in layers, is then sent to the SLA machine. The SLA machine uses its laser to 
cure the shape of the 3-D CAD model on a platform in the vat of resin from the bottom up, one 
layer at a time. As each layer is cured, the platform is lowered the thickness of one layer so that 
when the part is completely built, it is entirely submerged in the vat.  Stereolithography is 
capable of creating the most complex geometries quickly and precisely. 

 

 
Figure 7.4.1.  Stereolithography process diagram (Courtesy of TECH, Inc.) 

The analysis of crack tip fringe information is the same for both the two- and three-dimensional 
models.  For Mode 1 loading, the stress-intensity factor (K) is obtained using: 
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where σo is an unknown pseudo-boundary stress, r is the distance directly above the crack tip on 
an axis perpendicular to the crack path, and τmax is the maximum shear stress obtained from the 
stress-optic law 
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with n the photoelastic fringe order, f the material fringe value, and B the thickness of the two-
dimensional model or slice.  The shear stress (τmax) is typically analyzed using a truncated Taylor 
series that describes the behavior in the crack tip region, i.e. 
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where Smith [1975] suggests N is chosen to be the lowest possible number that results in 
Equation 7.4.6 providing a good fit to the shear stress data.  Figures 7.4.2 and 7.4.3 illustrate the 
two basic steps used in determining the stress-intensity factor from photoelastic experiments 
[Smith, 1975].  For both three-dimensional surface crack models considered, the thin two-
dimensional slice that was analyzed for the crack-tip fringe pattern was taken through the point 
p.  The slice was perpendicular to the crack plane and oriented so that the slice was through the 
thickness; thus the slice had the appearance of a single edge cracked geometry. 

Figure 7.4.2 describes the shear stress distribution (points) and the corresponding least-squares 
derived truncated Taylor series expansion (curve) for the two surface crack geometries 
considered.  Figure 7.4.3 illustrates how Equation 7.4.6 and 7.4.4 are combined to extrapolate the 
photoelastic data to the crack tip.  Figure 7.4.3 portrays the stress-intensity factor based on 
photoelastic data (KAP) as the ratio of the photoelastic result to the preexisting theoretical result.  
Note that the photoelastic result is calculated from Equation 7.4.4 where the pseudo boundary 
stress (σo) is taken as zero.  This stress is accounted for through the N=0 term of Equation 7.4.6.  
The curves in Figure 7.4.3 are based on the truncated Taylor series solutions obtained from the 
data in Figure 7.4.2.  In both cases shown, the extrapolations lead to reasonable estimates of the 
theoretical results and are somewhat typical of what one might expect from photoelastic 
estimates of the stress-intensity factor. 
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Figure 7.4.2.  Typical Maximum Shear Stress Data Modeled with a Truncated Taylor Series 

Equation [Smith, 1975] 
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Figure 7.4.3.  Extrapolation of Equation 7.4.4 Based on the Truncated Taylor Series Equation 

Results Presented in Figure 7.4.2 [Smith, 1975] 

7.4.1.4 Crack Growth Rate 

The basic hypothesis of the fracture mechanics approach to fatigue is that crack growth rate data 
can be described as a function of a stress-intensity factor (K) parameter associated with the 
fatigue loading.  For constant amplitude loading, the parameter is the stress-intensity factor range 
(∆K); and for steady-state variable amplitude loading histories, the parameter might be a root 
mean square value of the stress-intensity factor (Krms).  Once the basic hypothesis has been 
verified, crack growth data can be generated using relatively simple specimens; such data are 
independent of stress level, crack length, and structural test geometry, and thus can be related to 
the behavior of complicated structural geometries through the use of the stress-intensity factor.  
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The transferability of the crack growth rate data using the stress-intensity factor has provided a 
semi-inverse procedure for estimating the stress-intensity factor for complicated crack problems. 

The semi-inverse procedure depends on the availability of two pieces of information:   

• crack growth rate data for the structure for which the stress-intensity factor will be 
estimated, and  

• crack growth rate versus stress-intensity factor type data collected for the material 
subjected to the same type of loading history to which the structural crack has been 
exposed.   

The semi-inverse procedure relies on using the structure’s crack growth rate (information item 1) 
to interpolate the material’s crack growth rate/stress-intensity factor relationship (information 
item 2) to estimate the structure’s stress-intensity factor.  Figure 7.4.4 provides a schematic 
illustrating how the two information items are used to obtain the structure’s stress-intensity 
factor relationship. 
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Figure 7.4.4.  Semi-Inverse Fatigue Crack Growth Rate Determination of Stress-Intensity 

Factors 

Grandt and coworkers [Grandt & Sinclair, 1972; Grandt & Hinnerichs, 1974] have applied the 
semi-inverse procedure to a number of problems of Air Force interest.  Figure 7.4.5 describes the 
results for a radially cracked cold-worked hole that was subjected to two different levels of 
remote loading.  It can be seen from the figure that the stress-intensity factor values obtained 
from the semi-inverse procedure (the data points) describe a relatively smooth function and 
closely approximate the analytical results marked linear superposition.  Due to the cold-working 
operation, the stress-intensity factor is also seen to be substantially below that associated with the 
open hole configuration (curve marked Bowie), which well demonstrates the benefit of cold 
working. 
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Figure 7.4.5.  Stress-Intensity Calibration for a 0.26 Inch Diameter Hole Cold-worked to 

Achieve a 0.012 Inch Diametrical Interference in 7075-T6 Aluminum Alloy (0.25 Inch Thick) 

7.4.2 Residual Strength Methods-Verification 
In Section 4, the residual strength analysis was discussed which requires a material model 
describing the fracture process, the specific materials data that support the model for the 
structural thickness and loading conditions, and the ability to derive the value of the controlling 
structural parameter (such as the stress-intensity factor) for the cracked structure.  There are a 
series of residual strength tests that can be conducted during the course of the design analysis and 
development test activity (JSSG-2006 paragraph 4.12.2) that will support the verification of 
residual strength analysis capability in aircraft safety-of-flight critical structure.  For example, a 
manufacturer could choose to conduct some constant amplitude fatigue crack growth rate tests 
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using radial-corner-cracked-hole type specimens or part-through thickness cracked type 
specimens in order to verify the stress-intensity factor analysis part of the damage integration 
package.  Instead of cycling such constant amplitude tests to failure, the tests could be stopped 
prematurely and the specimens pulled to fracture.  By monitoring these fracture tests and 
recording critical events as a function of load, the manufacturer can build a database that can be 
utilized to verify the applicability of various material (fracture) models proposed for the residual 
strength analysis. 

An example illustrating some of the initial steps in verifying the applicability of a new type of 
fracture model can be obtained from a review of the work of Wang and McCabe [1976].  One of 
the first steps in verifying any residual strength analysis is to demonstrate the transferability of 
the data between simple cracked geometries. 

Wang and McCabe considered the applicability of the R-curve (KR) analysis to the prediction of 
residual strength of aircraft structures.  At the time of their study, there was almost no 
documentation that supported the transferability of R-curve data.  Wang and McCabe employed 
two types of crack-line-wedge-loaded compact [C(W)] specimens to provide the basic materials 
data and then performed a residual strength analysis on middle-crack tension [M(T)] panels.  
They also directly compared the R-curves from the two cracked geometries; Figure 7.4.6 
describes one of their comparisons. 

 
Figure 7.4.6.  R-Curve Comparison for 7475-T61 Aluminum [Wang & McCabe 1976] 

The Wang and McCabe residual strength results are summarized in Table 7.4.2 and in Figure 
7.4.7.  They were able to predict the gross stress at fracture, i.e. the residual strength, on the 
average to within 5 percent (on the conservative side) of the experimental results.  Their most 
non-conservative prediction was only about 8 percent higher than the experimental value. 
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Figure 7.4.7.  Summary of the Capability of the R-Curve Method for Predicting the Residual 

Strength of Center-Cracked Panels Using CLWL Specimen Data [Wang & McCabe 1976] 
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Table 7.4.2.  Comparison Of CLWL Predicted Instability Conditions To Experimentally 

Determined Values In Middle-Cracked Panels. 
 Half Crack 

Length (in) 
Gross Stress, 
Fracture (ksi) 

Kc 
ksi √in. 

Material Width 
(in.) 

ao 
(in.) 

Predict Exper. Predict Exper. Predict Exper
. 

Net 
Section 
Stress, 

predicted 
ksi 

24 4.0 5.64 4.79 24.9 26.7 121.9 116 46.6 
36 5.4 7.43 7.03 24.1 26.1 130.5 134 40.8 

120 10.0 12.57 13.46 21.6 24.22 139.5 162 27.3 

2024-T3 

120 15.0 17.66 19.05 17.8 18.7 140.1 156 25.2 
36 1.8 2.91 2.65 43.5 45.2 133.8 133 51.8 
36 3.6 4.85 4.75 34.1 33.1 139.4 135 46.6 
36 5.4 6.70 6.50 28.1 27.2 141.1 134 44.8 
48 4.8 6.12 5.90 31.1 31.2 142.2 139 41.7 

120 10.0 11.46 11.05 23.8 27.2 146.1 164 29.3 

7475-T761 

120 15.0 16.50 16.05 19.5 18.1 147.3 133 26.9 
30 4.87 5.28 5.23 13.4 14.35 59.2 63 20.7 7075-T6 
48 7.0 7.42 7.3 11.5 12.5 59.0 63 16.6 

7079-T6 48 7.0 7.49 8.05 14.9 14.95 77.0 78 21.6 
36 1.8 2.54 2.65 35.9 39.8 102.6 118 41.8 
48 4.8 6.13 5.7 25.1 29.25 114.8 129 33.7 

7475-T61 

120 10.0 11.67 - 19.3 - 119.7 - 24.0 
 

The next step in verifying the residual strength prediction model is through the testing of built-up 
(multiple-load-path) type structure.  Such structures have the attributes of transferring load 
during crack propagation as well as of possibly arresting the running crack before a catastrophic 
failure of the complete structure occurs.  As discussed in Section 11, the development of an 
accurate value of the structural parameter K, the stress-intensity factor, requires that the 
structural analyst properly account for load transfer, joint deformations, fastener effects, etc.  As 
such, the testing of built-up structures can result in the verification of the stress-intensity factor 
(or other appropriate parameter) estimates as well as the material failure model and its supporting 
data. 

As an example of results obtained to validate the use of a residual strength model for built-up 
structure with fracture arrest features, consider the work of Swift and Wang [Swift, 1971; Swift 
& Wang, 1970].  They tested extremely large flat panels with longerons and frames.  The 
longerons were either T or hat sections.  The frames were attached to the skin with shear clips; in 
some cases, extra tear straps were used as crack stoppers.  Figure 7.4.8 describes a comparison of 
their predicted residual strength curves for four different configurations with the experimental 
results shown as points (initiation/arrest as appropriate).  In most cases, the analysis was shown 
to be within 5 percent of predicting the experimental observation.  Additional examples of 
residual strength verification tests for model transferability using single-load-path and built-up 
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structures can be found in Liu & Eckvall [1976], Verette, et al. [1973, 1977], Liebowitz [1974], 
and Potter [1982]. 

 
Figure 7.4.8.  Test Results of Swift and Wang on 120 Inch Wide Panels with 7075-T73 Skin 
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A similar program was conducted by Dawicke, et al. [1999].  Under the auspices of the NASA 
Aircraft Structural Integrity (NASIP) and Airframe Airworthiness Assurance/Aging Aircraft 
(AAA/AA) programs, a residual strength prediction methodology has been experimentally 
verified for aircraft fuselage structures. 

The fracture criteria selected for use on the (mostly) thin gage aluminum fuselage structure was 
the crack tip opening angle (COTA).  A detailed description of the testing methodology used for 
determining the COTA is given in Dawicke [1997] and Dawicke & Sutton [1993].  The COTA 
was selected to handle the diverse loading problems of large scale yielding, and significant stable 
crack growth which limited the applicability of more normal linear elastic fracture mechanics.  
Two finite element codes were used in the program: a) ZIP3D was used for the simple laboratory 
specimens which did not exhibit large out of plane displacements, b) STAGS, which is a 
nonlinear shell analysis code, was used for the residual strength analysis for larger specimens 
with large out of plane displacements. 

A typical fuselage skin material, 2024-T3, was used throughout the program.  Specimen 
thicknesses were 0.040, 0.063, and 0.090 inches.  The laboratory test results of the CTOA were 
used to predict the results from larger structural element and full scale structure validation tests.  
The final test in the series was a full size fuselage segment with combined internal pressure 
loading and axial tension loads to simulate fuselage body bending. 

The CTOA fracture criteria projects that crack growth will occur when the included angle of the 
two crack surfaces (Figure 7.4.9) with respect to the crack tip reaches a critical value.  The 
critical angle for a given material is nearly constant after growth exceeds the half thickness point, 
as shown in Figure 7.4.10.  An increase in the thickness of the specimen causes a decrease in the 
CTOA, as shown in Figure 7.4.11. 

 
Figure 7.4.9.  Schematic of the Definition of Critical Crack-Tip Opening Angle (CTOA) 

[Dawicke, et al., 1999] 
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Figure 7.4.10.  CTOA Measurements For 0.063-Inch-Thick, 2024-T3 Aluminum Alloy 

[Dawicke, et al., 1999] 
 

 
Figure 7.4.11.  Influence Of Specimen Thickness On The Critical CTOA For 2024-T3 

Aluminum Alloy [Dawicke, et al., 1999] 

Another complexity that was introduced by using the STAGS 2D FEM was the necessity to 
account for the through-thickness constraint effects by using an approximation for the plane 
strain core (PSC).  This approximation of the PSC height is nominally equal to or less than the 
specimen thickness (Figures 7.4.12 and 7.4.13). 
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Figure 7.4.12.  Illustration of the Plane Strain Core Around a Crack [Dawicke, et al., 1999] 

 
Figure 7.4.13.  Plane Strain Core Heights (PSC) for the 0.04, 0.063, and 0.09-inch-thick 2024-

T3 Aluminum Alloy Specimens [Dawicke, et al., 1999] 
 

The report summarizes a successful application of the CTOA fracture criteria in conjunction with 
a 2D non-linear FEM model.  The critical CTOA and the plane strain core (PSC) were acquired 
from small laboratory size specimens and the results were projected for wide panel (40 inches) 
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(Figure 7.4.14 and 7.4.15) and full scale fuselage structural components.  For a specified 
thickness, the predicted value to the experimental test value was within 10% for all the program 
specimens. 

 
Figure 7.4.14.  Stiffened Panel and MSD Crack Configuration [Dawicke, et al., 1999] 
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Figure 7.4.15.  Fracture Test Results For 2024-T3, B=0.063-Inch-Thick, 40-Inch-Wide M(T) 

Specimens With and Without Stiffeners and STAGS Predictions Using CTOA=5.4° and 
PSC=0.08 Inch [Dawicke, et al., 1999] 

The residual strength verification testing continues through both the design analysis and test 
development phase and the full-scale flight and ground test phase of an aircraft development 
contract (JSSG-2006 paragraph 4.12.2 and A4.12.2).  For cost-effectiveness, it is useful to 
terminate a number of fatigue tests (used to verify the crack growth analysis or test spectrum 
design) with a controlled fracture test.  Continuing a fatigue test until failure occurs may give 
incomplete or false information about the residual strength characteristics of the structure.  
Hence, it would not be appropriate to use fatigue failures to verify residual strength.  The 
problems associated with attempting to verify residual strength analysis or characteristics using 
the information from fatigue test failures are summarized below: 

1) The damage tolerance requirements specify residual strength loads, Pxx, which are 
all on the order of limit load.  Stresses on the order of the limit load stress may 
occur seldom in the test stress history; they may not occur at all during the last 
part of crack growth.  As a result, the cracks may grow much longer than the 
critical size associated with the stress level at the Pxx load.  Then final failure will 
occur at a much lower stress. 

2 Letting failure occur in the course of a crack growth test introduces a difficulty in 
determining the stress at fracture.  If the loading is constant amplitude, it is 
reasonable to assume that fracture occurs at the peak stress.  In variable-amplitude 
loading a series of low stress cycles may be followed by one high stress cycle 
during which fracture occurs.  It is not certain now whether fracture took place at 
the peak or at a somewhat lower stress. 

3) The critical crack size may be difficult to determine.  Usually some crack growth 
has occurred since the last measurement.  During the last cycles, crack growth 
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may accelerate fast.  This usually means that the fracture surface is very similar to 
that of a static fracture.  As a result, the size of the fatigue crack at which fracture 
occurred is not well delineated on the fracture surface. 

4) The crack growth at low stresses may continue so long that fracture occurs at a 
crack size that is too long with respect to specimen dimensions.  A rational 
comparison with other test data is complicated due to the remaining ligament 
requirements and could be misleading. 

Therefore, it is useful to perform a controlled residual strength test near the end of the crack 
growth test.  For this purpose, the critical crack size is estimated on the basis of the stress at the 
required Pxx.  The test is discontinued when this crack size is reached.  Then an appropriately 
instrumented fracture test is performed.  In this respect, it is important that the specimen is of 
sufficient size.  There can be no question about this when a complete component is tested.  In 
that case, any size requirement is overruled. 

7.4.3 Crack Growth Modeling-Verification 
The basis of all crack growth calculations is the damage integration package discussed in Section 
5, which includes the models and procedures used in estimating the effects of the load and 
environmental events in the operational history that must be verified.  To model the impact that a 
variable amplitude load history has on the crack propagation characteristics of a structure, the 
damage integration package must be able to predict the effects of load amplitude, stress ratio (R), 
load sequences, and hold time events, as well as load frequency and waveshape in the case of a 
material sensitive to environmental effects. 

Testing for verification of the crack growth models in the damage integration package should be 
conducted using middle-cracked panels.  The middle-cracked panel geometry is characterized by 
widely accepted stress-intensity factor calibration and the results of spectrum tests with this 
geometry are easiest to correlate.  It is recommended that the procedures outlined in Section 7.2 
and in ASTM E647 relative to geometry, crack measurement, and pre-cracking be employed 
when using the middle-cracked panel specimen for non-constant amplitude loading. 

Additional tests should be performed on specimens with radial corner cracked hole geometries 
and on specimens containing surface flaws in order to verify methods that describe the change in 
crack shape as the crack grows.  It is important that corner-crack and surface-crack geometries be 
included in any crack growth verification test program in view of their relevance to the damage 
tolerance criteria.  Radial corner-cracked-hole specimens and other part-through thickness 
specimens require special preparation techniques.  Typically, the radial corner-cracked hole 
specimens are prepared in two steps.  The first step is to introduce damage (EDM notch, saw cut, 
etc.) into a hole that is undersized and pre-crack the specimen until a crack of sufficient size 
appears.  The second step is to enlarge the hole, remove the initial damage, and leave a crack 
with the required size in the specimen.  It is necessary in the first step during pre-cracking to 
limit the stress-intensity factor levels so that the crack tip is not exposed to levels higher than 
what will be experienced during the test start up.  Sometimes to preclude overload effects, the 
radial-cracked specimen is pre-cracked subsequent to the second step. 

The surface flaw (part-through-crack) specimens are normally prepared along the lines suggested 
by ASTM E740.  While the objective of this standard is to describe a fracture test of a part-
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through-crack type structural geometry, the standard details damage preparation techniques as 
well as pre-cracking procedures. 

Because each material responds differently to the same spectrum, and because each load history 
will cause different amounts of damage in different materials, a crack growth damage integration 
package will be based on a combination of models and experimentally established constants.  
Typically, the effects of load amplitude, stress ratio and load sequence are addressed through the 
use of a model that effectively combines a crack-growth-rate-based stress-ratio model with a 
crack-growth-retardation model which in turn accounts for the effect of tensile and compressive 
overloads, as well as multiple overload occurrences.  The stress-ratio models as well as the 
retardation models are empirically based as was discussed in Section 5.  The tailoring of the 
retardation model so that it adequately represents effects of a given spectrum and material is one 
of the more difficult tasks of the damage tolerant design analysis and test development activities. 

The tailoring of the retardation model is based on crack growth life predictions of test results 
using reliable baseline (constant amplitude) crack growth rate data.  In terms of developing a 
good correlation between prediction and test results, the following guidelines apply for each test.  
First and foremost, there should be a good estimate of the crack growth life based on the growth 
from crack initiation to test termination.  Second, and normally just as important, the shapes of 
the predicted and test crack growth curves should match as closely as possible.  Figure 7.4.16 
illustrates these two points:  predictions A and B would be considered bad, even though the life 
to failure was predicted correctly.  Correlations are considered good if the prediction of all 
relevant points are within about 20 percent of the test data, as indicated by the shaded region of 
the figure.  Typically, a number of tests with different conditions must be conducted before the 
damage integration package can be accepted with confidence.  It is recommended that each crack 
growth test be summarized with crack growth life curves (predicted and test).  The next several 
paragraphs describe a verification test program for an improved damage integration package. 
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Figure 7.4.16.  Comparison of Analytical and Experimental Crack Growth Curves 

In a study for the (then) Flight Dynamics Laboratory, Chang [Chang, et al., 1978; Chang, et al., 
1981; Chang, 1981] conducted a series of crack growth tests on 2219-T851 aluminum alloy that 
were used to verify the accuracy of an improved damage integration package imbedded within 
the computer code EFFGRO.  In Chang, et al., [1981], Chang summarizes the results of ten 
constant amplitude tests (different stress ratios), 20 tests where single and periodic overloads 
were applied, and 30 tests where multiple overloads and block loading conditions were studied. 
In Chang [1981], Chang summarized thirteen tests where different flight-by-flight loading 
conditions were applied; eleven tests involved fighter histories, two tests involved transport type 
histories.  Table 7.4.3 summarizes the test program and Chang's ability to estimate the crack 
growth lives for the various types of test conditions based on the life prediction ratio approach. 

The life prediction ratio (Npred/Ntest) is the life determined from the prediction divided by the life 
from the test and is calculated for each test.  Table 7.4.3 provides a collective summary of all the 
results that Chang developed, grouped in the same way that he presented the results as well as in 
larger groupings.  For all the tests, the mean life prediction ratio is 0.987 and the standard 
deviation of this measure is 0.35; the lowest and highest life prediction ratios are 0.15 and 2.48, 
respectively.  Table 7.4.4 shows how the life prediction ratio statistics (mean and standard 
deviation) can be used to estimate the error in a crack growth life calculation based on the 
improved model.  Note from Table 7.4.4 that the damage integration package will predict lives 
that range between plus and minus (approximately) 60 percent of actual, 80 percent of the time. 
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Table 7.4.3.  Summary of Chang’s Improved Spectrum Prediction Results Based on Tables 
in Chang, et al.[1981] and Chang [1981] 

Life Prediction Ratios (Npred/Ntest) Chang’s 
Table No. 

Number 
of Tests 

Type of Load 
History Mean ± Standard 

Deviation 
Lowest 
Value 

Highest 
Value 

2* 10 Constant amplitude 1.340 ± 0.500 0.81 2.48 
3* +19  Single and periodic 

overload 
0.783 ± 0.240 0.37 1.18 

4* 30 Multiple overload 
and block 

0.938 ± 0.30 0.15 1.60 

2* and 3* 29 See above 0.974 ± 0.44 0.37 2.48 
2*, 3* and 4* 59 All simple 0.956 ± 0.37 0.15 2.48 

++2  13 Flight-by-flight 1.131 ± 0.22 0.80 1.46 
2*,3*,4* and 

 ++2
72 All 0.987 ± 0.35 0.15 2.48 

+ one additional test reported but life estimate vague 
* from Chang, et al. [1981]  
++ from Chang [1981] 

Table 7.4.4.  Error Estimate in Life Prediction Ratio Based on Assumed Normal Distribution  
of All Chang’s Results (72 Tests) 

Probability of 
Maximum 

Error 
Occurring 

(%) 

Formula For 
Estimating 

Errors 

Life Prediction Data 
For Estimating Errors 

(See Table 7.4.2) 

Lowest Error 
Expected 

(Npred/Ntest) 

Highest 
Error 

Expected 
(Npred/Ntest) 

±1 Mean ± 2.58 
Std. Dev. 

0.987 ± 2.58×0.35 0.084 1.89 

±5 Mean ± 1.96 
Std. Dev. 

0.987 ± 1.96×0.35 0.301 1.67 

±10 Mean ± 1.645 
Std. Dev. 

0.987 ± 1.645×0.35 0.411 1.56 

 
By collectively evaluating the life prediction ratios for the individual tests, for selective test 
groupings, and for the total number of tests conducted, the engineer can evaluate both the 
effectiveness of the modeling approach as well as the accuracy of individual tests.  
Improvements in the more fundamental segments of the model might yield substantial 
improvements in all the life prediction ratios, whereas isolated modification of some empirical 
constants might only improve the predictability of a limited number of tests.  It is recommended 
that life prediction ratio data such as illustrated in Table 7.4.3 provide the basis for justifying 
selection of damage integration packages.  In fact, by using such schemes for different crack 
geometries or load transfer situations, the engineer will have the necessary confidence that crack 
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growth life predictions for more complicated cases can be made with the best possible reliability.  
See Saff & Rosenfeld [1982], Wozumi, et al. [1980], Rudd, et al. [1982], Dill, et al. [1980], 
Abelkis [1980] and Lambert & Bryan [1978] for other examples of test programs designed to 
verify the capability of a damage integration package. 

In the design of a given airplane component, generality is not required if the damage integration 
package applies well to the spectrum and history of that component.  The most applicable 
prediction method has to be found.  The only basis for judgment of the applicability is a series of 
tests with the relevant spectrum and stress history.  Therefore, it is recommended that some 
substantiation testing be performed as soon as there is reasonable certainty with respect to the 
spectrum shape.  The experiments should be performed on a flight-by-flight basis, with landing 
loads included.  A reasonable number of stress levels should be used as discussed in Section 5.3.  
The stress sequence within a flight should be representative for service usage (Section 5) or 
arranged in a lo-hi-lo sequence.  Block loading should not generally be applied.  Experiments 
should be run for a few different design stress levels and one or two clipping and truncation 
levels in order to evaluate the effect of these changes on crack growth behavior, and to justify 
proposed changes to the design spectrum for component and full-scale fatigue testing.  Figure 
7.4.17 describes the results of one comparative study [Dill, et al., 1980].  

 

7.4.24 



 
 

Figure 7.4.17.  Effect of Spectrum Variations on Crack Growth Life Compared to Baseline 
(Design Mix) and to Two Damage Integration Packages [Dill, et al., 1980] 
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7.5 Structural Hardware Tests 
The structural hardware tests have two functions: to support the verification of the complete 
structural design, and to define those areas of the structure that need additional attention.  These 
tests are scheduled so that there is sufficient time to incorporate structural changes into production 
aircraft.  In fact, production go-ahead is predicated on completing at least one design lifetime of 
flight-by-flight loading in the full-scale durability test (see JSSG-2006 paragraph A.4.11.1.2.2.b).  
Structural hardware tests include joint tests, component tests, assembly tests, as well as full-scale 
structural tests. 

Examples of variables that may be considered for the study of different design concepts, design 
details and structural materials are: 

• fastener systems 
• type of joints and joint detail 
• forged versus machined or built-up structure 
• production method 
• reinforcement or tear strap shape, size, and spacing 
• multiple or single load path 
• materials or combination of materials 
• effect of design stress level 

The testing of one or more of these variables will not be specifically addressed.  Rather, a 
discussion of the essential conditions for design development testing for damage tolerance is 
presented in general. 

7.5.1 Test Conditions 
Structural hardware testing can be a form of comparative testing during the development phase.  
That means that the test conditions do not always have to be an exact simulation of service 
conditions as long as the variables considered are tested the same way.  However, it is strongly 
recommended that service conditions be approximated as closely as possible.  How closely the 
test conditions have to resemble service conditions depends upon the predictability of the effect 
of a change in conditions. 

The following guidelines are applicable to structural hardware testing for damage tolerance.  
First, the specimen should contain the design and manufacturing details that are the subject of the 
investigation.  The load should be properly distributed at the point of interest.  Second, if the 
purpose is to validate a piece of structure for damage tolerance, then load sharing, load interaction, 
and load transfer among different members should be simulated or otherwise accounted for.  
Type of loading (bending, tension) should be as in service, or be such that the stress distribution 
at the critical location is as in the actual structure.  Special care should be taken that no undesired 
bending is introduced due to load eccentricities.  This requires intelligent grip design.  It may 
also require some special structure to distribute the loads properly from these areas into the 
specimen.  Third, the nominal stress at the critical location should be as in service.  Experiments 
should be performed on a flight-by-flight basis with landing loads included.  A reasonable 
number of stress levels should be used.  The stress sequence within a flight should be representative 
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of service usage (see Section 5) or arranged in lo-hi-lo sequence.  Block loading should not 
generally be applied. 

7.5.2 Initial and Continuing Damage 
In JSSG-2006 Tables XXX and XXXI, certain initial damage assumptions and continuing 
damage assumptions are prescribed.  These assumptions form a basis for analysis but they cannot 
always be rigidly adhered to in damage-tolerance testing. 

A 0.05 inch initial crack is assumed in slow-crack growth structure and in fail safe structures.  If 
the specimens for design development testing are not provided with artificial defects, the cracks, 
once initiated, will grow through the sizes mentioned above.  Crack-growth records would 
automatically cover the span of the requirements, provided the cracks can be detected.  
Otherwise the recorded crack-growth curve would have to be extrapolated backwards.  If initial 
flaws are provided, it is recommended to make them the size assumed in the requirements or 
close to the size for analysis substantiation. 

Continuing damage, from a testing standpoint, is more difficult to make as a result of the small 
initial sizes and the different growth requirements for different cases.  Consider the example 
configuration shown in Figure 7.5.1 where A is the primary damage site, and B, C, D, & E are 
continuing damage sites.  The four parts of the figure show (a) the initial damage assumed in the 
panel per JSSG-2006 paragraph 3.12.1 and Tables XXX and XXXI, (b) the initial damage and 
growth until the primary damage terminates at the edge, (c) the continuing damage that starts at 
B, the opposite side of the primary damage site which terminates in hole 2, and (d) the growth of 
continuing damage at C until termination at hole three. While the analysis can follow the 
assumptions required by JSSG-2006, it would be difficult (if not impossible) to manufacture the 
necessary continuing sizes either prior to test or after the primary damage (segment A) 
terminated at the edge.  Therefore common practice is to put in the primary damage and 
continuing damage starter flaws as shown in Figure 7.5.1.a and let the specimen crack growth 
proceed without additional perturbations.  Post test analysis of the crack growth data and fracture 
surface striation morphology will document this logic.   
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Figure 7.5.1.  Primary and Secondary Damage Sites and Continuing Damage 

In a AFRL/VA contracted study, Brussat et al. [1977] were able to show that the experimental 
fatigue lives of built-up structure with and without continuing damage flaws were about the same 
and that the primary crack damage chose the most effective path through the structure. 
Secondary cracks developed in a natural way during the test. Dormant periods when a crack ran 
into  a hole could be estimated and subtracted if the results were used for a check of the analysis. 

7.5.3 Residual Strength Testing 
Residual strength tests of fail safe structure are of special importance.  Interruption of a fatigue 
test at the critical crack size for intact structure is crucial.  If the crack grows longer, the stress 
for rapid propagation is too low to give proper information on crack arrest capabilities and on the 
strength of the remaining structure at that stress (times the dynamic factor).  Since these 
properties are essential for the qualification as fail safe structure, a proper evaluation is justified, 
even during design development tests. 

After instability and arrest (or load path failure), if successful, fatigue testing should be 
continued.  At that point the JSSG-2006 Damage Tolerance Requirements assume remaining 
structure damage.  In testing, this poses the same problems as the continuing damage.  Therefore, 
it is recommended that the remaining structure damage be developed in a natural way during 
damage tolerance testing; artificially induced damage may also be incorporated where necessary 
consistent with the initial flaw assumptions of the component.  Again, fatigue cycling is 
discontinued when the (calculated) critical size for the remaining structure damage is reached.  
Then a final residual strength test is performed. 
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7.5.4 Damage Tolerance Test Articles 

During the development cycle, the manufacturer will subject major assemblies and structural 
components to flight-by-flight fatigue loadings that approximate the operational environment.  
Some tests are specifically identified as damage tolerant tests or as durability tests, but other tests 
serve a dual function - first as a durability test (two lifetimes) and then as a damage tolerant test. 
Component durability tests or component dual function tests are normally scheduled to precede 
the full-scale durability test by a sufficient amount of time that would allow incorporating 
suggested structural modifications into the full-scale durability test article.  The scheduling of the 
full scale damage tolerant test follows (and uses) the full scale durability test article. 

The major assemblies and components selected for damage tolerant testing are chosen to provide 
further assurance that major elements will not fail during service and thus impact the operational 
readiness of the force due to safety-of-flight failures.  Several examples of major assemblies and 
components selected during recent weapon system acquisition programs are listed in Table 7.5.1. 

The damage tolerant articles will include artificially induced damage such as scratches, elox 
notches, sawcuts, and other types of non-crack damage, and are then subjected to an interval 
(about one-quarter lifetime) of flight-by-flight loading that is designed to initiate the desired 
starter cracks.  The test interval subsequent to the precracking is up to one design lifetime with a 
Pxx loading applied at the end of the lifetime to verify residual strength capability.  Crack growth 
should be monitored throughout the test.  In-service inspection procedures should be employed 
whenever possible to evaluate the ability of these procedures to locate and measure the cracks. 

Table 7.5.1.  Major Assemblies and Components Tested to Support 
Damage Tolerant Design Verification 

F–16 A–10 B–1A KC–10 
Wing/Fuselage Box 
Beam Components 

Wing Lower Center 
Panel 

Wing Carry Through 
Article* 

Fuel Tank Panel 
and Fuselage Floor 
Beam Structure 

Horizontal Tail 
Component 

Engine/Nacelle 
Forward Support 
Frame Fuselage 
Support Lug 

Aft Fuselage 
Article* 

Aerial Refueling 
Boom 

 Horizontal Tail 
Support Aft Frame 
Fitting and 
Attachment Lug 

  

 Nacelle Thrust 
Fitting Assembly 

  

* Damaged subsequent to durability test (2 lifetimes). 
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7.5.5 Evaluation and Interpretation of Test Results 

Throughout the structural hardware test program, there is substantial attention given to cracking 
problems.  Such problems, when they surface, identify areas where the design should be 
modified to ensure the soundness of the final product (see Figure 7.5.2).  Each structural problem 
is analyzed to determine the specific cause of the problem so that appropriate candidate solutions 
can be incorporated into production aircraft. 
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Figure 7.5.2.  Summary of Interactions Resulting from Structural Failure Per JSSG-2006 
Requirements 

One final check on the adequacy of the structural design is the teardown inspection that follows 
the full-scale durability test (two lifetimes or economic life) and the damage tolerance test (one 
lifetime).  The teardown inspection is required by JSSG-2006 paragraph 4.11.1.2.2.e to provide 
assurance that no critical area has been overlooked in the course of normal inspections, and to 
characterize the state of crack development in selected structural areas.  In relation to the 
characterization of the state of crack development, the teardown inspection will typically include 
the sectioning of the structure for additional fatigue testing, residual strength testing, and/or 
microscopically tracking cracks back to the start of the durability test.  The crack population at 
the end of the durability test and damage tolerance test becomes the basis for assessing the 
quality of the production structure through the use of the equivalent initial quality concept 
illustrated in Figure 7.5.3 (see Section 3 for more details). 
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Figure 7.5.3.  Equivalent Initial Quality Distribution Obtained by Backtracking Cracks Found in 

Durability Test Articles.  Backtracking Procedures Involve Fractography and Fracture 
Mechanics Crack Growth Analyses 
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Section 8 
Force Management/Sustainment Engineering 

The maintenance of the damage tolerant capability of an aircraft after it enters service is the 
function of an activity called Force Management. Recommended guidance for accomplishing the 
force management objectives is contained in Tasks IV and V of MIL-HDBK-1530. As this 
activity can be considered to be the final phase of fracture control, a brief summary of the major 
force management elements is presented in the following. See Berens, et al. [1981] for a more 
extensive earlier discussion of Force Management. 

Structural maintenance activities of a fleet are initially scheduled in accordance with the Force 
Structural Maintenance Plan (FSMP) of Task IV. Timing of maintenance actions (inspections, 
repairs, modifications, or retirement) is determined from predicted crack growth for the design 
environmental/stress usage. Task V calls for the initial FSMP to be updated as necessary to 
account for unexpected critical details and changes in usage. However, the effects of usage and 
time can eventually produce a degree of widespread cracking and corrosion that are not accounted 
for in the FSMP. Because of the uncertain nature of the sizes of cracks that might be in the fleet and 
the need to evaluate the interactive effects of cracks in multiple elements, the FSMP assessments of 
the effect of potential cracks at a single location can become inadequate. When the aircraft of a 
fleet are experiencing widespread fatigue cracking or corrosion, are being used beyond the original 
life goals, or have been repaired, a change in the initial approach to maintenance planning is 
required. The fleet is then said to be aging according to MIL-HDBK-1530. Structural integrity is 
maintained in an aging fleet through a process known as sustainment. Sustainment encompasses 
the actual structural maintenance as well as the analyses and tests needed to plan the 
maintenance tasks. 

The ASIP force management concept is to monitor the usage of each aircraft and compare the 
computed damage accumulation, as described by a crack growth analysis, with the predicted 
damage accumulation of a baseline usage aircraft. The maintenance schedule of the monitored 
aircraft is modified as necessary to account for differences of usage from the baseline. This 
section discusses the major elements of force management. Since the force management techniques 
for sustainment analysis are still being developed, a general discussion of the damage tolerance 
sustainment issues is also presented.  
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8.1 Force Structural Management  
Tasks IV and V of the ASIP guidelines of MIL-HDBK-1530 define the force management tasks 
for preserving the airworthiness of an aircraft throughout its design life.  According to Berens, et 
al. [1981], force management is the "specification and direction of inspections, preventive 
maintenance, repairs, modifications, and damage assessments required to economically prevent 
structural failure and preserve the strength and rigidity of the individual airframe during its 
useful life."  The basic objective of ASIP is to ensure operational safety and readiness of the 
aircraft. Force Management objectives are to: 

1) Prevent structural failures through an effective maintenance program of inspections, 
repairs and modifications. 

2) Preserve structural strength and rigidity through an effective preventive maintenance 
program of environmental protection and economic repair or replacement of deteriorating 
parts. 

3) Minimize structural maintenance costs by eliminating unnecessary structural maintenance 
actions through effective application of data on test and operational failure modes and 
data on individual aircraft usage. 

4) Provide a basis for planning of system phase-out and future force structure. 

The guidelines of ASIP Task IV are directed at the manufacturer generated, force management 
data package that provides the design usage FSMP and the mechanism for collecting and analyzing 
data for updating the FSMP as required.  Task V is directed at the implementation of the force 
management activities by the Air Force.  Figures 8.1.1 and 8.1.2 from MIL-HDBK-1530 are 
functional flow diagrams of Tasks IV and V, respectively. 

Under Task IV of ASIP, the airframe contractor devises a Force Management Plan that contains 
three essential parts: 1) the Force Structural Maintenance Plan (FSMP), 2) the Loads/Environment 
Spectra Survey (L/ESS), and 3) the Individual Aircraft Tracking (IAT) Program. 

The initial FSMP presents the schedule for inspections and maintenance actions for aircraft that 
are accumulating damage according to the design loads spectra usage predictions.  It is updated 
when the baseline operational load spectra are developed. 

The L/ESS is a data collection and analysis program designed to provide the data to develop the 
baseline operational load spectra.  A number of the force aircraft, usually about twenty percent, 
are fitted with data measuring and recording equipment.  Parameters such as accelerations, angular 
rates, airspeed, altitude, weight and other load indicative quantities are obtained in a time history 
form as the aircraft are flown.  The data are categorized by mission type and segment, and load 
histories are calculated for the critical areas of the aircraft.  These are the same areas which were 
identified in the critical parts list and which will be subjected to subsequent inspection and possible 
repair or modification during maintenance actions.  The new baseline operational damage 
accumulation rates based on the L/ESS data are used to update the FSMP. 

The IAT program is also a data collection and analysis effort that is applied to each aircraft of the 
force.  The minimum amount of data is collected that will allow the estimation of the damage being 
accumulated.  Comparison with the baseline damage accumulation predictions allows modification 
of the FSMP to account for the differences in usage of each aircraft. 
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The planning for these three parts of the FSMP should begin with the initial design studies and 
the fracture control plan.  Crack growth techniques used during the design are also those used in 
the IAT and FSMP portions of the program and should be formulated to permit easy incorporation. 
Studies made for evaluation of the effect of different load parameters on the loads computation 
and subsequently on crack growth calculations should be used in development of the parameter 
list for the L/ESS program. Accuracy requirements and parameter ranges should be selected to 
be commensurate with the methods of analysis. 

 
Figure 8.1.1.  Functional Flow Diagram of ASIP Task IV from MIL-HDBK-1530 
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Figure 8.1.2.  Functional Flow Diagram of ASIP Task V from MIL-HDBK-1530 

The following subsections present general descriptive comments for the three major elements of 
force management.  See Berens, et al. [1981] for more complete descriptions and discussions of 
these topics. 

8.1.1 Force Structural Maintenance Plan (FSMP) 
The FSMP is a schedule for performing the maintenance actions necessary to maintain structural 
integrity throughout the life of a fleet.  In principle, the FSMP provides the Office of Primary 
Responsibility (OPR) sufficient detail for the establishment of budgetary, structural integrity and 
maintenance plans.  The FSMP is initially based on design usage and is updated whenever 
significant changes occur in the fleet environment/stress histories.  Such changes are detected 
through the data of the Loads/Environment Spectra Survey (L/ESS) elements.  To maintain the 
airworthiness of the individual aircraft, the FSMP is keyed to the data generated under the 
Individual Aircraft Tracking (IAT) element.  Figure 8.1.3 is a schematic from Berens, et al. 
[1981] depicting the relation between the damage tolerance analyses, the operational data 
collection and analysis programs and FSMP. 
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Figure 8.1.3   Relation of FSMP to IAT and L/ESS Elements of ASIP 

The FSMP should contain: 

1) all of the anticipated inspection, repair, and modification actions, 

2) the critical locations and the crack sizes that trigger the required maintenance actions for 
individual airframes, and 

3) supporting data required for the procedures of the Air Force Technical Order System. 

The critical locations and critical crack sizes are the key items of the damage tolerance approach 
to structural integrity.  Figure 8.1.4 is a generic schematic for the process of determining 
inspection intervals for a monitored location for three or more inspection cycles. 
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Figure 8.1.4   Schematic of Inspection Interval Determination 

Inspections for safety are scheduled at one half of the flight hours for an assumed initial crack to 
grow to critical in the anticipated stress environment.  For pristine structure, the initial crack size, 
a0, is representative of flaws that might be in a structural detail as a result of manufacturing (see 
Section 1.3.4.1).  After an inspection, the initiating flaw size, aNDI, is the reliably detected crack 
size of the NDI method for the location. See Section 3.1. The crack size versus time curves are 
adjusted to account for variations in usage severity that are experienced by individual airframes. 

The FSMP is based initially on the design loads spectrum, but as data is obtained from the L/ESS 
program a new operational baseline loads spectrum is developed and the FSMP is updated to 
reflect the operational usage. 

The IAT program, also based originally on the design loads spectrum, is updated to reflect the 
L/ESS data.  This update may involve changes in the IAT method but usually only includes changes 
in the crack growth rate in terms of the usage parameters being recorded by the IAT program. 

Figure 8.1.5 from Berens, et al. [1981] shows the time sequence relation of these Force 
Management activities.  The final activity is the airplane maintenance and the accumulation of 
these records. 
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Figure 8.1.5   Sequence of Force Management Elements [Berens, et al., 1981] 

The final FSM plan and all of the test results and analysis conducted during the design, 
manufacture, and testing of the aircraft form the final data package which is delivered to the Air 
Force.  It substantiates the damage tolerance characteristics of the structure and describes how it 
may be maintained during the life of the aircraft. 

A transition period normally occurs during which the contractor trains the user in all stages of the 
L/ESS, IAT, and FSM plan.  It is essential that the user assume the same regard for the treatment 
of damage critical parts that was practiced during manufacture.  The damage tolerance analysis is 
highly dependent on the size of the initial quality flaw.  Manufacture processes and handling were 
watched so that quality was preserved.  It is now the responsibility of the user to handle the 
aircraft in the same manner.  Disregard for the structure could result in complete loss of all the 
previous efforts and could invalidate all of the tracking efforts. 

It is the responsibility of the Air Force user to obtain the data from the L/ESS to be used in the 
baseline analysis update.  Early collection of L/ESS data will lead to the most accurate use of the 
IAT data.  Recognition of this operation as part of the fracture control plan should aid in the 
proper conduct of the task.  Keeping the equipment in service and striving for the maximum 
amount of data return will lead to the most accurate final results.  (This is, in part, also dependent 
on a selection of parameters that are easy to record.)  Recording equipment and transducers 
should have a high reliability and be easy to use. 

8.1.2 Loads/Environment Spectra Survey (L/ESS) 
As noted earlier, the initial FSMP is based on the design load spectrum with its corresponding 
stress sequences at the critical locations.  Experience has shown that the actual usage spectrum 
usually differs significantly from that anticipated at the design stage of development.  Accordingly, 
ASIP calls for a data collection and analysis program to ascertain the baseline usage spectrum of 
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the fleet.  The results of L/ESS provide the data for checking design load assumptions and for 
updating the FSMP through new crack growth curves of updated damage tolerance analyses.  
L/ESS does not directly impact decision making in the development of the FSMP. 

The L/ESS objectives are met through the collection of time histories of sufficient parameters to 
characterize the magnitude, frequency, and order of the stresses being encountered at the monitored 
structural locations.  MIL-HDBK-1530 recommends that 100 percent of operational aircraft be 
instrumented to measure relevant load parameters but that the data from 10 to 20 percent of the 
fleet be used to capture valid operational loads spectra.  The assumption is made that the monitored 
flights are representative of all flights in a known stratification of usage such as type of mission 
or mission segment.  The collected data are compared to the design spectrum and analyses are 
updated as needed.  The L/ESS process continues through the life of the fleet so that data are 
available when change in usage dictates the need to update the damage tolerance analyses. 
The L/ESS influences the FSMP through the damage tolerance analyses and analyses that feed 
the crack growth curves of the IAT.  When sufficient data have been collected from the L/ESS to 
begin to define a spectrum, it can be compared with the design data that were used to generate 
the IAT analyses.  Variations in the usage parameter distributions can be determined. Various 
comparisons can be made depending on the parameters being measured and analyzed in the 
tracking function.  It is noted that the IAT parameters typically comprise a subset of the L/ESS 
parameters. Exceptions occur when strains are used as IAT parameters but not used in the L/ESS.  
Commonly, comparisons are made on the basis of differences in the load factor spectra.  If the 
L/ESS is representative of the force usage, then the comparisons should be within sampling 
variation.  If the spectra are significantly different, the L/ESS methods should be examined and 
possibly modified or the IAT methods should be examined and modified. 

8.1.3 Individual Aircraft Tracking (IAT) 
The Individual Aircraft Tracking (IAT) plan is an integral element of MIL-HDBK-1530.  The 
plan is constructed by the airframe contractor as part of the Task IV, Force Management Data 
package.  The plan is implemented by the Air Force under Task V, Force Management.  The 
objective of IAT is to provide data on each aircraft that reflects differences in usage from that of 
the baseline spectra of the FSMP.  

The basic concept of the IAT plan is as follows.  The FSMP specifies the timing of required 
structural inspections and modifications and estimates the costs for repairs and inspections.  
These times and quantities are based on the FSMP crack growth curves as calculated from the 
relevant baseline (average) spectrum.  Since the baseline stress histories that were used to generate 
these crack growth curves are not necessarily representative of the actual experience of individual 
aircraft, a method is needed to account for the individual differences.  This is done in the IAT 
Program by collecting, processing and accumulating data descriptive of every flight of each 
airframe in a fleet.  There is considerable variability in the degree of complexity of the necessary 
data systems required for different fleets of aircraft.  

From the parameters measured in the IAT program, a crack growth increment per flight or per 
flight hour is computed and accumulated for each aircraft in the fleet.  Comparing the observed 
crack growth plot with the predicted plot provides a determination of equivalent flight units for 
the current usage level.  Figure 8.1.6 from Berens, et al. [1981] shows this comparison.  The 
baseline usage life remaining until damage size af is reached is (t*-t).  The life t* defined a specified 
maintenance action time.  At any specific time, the total fleet can be viewed as having a distribution 
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of remaining life as expressed in terms of the baseline flight hours.  Such information is then 
used for scheduling the maintenance activity. 

 

Baseline HoursIndividual A/C Hours

C
ra

ck
 L

en
gt

h 
(a

)

a0

af af

t*ttA/C

Service Life
      Used      

 
Figure 8.1.6.   Relating Individual Aircraft Usage to FSM Plan Usage [Berens, et al., 1981] 

Establishing the IAT plan involves the following steps: 

1) the selection of the aircraft flight condition descriptions or parameters, 

2)  the development of a method to translate these parameters into incremental crack 
growth, 

3) the translation of this crack growth into a measure of time which can be projected to a 
future date for the scheduling of some maintenance activity, and 

4) the definition of a data processing system for maintaining and updating all of the analyses 
and record keeping. 

There are many approaches to IAT as driven by the use and structural complexity of the fleet.  
Generally, in the past bomber/transport type aircraft have been tracked using crew reporting 
forms while attack/fighter/trainer aircraft have used load and flight parameters to reflect the more 
variable usage.  See Clay, et al. [1978] for a description of the crack growth tracking methods 
developed during the 1970’s.  Many of these methods are still in use but the modern micro-
processor based data recording systems are permitting the use of more sophisticated methods.  
See Selder & Liu [1997] for an example that calculates damage based on cycle-by-cycle crack 
growth analysis at each control point.  These processors are also blurring the distinction between 
data collection for L/ESS and IAT. 
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8.2 Sustainment Engineering 
A fleet of aircraft is considered to be aging when the FSMP must be modified due to: a) widespread 
fatigue damage, b) corrosion, c), repairs, or d) use beyond original life goals.  Sustainment is the 
process by which the individual aircraft of an aging fleet are maintained in an airworthy state.  
Since both the actual maintenance actions and the analyses needed to plan the maintenance 
actions constitute sustainment, damage tolerance analyses will play a key role in scheduling the 
structural integrity related maintenance. 

Currently, there are three structures related sustainment issues: widespread fatigue damage, 
corrosion, and repairs.  The damage tolerance issues associated with repairs are discussed in 
Section 9.  The following subsections briefly address widespread fatigue damage and corrosion.  
Research for methods for incorporating WFD and corrosion in the damage tolerance based 
FSMP is ongoing.  Because of its role in assessing widespread fatigue and corrosion damage, a 
subsection (8.2.3) is also presented on structural risk analysis. 

8.2.1 Widespread Fatigue Damage 
The Technical Oversight Group for Aging Aircraft (TOGAA) of the Federal Aviation 
Administration adopted the following definition of widespread fatigue damage (WFD) for aging 
aircraft [Lincoln, 2000]: 

“The simultaneous presence of cracks at multiple structural details characterizes the onset 
of WFD.  These cracks are of sufficient size and density whereby the structure will no 
longer meet its damage tolerance requirement (e.g. maintaining required residual strength 
after partial structural failure). 

Where damage tolerance is defined as follows: 

Damage tolerance is the attribute of a structure that permits it to retain its required 
residual strength for a period of unrepaired usage.  It must be able to do this after it has 
sustained specified levels of fatigue, corrosion, accidental, or discrete source damage.  
Examples of such damage are (a) unstable propagation of fatigue cracks, (b) unstable 
propagation of initial or service induced damage, and /or (c) impact damage from a 
discrete source.” 

Current critical aircraft structures are designed to be damage tolerant.  The structure is designed 
to withstand failures or discrete source damage for a defined period of operation during which 
the damage will be detected.  For fail-safe designed structures, the analyses and tests for 
demonstrating fail-safety are based on the redundant or crack-stopping component to be 
essentially undamaged.  However, if an aging airframe is experiencing WFD, the remaining 
structure in the load path may not be capable of stopping the propagation of the damage.  Thus, 
WFD considerations shift the emphasis from the growth of a dominant, monolithic crack to the 
loss of fail-safety due to many small cracks.  This shift in emphasis has major ramifications with 
respect to the application of the ASIP damage tolerance process. 

A damage tolerance criterion for scheduling inspections for WFD would need to be based both 
on the size of the cracks to be reliably detected and on the number and location of the cracks in 
the crack-stopping structure.  It has been shown that cracks on the order of 0.040 in. in the crack 
stopper can compromise fail-safety [Swift, 1987, 1992a, 1992b].  At present, the reliable detection 
of such small cracks, while possible, is cost prohibitive for the many details over the broad 
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expanse of structure that would need inspection.  Further, the damage tolerance analysis process 
is essentially deterministic.  The loss of fail-safety can occur as a result of many combinations of 
crack sizes and locations in the crack stopper of the propagating damage.  The use of conservative, 
fixed-crack sizes in all of the crack stopper details would permit a deterministic analysis but 
would lead to unacceptably short inspection intervals.  Therefore, maintenance planning for 
WFD cannot be done with the ASIP damage tolerance process. 

Since the aircraft can perform normal flight operations with WFD, its presence can easily be 
overlooked.  The problem for maintenance planning is to predict to onset of WFD so that repair, 
replacement, or retirement decisions can be made.  At present, there is no standard method for 
predicting the onset of WFD but structural risk analysis has been used in the decision making 
process.  The risk analysis objective is to determine the number of flight hours at which the 
probability of structural failure given a discrete source damage event exceeds a defined level.  
For example, in a risk analysis of the C-5A, probability of failure given the discrete source 
damage greater than 10-4 was judged to be an unacceptable level of fail safety [Lincoln, 2000].  
Risk analysis is discussed in Section 8.2.3, but it might be noted that predicting the growth of 
small cracks can play an integral part of risk analyses. 

There are two general scenarios for WFD that affect fail-safety.  These are referred to as 
multiple-site damage (MSD) and multiple-element damage (MED).  MSD is usually considered 
to be fatigue cracking in multiple details of the same structural element.  A discrete source 
damage event (i.e. failure of an integral detail of an element) would raise stress levels in the 
remainder of the structural element.  The discrete source damage event could be caused by an 
external disturbance or by the sudden linking of cracks in the element.  An example of MSD 
leading to the loss of fail safety is provided by the failure in an Aloha Airlines Boeing 737 in 
April 1988.  The failure occurred after the airframe had experienced 89,960 flights.  Subsequent 
analyses have shown that the airframe had lost fail-safety at about 40,000 flights due to MSD 
(see NTSB [1989] and Lincoln [2000]). 

In the MED scenario, fatigue cracking occurs in two or more multiple elements that support the 
same load path.  Failure of selected combinations of the elements may not lead to system failure, 
but the effects of the failures may well lead to load and geometry effects that do influence the 
integrity of the remaining structure.  An example of MED is provided by the fatigue cracking at 
WS-405 of the C-141 aircraft [Alford, et al., 1992]. 

8.2.2 Corrosion 
Although corrosion is a major contributor to the costs of structural maintenance of aging aircraft, 
corrosion has not been a safety issue to date.  Accordingly, corrosion has not been emphasized in 
ASIP.  JSSG-2006 recognizes that corrosion can affect operational readiness through enhanced 
initiation of flaws that degrade damage tolerance, durability and residual strength.  Corrosion 
prevention and control is addressed in Paragraph A.3.11.2 of JSSG-2006, but the emphasis here 
is on material selection and corrosion prevention systems.  The guidance states that corrosion 
will not occur during the planned service life and usage because the corrosion prevention system 
will remain effective during the planned service life and usage.  Planning for corrosion maintenance 
is a not formal part of the FSMP of MIL-HDBK-1530.  In fact, there is no reference to corrosion 
in the Force Management Tasks IV and V of MIL-HDBK-1530.  In Appendix B, “Additional 
Guidance for Aging Aircraft”, of MIL-HDBK-1530, corrosion is recognized as an aging aircraft 
issue.  The guidance in Appendix B states that inspections for corrosion in aging aircraft should 
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be conducted.  If corrosion is found, it should be removed.  If, on rare occasion, the corrosion 
cannot be removed, the effect of the corrosion on structural integrity should be determined and 
the safety inspection schedule should be modified.  This approach to maintenance is often 
referred to as “find it and fix it”. 

Corrosion is an economic burden in sustainment.  Inspections for hidden corrosion are currently 
being performed during routine, depot level maintenance cycles.  When corrosion is detected, the 
damage is repaired or the damaged component is replaced.  Cost savings could be realized if the 
timing of corrosion maintenance actions could be optimized.  However, at present there are no 
accepted analytical methods for predicting the initiation and growth of corrosion, so that a 
severity-of-damage type approach to scheduling inspections is not currently feasible.  Such an 
“anticipate and manage” approach to corrosion maintenance is under development (see, for 
example, Peeler, et al. [2001], Brooks, et al. [2001], and Lang, et al. [2001]).  This approach 
depends on knowing the condition of the corrosion damage through NDI, understanding the 
corrosion growth rates as affected by the environment, and predicting the future corrosion 
condition using models of corrosion growth.  The present and predicted future states of the 
corrosion condition can then be used in structural integrity calculations to determine remaining 
strength and life.  Disposition may now include flying the aircraft with known corrosion present, 
among other alternatives.  Economical disposition can be made while maintaining aircraft safety. 

For damage-based inspection scheduling, the capability of NDI systems must be characterized in 
terms of the damage metric being modeled.  Refer to Section 3.1.3 for a discussion of characterizing 
the corrosion detection capability of NDI systems. 

8.2.3 Structural Risk Analysis 
The complex combinations of potential cracking within and between structural elements and the 
unknown state of the fatigue damage in aging aircraft essentially preclude the use of deterministic 
crack growth calculations for estimating the onset of WFD.  Accordingly, structural risk analyses 
are being used to quantify structural capability.  Current practice is to express structural risk in 
terms of the single-flight probability of failure as a function of experienced flights or flight hours 
from a reference age.  According to Lincoln [2000], in the USAF, the acceptable upper bound on 
the single-flight failure probability is 10-7.  This degree of risk implies that less than one failure 
would be expected in any given fleet. 

When an airframe enters service, estimates-of-failure probability would be based on the growth 
of monolithic cracks at the most severe, known critical locations and would be extremely small.  
Such estimates would be made on the basis of a probabilistic characterization of initial quality.  
Currently, the equivalent initial flaw size distribution is used to model the crack sizes at the 
critical locations.  In the probabilistic approach to maintenance scheduling, inspections would be 
planned at intervals that keep the failure probabilities of the monolithic structures below 10-7.  In 
the aging aircraft scenarios, crack size distributions are obtained for the critical locations in the 
complete load path as the basis for the estimates of failure probability.  Structural failure probability 
is then calculated as the conditional probability of inadequate strength given the condition of the 
elements in the load path.  For example, assume there is a 10-3 probability of a discrete source 
damage event, such as a sudden fatigue crack linkup across two bays in a fuselage lap joint.  To 
maintain an overall catastrophic failure probability less than 10-7, the probability of failure in this 
damaged state must be less than 10-4.  In this example, loss of fail safety can be said to occur at 
the number of flight hours when the WFD reaches the state at which the probability of surviving 
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the discrete event exceeds 10-4.  The number of flight hours to reach such a state of fatigue 
cracking has been suggested as the definition of the onset of WFD [Lincoln, 1997]. 

There are several approaches that can be used to calculate single flight failure probability, but the 
USAF has available a computer program named PRobability Of Fracture (PROF) for risk 
analysis in aging aircraft.  PROF is a computer program that runs in the Windows environment 
on a personal computer and was specifically written to interface with the data that is available as 
a result of ASIP.  See Berens, et al. [1991] and Hovey, et al. [1998] for complete descriptions of 
the development of the program and its update to the Windows environment.  Figure 8.2.1 is a 
schematic of the program for calculating probability of failure as a function of flight hours for a 
monolithic crack.  The figure illustrates the types of data required to perform an analysis and the 
probability of failure (POF) output that is calculated as a function of flight hours.  Another 
calculation module in PROF calculates probability of failure due to a discrete source damage 
event. 
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Figure 8.2.1   Schematic of the PROF Computer Program 

 

Under ASIP, crack life predictions (a versus T) are available for every known critical location.  
This implies the availability of: 

a) the flight by flight stress spectrum, from which the distribution of maximum stress per 
flight can be obtained; 

b) stress intensity factors as a function of crack size, a versus K/σ; and, 

c) fracture toughness, Kcr, from which a distribution of fracture toughness can be inferred. 

The initiating crack size distribution can be obtained from inspection feedback, tear-down 
inspections, or equivalent initial flaw sizes.  Probability of detection as a function of crack size, 
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POD(a), is from a characterization of the capability of the non-destructive inspection system 
used during the safety inspections. 

The starting point of a PROF analysis can be representative of any arbitrary number of hours in 
the life of the fleet.  PROF uses the deterministic a versus T curve to project the percentiles of 
the initiating crack size distribution as a function of flight hours.  At defined flight hour 
increments, the single-flight probability of fracture is calculated from the distributions of crack 
size, maximum stress per flight, and fracture toughness.  That is, the single-flight fracture 
probability is the probability that the maximum stress intensity factor (combination of the 
distributions of maximum stress per flight and crack sizes) during the flight exceeds the critical 
stress intensity factor. 

At a maintenance cycle, the distribution of crack sizes is changed in accordance with the POD(a) 
function and the equivalent repair crack size distribution.  It is assumed that all detected cracks are 
repaired and the equivalent repair crack size distribution accounts for the repaired cracks.  PROF 
produces files of both the pre- and post-inspection crack size distributions.  The availability of 
these distributions allows changing the analysis conditions at inspection times set by the analyst. 

The a versus T, a versus K/σ, and crack size distributions are input to PROF in tabular form.  
Fracture toughness is modeled by a normal distribution and requires values for the mean and 
standard deviation.  Maximum stress per flight is modeled by the Gumbel extreme value 
distribution and the parameters of the distribution can be obtained from a fit of either a flight- 
by-flight stress spectrum, or an exceedance curve of all of the stresses in the spectrum.  The 
POD(a) function is modeled by a cumulative lognormal distribution with parameters µ and σ.  
Fifty percent of the cracks of size µ would be detected.  The parameter, σ, determines the 
flatness of the POD(a) function with smaller values implying steeper POD(a) functions. 

The module for the calculation of failure probability given discrete source damage also requires 
an evaluation of the residual strength in the presence of partial structural failure.  Procedures for 
determining residual strength in the presence of discrete source damage for a number of 
representative aircraft skin structures can be found in Swift [1993]. 

Sensitivity studies have been performed on the application of PROF in representative problems 
[Berens, et al., 1991].  These studies have indicated that, although the absolute magnitudes of the 
fracture probabilities are strongly dependent on the input, relative magnitudes tend to remain 
consistent when factors are varied one at a time.  Because of the indefinite nature of some of the 
input data, particularly the crack size information, absolute magnitudes of the fracture probabilities 
are suspect.  However, it is believed that relative differences resulting from consistent variations 
in the better-defined input factors are meaningful. 

A single run of PROF analyzes the growth of a crack for a single geometry, including crack type 
and shape.  The analysis would apply to the population of structural details that both have this 
geometry and are subject to an equivalent stress spectrum.  The output includes fracture 
probabilities for a single structural detail, for a single aircraft when there are multiple equivalent 
details, and for the entire fleet.  The inspection intervals are set by the analyst, including the 
possibility for an immediate inspection at time zero. 

More complex problems can be analyzed by combining the results of multiple runs.  First, 
intermediate output can be used to initiate new runs for changed conditions.  Examples of such 
analyses would include the introduction of corrosive thinning of the material, the effect of over-
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sizing holes during repairs, and the effects of changing usage.  The results from multiple runs for 
different details can also be combined to model more complex scenarios.  Examples of such 
scenarios include the analyses of multi-element and multi-site damage. 

There are four examples of the application of risk analysis in sustainment scenarios in the 
Sample Problem Section of the Handbook.  The sample problems addressed are: 

a) Problem No. UDRI-2 – Structural Risk Assessment for a Discrete Source Damage Threat 
to the Fail Safety Capability of Stringer 7 in a Boeing 707 JSTARS Airframe. 

b) Problem NO. UDRI-3 – Structural Risk Assessment for the Multiple-Element Damage 
Scenario at WS 405 of a C-141 Airframe. 

c) Problem No. UDRI-4 – Comparative Risk Assessment of the Thinning Effect of 
Corrosion on a Representative Lap Joint. 

d) Problem No. NRC-3 – Effect of Discontinuity States on the Risk Assessment of 
Corroded Fuselage Lap Joints. 
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Section 9  
Structural Repairs 

The structural integrity of a force of operational aircraft is primarily ensured by implementing 
the periodic inspection and maintenance program defined in the Force Structural Maintenance 
(FSM) plan in the associated technical order (T.O.)-3 repair and -36 inspection manuals.  In 
addition to this formal method of addressing known or potential cracking problems, the structural 
integrity of individual aircraft is also ensured through the timely identification of new cracking 
problems and by implementing repairs that will return cracked structure to a safe operational 
condition.  This section is presented as a supplement to the other sections and only specifically 
addresses those guidelines applicable to ensuring that adequate damage tolerance exists in 
structural repairs.  Adequate damage tolerance implies that cracks do not reduce the structure’s 
load carrying capability below a predefined level throughout a required period of in-service 
usage. 

9.0.1 



9.1 Required Analysis 
All repairs made to cracked structure, and all structure and structural changes made to in-service 
aircraft require some form of damage tolerance analysis.  The degree of intensity of each 
analysis, however, depends on the consequences of failure in the repaired or modified structure if 
cracks are present.  For example, the extent of the analysis of a repair to replace a compressively 
loaded fuselage member that is removed for corrosion damage would be minimal, while a force-
wide modification to the tension-loaded, primary-load-path, lower wing skin structure of a 
fighter aircraft would require an in-depth evaluation of expected fatigue crack growth behavior. 

The best categorization of what requires an in-depth damage tolerance analysis can be directly 
taken from the JSSG-2006 specification applicable to new structure.  This specification requires 
that all safety-of-flight critical structure be designed using a damage tolerance analysis.  This 
analysis ensures that cracks potentially present in this type of structure will not cause loss of the 
aircraft during flight for some predetermined period of in-service operation.  The above suggests 
the first guideline for structural repairs and modifications, i.e., all structural repairs and 
modifications to safety-of-flight critical structure, must be subjected to in-depth damage 
tolerance analyses to ensure that the structure is not degraded as a result of the repair (or 
modification) below a level considered satisfactory for the subsequent in-service operational 
period contemplated. 
A question arises relative to the definition of what constitutes safety-of-flight critical structure 
and their locations within the airframe.  Based on the information required by MIL-HDBK-1530 
for the support of force management operations, a critical parts list is prepared by the airframe 
contractor and appended to the Force Structural Maintenance (FSM) plan supplied to the Air 
Force.  It is suggested then that clear definitions for safety-of-flight critical structure be provided 
with each aircraft’s FSM plan along with the appendix that lists and illustrates safety-of-flight 
critical structure.  If the manufacturer can conceive of potential problems associated with the 
repair or modification of special designed (or manufactured) safety-of-flight critical structure, 
then the manufacturer should identify such problems in the FSM plan with reference to 
additional details in the T.O.-3 repair manual. 

The intensity of the analysis also varies as a function of the extensiveness of the change of the 
force.  If the repair or modification can be incorporated into any given aircraft or will be applied 
to all aircraft in the force, than a more careful analysis of the impact of a crack potentially 
existing in the structure should be conducted.  For one-of-a-kind repairs applied to an airframe in 
order to return the aircraft to a depot for more extensive repair, the type of damage tolerance 
analysis would be primarily of a residual strength type, without much consideration being given 
to variable amplitude fatigue loading. 

There are two basic elements in damage tolerance analysis: a residual strength analysis and a 
sub-critical crack growth analysis.  In the residual strength analysis, one develops a relationship 
between load carrying capability and crack length.  In the sub-critical crack growth analysis, one 
determines a relationship between time-in-service and length for a given type of operation. 

In a damage tolerance analysis, one obtains an estimate of the structural life to grow the initial 
crack damage in the structure to critical size.  The residual strength analysis determines the 
critical crack size required to fail the structure; the sub-critical crack growth analysis is used to 
obtain the life estimate.  One could also determine the decay in residual strength as the crack 
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extends under service loading by coupling the residual strength analysis with the sub-critical 
crack growth analysis.  The first part of Figure 9.1.1 illustrates the relationship between residual 
strength and crack length, and the second describes the relationship between crack length and 
time-in-service.  The third part of the figure couples the information in the first two parts to 
obtain the relationship between the decay in residual strength and time-in-service. 

 

 
Figure 9.1.1.  Relationship Between Residual Strength, Crack and Time-in-Service 

As described in previous sections, the analyst needs the following structural/material information 
to conduct a damage tolerance analysis: 

• Definition of quality – to obtain the initial crack length (a0) for the sub-critical crack 
growth analysis. 

• Definition of operational loading and environmental conditions – to establish the 
residual strength requirement and to grow the crack in the sub-critical crack growth 
analysis. 

• Definition of the structural parameter that relates loading, global geometry, as well as 
crack size and geometry to crack tip conditions – this parameter makes it possible to 
relate laboratory behavior to in-service hardware. 

• Definition of material properties that characterize resistance to fracture and to sub-
critical crack growth – to provide the basis for estimating fracture level and the rate of 
crack growth in the structure. 

 9.1.2 



 9.1.3 

• A damage summation model – to integrate the effects of variable amplitude loading 
and time dependant behavior in the sub-critical crack growth analysis. 

• A fracture model – to provide the criteria for estimating the critical crack length. 

For a safety-of-flight critical structural component, detailed analysis and understanding is 
required for the above structural/material information.  Such detailed analysis is described in 
earlier sections.  This section has been prepared to highlight what might be accomplished with 
both limited information and structural analysis capability.  The method of approach in this 
section is to illustrate how approximate methods can reduce the complexity of a residual strength 
analysis or full-scale cycle-by-cycle sub-critical crack growth rate analysis.  The approximate 
methods facilitate parameter studies that isolate those features of the structure, its material, the 
usage, the environment, or method of inspection, which control the level of damage tolerance 
associated with the structure, in an unrepaired or repaired condition. 

The remainder of this section is organized to present (a) some general observations about usage 
characteristics for crack growth life estimates, (b) a detailed analysis of three transport wing stress 
histories and the effects of stress scaling, (c) fatigue life sensitivity analysis for stress effects, (d) 
fatigue life sensitivity for analysis for hole repair, (e) fatigue life sensitivity analysis for blend-
out repairs, (f) a residual strength parametric analysis to establish limits for return to depot,  (g) a 
detailed residual strength analysis of a cockpit longeron repair, and (h) a detailed residual 
strength analysis of a wing skin repair. 



9.2 Usage Characterization for Simple Repairs 
As explained in Section 9.1, there are two reasons for characterizing the usage for a damage 
tolerance analysis: (a) to establish the residual strength requirement and (b) to grow the crack in 
the sub-critical crack growth analysis.  The maximum loading conditions and their frequency 
determine the loading (residual strength) requirement that the structural element must withstand 
without failure.  Typically the more frequently occurring loading conditions are those 
responsible for growing a crack from its initial size to failure. 

For a residual strength analysis of a structural repair, one would want to characterize the 
maximum loading condition that the structure might experience in its anticipated service life.  A 
simple choice might be based on returning the load carrying capability of the cracked structure to 
the original ultimate load carrying capability of the structural member without a crack.  Section 
9.7 describes in more detail the methods for conducting a residual strength analysis. 

For a sub-critical crack growth analysis, one is more typically interested in characterizing the 
average per flight loading conditions that will be experienced by the cracked or repaired 
structure.  It is the relatively large, frequently occurring load excursions that drive the crack 
growth process.  From a repair analysis standpoint, it is important that the analyst know what are 
the sources of large (and frequently occurring) stress excursions and have some indication of the 
maximum to minimum stress ratios as well as frequency of these excursions on a per flight (or 
per flight hour) basis. 

The more critical the repair, the more important is the definition of the specifics of per flight 
average loading conditions for a life analysis.  If one can identify those loading conditions that 
affect the rate at which cracks grow in a given structural member, then simple calculations can 
be made to obtain first order estimates of this member's structural life.  While first order 
estimates can be questioned from an absolute sense, such estimates, when used in a relative 
sense, can provide the necessary guidance for designing a repair, or releasing an individual 
aircraft for flight. 

In the following subsections, a sub-critical crack growth analysis approach, which was 
introduced in Section 5.2.5, is further described and justified for its application for repair 
analysis.  In Section 9.3, an example analysis of three transport wing stress histories is utilized to 
illustrate how a generic stress history for a given structural member could be employed to 
estimate the life at any given location in that member. 

9.2.1 Variable Amplitude Crack Growth Behavior 
Many airframe loading conditions are sufficiently repetitive over a number of flight (~100 to 500 
flights) that the crack growth damage accumulates in a relatively continuous manner.  Figure 
9.2.1 describes two examples of experimental crack growth data generated under typical flight-
by-flight loadings involving multiple missions.  Figure 9.2.1a represents the behavior 
experienced at a hole subjected to a fighter wing stress history and Figure 9.2.1b represents the 
behavior observed at a hole subjected to a bomber aircraft wing stress history.  Both behaviors 
illustrate the regular and relatively continuous crack growth pattern exhibited by many flight-by-
flight histories. 
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Figure 9.2.1a.  Experimental Propagation Behavior of Corner Crack with Full F-4E/S Wing 
Spectrum (68000 cycles/1000 flight hours) Scaled to Two Stress Levels (36 and 30.5 ksi). 

 
 

Figure 9.2.1b.  Experimental Flight-By-Flight Fatigue Crack Growth Behavior for a B-1A Wing 
Spectrum Scaled to Three Levels (24.17, 31.12, and 36.31 ksi). 
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As a result of the regularity of such flight-by-flight induced crack growth behavior, there was a 
recognition as early as 1963 that aircraft stress histories can induce crack growth behavior 
similar to constant amplitude behavior.  This early recognition has led to a number of schemes 
for utilizing limited information to characterize the behavior of cracks in aircraft structure.  
These schemes all focus on the translation of variable amplitude crack growth life data to 
variable amplitude crack growth "rate" data so that the simple analysis schemes for constant 
amplitude loadings can be used to establish life estimates.  These replace the more complicated 
numerical, computer-based algorithms used for a load interaction, cycle-by-cycle analysis of the 
complete stress history. 

The translation of the variable amplitude crack growth life data to that of variable amplitude 
crack growth rate data follows most of the procedures used to convert constant amplitude crack 
growth life data to constant amplitude crack growth rate data (see Subsection 7.2.2 and Figure 
7.2.9, which is repeated as Figure 9.2.2).  The major differences between describing variable 
amplitude rate behavior and constant amplitude rate behavior is in the choice of the rate variable 
and the characterizing stress history parameter.  In variable amplitude descriptions, the crack 
growth rate may be described as rate per flight, rate per flight hour, or rate per cycle.  Also, since 
the magnitude of the individual stress events in the stress history is a random variable the 
characteristic stress parameter that described the history is a statistical measure of the individual 
events in the history. 

 
Figure 9.2.2.  Method for Reducing Fatigue Crack Growth Life Data to Fatigue Crack Growth 

Rate Data 
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Figure 9.2.3 describes a variable amplitude crack growth rate behavior (da/d(Flight)) as a 
function of a spectra dependent characteristic stress-intensity factor ( K ) for two transport wing 
histories.  The K is calculated based on the formula 
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where K/σ is the stress-intensity factor coefficient for the geometry and σ  is the characteristic 
stress parameter, here chosen as the root mean square (RMS) of the maximum stresses in the 
history, i.e. 

( ) 2
1

1

2
max

max











∑==
=

N

i N
i

σ
σσ  (9.2.2) 

In equation 9.2.2, N is the number of stress events, and σmax(i) denotes the maximum stress for the 
ith stress event. 

 
Figure 9.2.3.  Fatigue Crack Growth Rate Data for Two Transport Spectra (A = Upper Wing, B 

= Lower Wing) 
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It is seen from Figure 9.2.3 that the crack growth rate (on a per-flight basis) behavior for the two 
spectra might be described by a power law equation of the form 
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The corresponding image integration equation can be expressed as 
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where F is the number of flights required to grow the crack from a0 to a, and where ∆aj is 
evaluated for the current crack length using Equation 9.2.3.  The coefficients C and p are 
evaluated using least squares procedures applied to data of the type shown in Figure 9.2.3. 

The value of the data shown in Figure 9.2.3 and its description with a simple equation, e.g. 
Equation 9.2.3, is that parametric studies can be conducted in a relatively simple manner.  Such 
parametric studies could cover other ranges of crack length for the same geometry, other 
structural geometries, and other stress magnification factors applied to the same spectra. 

9.2.2 Other Methods for Generating Rate Descriptions 

Translating experimental crack growth life data to flight-by-flight crack growth rate only 
provides one method for generating the flight-by-flight power law growth rate relationship given 
by Equation 9.2.3.  The power law rate equation can also be generated using two different 
analytic methods.  One popular analytical method is to calculate the RMS range and maximum 
parameters and to substitute these parameters into a constant amplitude - stress ratio equation.  
This method results in a single curve that describes the effects of this stress combination.  The 
following example illustrates the procedure. 

 
 

EXAMPLE 9.2.1 RMS Power Law Analysis 

The constant amplitude crack growth equation for a particular alloy is given by 

 347.281063.8 effKx
dN
da −=  

where the effective stress-intensity factor has been determined to be of the form: 
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When the values of maximum stress (σmax) and stress range (∆σ) for a given constant amplitude 
loading are known, these values are used with the stress-intensity factor coefficient (K/σ) for the 
geometry of interest to generate Kmax,  
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to generate the parameters defined in the growth equation.  To obtain the power law relation that 
would result for a flight-by-flight spectrum, the RMS values are substituted into the equations. 

If the RMS range (∆σ) is 4.45 ksi and maximum (σmax) stresses for a given stress history are 
12.30 ksi, the RMS stress ratio (R) is given by  
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and the RMS maximum stress-intensity factor is 
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The growth rate is 
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Notice that the rate da/dN is given on a per cycle basis so one must multiply this rate by the 
average number of cycles per flight or flight hour to obtain the corresponding average growth 
rate per flight or flight hour. 
 

 

A method that substitutes RMS (or other statistically derived) parameters into constant amplitude 
equations has one major limitation.  This limitation is that load interaction effects (retardation or 
acceleration) are ignored.  Thus, the analyst must be wary of comparisons between spectra when 
using this method, since it will only provide first order approximations of spectra effects. 

It is possible to account for load interaction effects with a cycle-by-cycle analysis, but as 
indicated above, the processing of the complete stress history requires extensive numerical 
analysis.  An approach was suggested in the early 1970’s for processing a limited portion of a 
stress history with a cycle-by-cycle analysis for the purpose of generating crack increments at 
several crack lengths.  Most of the details for generating crack increments for such an analysis 
were discussed in subsection 5.2.5 relative to Figures 5.2.10 and 5.2.11.  Figure 5.2.10 is 
repeated here as Figure 9.2.4, and the corresponding crack growth rate data is presented in Figure 
9.2.5.  The choice of methods that one might employ for the cycle-by-cycle analysis is dictated 
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by the success that a given analysis has had in predicting crack growth behavior of the type 
under consideration.  In Section 9.3, a detailed example of an analytical analysis of the crack 
growth behavior (life and rate) of three transport wing stress histories is conducted.  This 
example should provide additional insight into how the simplified rate method can be used to 
assess spectra and their differences. 

 

 
Figure 9.2.4.  Crack Incrementation Scheme Based on Cycle-by-Cycle Crack Growth Analysis 

 
Figure 9.2.5.  Crack Growth Rate Description of Crack Incrementation Data for Two Transport 

Wing Stress Histories (∆F = 50 Flights) 
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9.2.3 Power Law Descriptions 

A number of experimental and analytical investigations have revealed that the flight-by-flight 
crack growth rate behavior of military aircraft can be described with a power law relationship 
(Equation 9.2.3).  Specifically, the stress histories considered were developed to facilitate the 
design of a new structure or an analysis of an in-service aircraft for force management purposes.  
As such, these stress histories represented an expected average usage based on a force wide 
composite mission mix; most of the stresses in these histories repeated after an application of a 
large block of flights or flight hours.  None of the histories involved any major mission change 
during the expected life of the aircraft.  For these histories, one might say that the operations 
today will be like the operation next year or five years from now. 

Nevertheless, the generalized observations of power law flight-by-flight crack growth rate 
behavior here are immediately applicable to the study of parameters affecting structural repair.  
Thus, the results of these studies are summarized in Tables 9.2.1 and 9.2.2 for bomber/transport 
behavior and for fighter/attack/trainer behavior, respectively.  Table 9.2.1 presents the 
coefficients for a crack growth rate per flight type equation, while Table 9.2.2 presents the 
coefficients for a crack growth rate per flight hour type equation. 

The reader can note from Table 9.2.1 that the exponent p for bomber/transport aircraft wing 
stress histories only varies from about 3.0 to 3.5; Table 9.2.2 indicates a wider variation in the 
exponent for the aircraft and conditions indicated (2.2 ≤ p ≤ 3.7).  Based on a close analysis of 
the results, it can be said that the largest variations in the exponent p are generated due to the 
wide variations in spectrum content (load magnitude and frequency). 

Table 9.2.1.  Bomber/Transport Behavior 

Aircraft History Flights/Block
maxσ  

(ksi) 

C+ p Aluminum 
Alloy 

B1-B Wing pivot 100 27.3 4.91x10-8 3.025 2219-T851 
C-5A Upper wing 100 11.7 1.70x10-8 3.111 7075-T651 
C-5A Lower wing 300 12.3 1.05x10-7 3.183 7075-T651 
B-52D Lower wing 200 16.4 2.61x10-8 3.529 7075-T651 
KC-135 Proof test, 

Lower wing 
200 17.8 5.97x10-9 3.454 7178-T6 

KC-135 Lower wing 200 18.4 1.01x10-8 3.338 7178-T6 
+ inch/flight, ksi√in 
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Table 9.2.2.  Fighter/Attack/Trainer Behavior (Based on 1000 Flight 
Hour Block Spectra) 

Aircraft History C+ p Aluminum Alloy
T-38 Lower wing (baseline) 2.66x10-8 2.678 7075-T651 
T-38 Lower wing (severe) 1.07x10-8 3.152 7075-T651 
T-38 Lower wing (mild) 5.32x10-9 2.460 7075-T651 
F-4 Lower wing (baseline) 1.68x10-8 2.242 7075-T651 
F-4 Lower wing (high stress baseline) 1.77x10-8 2.242 7075-T651 
F-4 Lower wing (severe) 1.76x10-8 2.395 7075-T651 
F-4 Lower wing (mild) 5.77x10-9 2.395 7075-T651 
F-16 Lower wing (mix) 6.92x10-10 3.62 7475-T7351 
F-16 Tail (mix) 1.33x10-10 3.67 7475-T7351 
F-16 Lower wing (air to air) 1.07x10-9 2.905 7475-T7351 
F-16 Lower wing (air to ground) 8.94x10-11 3.464 7475-T7351 

+ inch/flight, ksi√in 

 

Before employing a flight-by-flight crack growth rate type analysis to estimate the life of a 
repair, the analyst should be concerned with the adequacy of such an analysis.  The most 
important part of the analysis is the definition of the stress history that the repaired member will 
experience in the future.  If the history is anticipated to be statistically repetitive as a function of 
time-in-service then the results from a flight-by-flight rate analysis will be comparable to a 
cycle-by-cycle analysis. 

If the mission type or mix is expected to change significantly as a function of time, then 
projecting a predefined rate of crack growth without detailed consideration of how the damage 
will be changing could lead to non-conservative errors.  One method for addressing mission type 
or mix changes is to utilize one rate curve before the time of change and another rate curve 
subsequently.  A more exact method for addressing mission changes is by using a cycle-by-cycle 
crack growth analysis applied to the stress history that accounts for the changes. 

Rate methods have one inherent problem: they tend to minimize the effects of the infrequently 
applied large loads.  These large loads will cause retardation effects and tend to slow the growth 
process (if, in application, failure is not induced).  Thus rate methods will normally predict 
somewhat shorter (more conservative) lives than the cycle-by-cycle analyses. 

Based on Tables 9.2.1 and 9.2.2 the analyst should note that the crack growth rate equation is a 
function of material, location, and usage.  An equation generated for the horizontal tail should 
not be used for the vertical tail (nor wing); an equation generated for air-to-ground operations 
should not be utilized for air-to-air operations. 



9.3 Spectrum Analysis for Repair 
As discussed in Section 9.2, the flight-by-flight crack growth rate behavior for many structural 
loading conditions can be defined using a power law that relates crack growth rate to a 
characteristic stress-intensity factor, i.e. 

PKC
dF
da

=  (9.3.1) 

An example analysis is conducted using three transport wing stress histories to illustrate how 
such equations can be generated.  Subsequent to the generation of the flight-by-flight crack 
growth rate equations, additional analysis is conducted to evaluate the effects stress level and 
structural location on the use of these equations for the structural repairs. 

9.3.1 Definition of Stress Histories 
The transport stress histories utilized for this example were developed during a force 
management update and represent the expected behavior at three separate locations on the lower 
wing surface.  The force management update involved a complete durability and damage tolerant 
analysis of the airframe, as well as reassessment of past and future usage of the aircraft force.  
Stress histories were generated for durability and damage tolerant studies at those structural 
locations identified as potentially critical to the continuing safe operation of the force. 

The lower wing stress histories chosen for this example analysis represent locations in the center 
wing (BL 70), in the inner wing (WS 733) and the outer wing.  All three stress histories were 
developed assuming the same operation (mission mix) history.  The operational history was 
considered to be represented by a block of 100 flights with a defined mission order.  Eight (8) 
separate missions were identified as representative of service operations.  Each mission in the 
100-flight block averaged 4.8 hours per flight. 

The 100-flight block of ordered missions repeated until the service life of 40,000 flight hours 
was exceeded; thus, more than 83 applications of the repeating 100-flight blocks were required 
to define a lifetime of operation.  The mission order for the eight representative missions is 
defined by Table 9.3.1.  For comparison purposes, Figure 9.3.1 presents the stress histories for 
mission one at three locations.  The stress histories for the other seven missions could be defined 
in a similar manner. 
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Table 9.3.1.  Mission Ordering for Transport Flight-by-Flight Spectrum 
Order Per 20 
Flight Group 

Flights  
1-20 

Flights  
21-40 

Flights 
 41-60 

Flights  
61-80 

Flights  
80-100 

1 4 6 7 6 5 
2 1 7 7 1 4 
3 1 7  6 1 
6 7 2 3 7 1 
5 6 1 6 6 1 
6 4 4 2 5 8 
7 5 3 6 3 2 
8 2 8 7 7 3 
9 5 5 3 4 8 
10 8 4 8 2 6 
11 2 3 8 3 7 
12 8 1 7 6 5 
13 2 6 3 5 6 
14 7 6 1 6 6 
15 1 3 8 7 6 
16 6 8 5 7 5 
17 7 6 7 6 1 
18 7 1 6 2 5 
19 2 2 2 5 4 
20 7 4 4 4 7 

 

 
Figure 9.3.1a.  Center Wing Stress History for Mission 1 
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Figure 9.3.1b.  Inner Wing Stress History for Mission 1 

 
Figure 9.3.1c.  Outer Wing Stress History for Mission 1 
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The stress history for each location is now defined except for the infrequently occurring 
maximum stresses.  The infrequently occurring stresses in each mission were inserted into the 
history on a periodic basis as a replacement for the first maximum stress in the mission.  The 
period of occurrence of these replacement load events was during the tenth, the one-hundredth, 
and the two-hundredth repeat occurrence of any of the individual eight missions.  The 
replacement maximum stresses for mission 1 for the three locations are listed in Table 9.3.2.  
Each mission had a similar set of replacement stresses.  

Table 9.3.2.  Replacement Stresses for Mission 1 for the Three Wing Locations 

Occurrence 
Frequency  
(per no. of  

mission repeats) 

Center Wing  
(BL-70) Location 

(ksi) 

Inner Wing  
(WS-733)  
Location  

(ksi) 

Outer Wing  
Location  

(ksi) 

1/1 14.64 14.43 16.34 
1/10 16.16 16.16 18.36 
1/100 17.96 17.96 20.79 
1/200 18.6 18.60 21.56 

 

9.3.2 Spectra Descriptions 
The stress history uniquely defines the sequence and magnitude of the individual stress events 
applied at a specific location.  While this information is essential for conducting a cycle-by-cycle 
crack growth analysis that accounts for load interaction, it is both difficult to use and interpret 
without computer programs that perform such analyses.  One of the side benefits associated with 
describing flight-by-flight crack growth rates as a function of a characteristic stress-intensity 
factor is that one is forced into presenting stress history information simply.  This subsection 
addresses two such schemes – the exceedance curve and an RMS characterization. 

9.3.2.1 Exceedance Curve Descriptions 

One normally generates a stress history for a given mission based upon exceedance information; 
however, the starting exceedance information is typically based in operational parameters, e.g. nz, 
airspeed, weight, altitude, etc. for given mission functions.  After a stress history has been generated 
for a collection of missions, it is recommended that stress exceedance curves be generated for the 
maximum stress, the minimum stress, and the positive (load-increasing) stress range associated 
with all stress events.  The exceedance curves for the maximum, minimum, and range of the 
individual stress events in the three wing stress histories are presented in Figure 9.3.2. 
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 (a) Maximum Stress Exceedance (b) Minimum Stress Exceedance 

 
(c) Stress Range Exceedance 

Figure 9.3.2.  Exceedance Curves for the Three Transport Wing Stress Histories 
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The exceedance curves for each stress event characteristic are noted (from Figure 9.3.2) to be 
similar in shape but somewhat displaced relative to number of exceedances.  The behavior 
observed might have been expected since all three locations are experiencing the same 
operational history.  Both the minimum stress and stress range exceedance curves indicate a 
plateau around 8300 exceedances, which is the dividing line between once per flight occurrences 
and those that occur more frequently.  Thus, because we are dealing with a transport aircraft, it 
can be noted that the once per flight ground-air-ground (GAG) cycle has a stress range typically 
larger than 16 ksi, while the gust/maneuver cycles have stress ranges less than 8 ksi. 

In anticipating the level of damage that a stress history might generate, the exceedance curve 
becomes a useful tool.  The highest stresses (all events) are noted to be present in the outboard 
wing (followed by the inner wing and then center wing).  Also, for a given magnitude of any 
stress characteristic, the number of exceedances are the highest for the outboard wing location 
(followed by the inner wing and center wing).  The implication is that, on a per flight basis, more 
damage is generated at the outer wing location then at the other two locations, all other things 
being equal (structural geometry, material, crack geometry, etc.). 

The shape of the exceedance curve can also be used to determine if the stress history might be 
expected to introduce major perturbations in the crack growth behavior.  If the exceedance curve 
associated with the maximum stress characteristic is relatively continuous from the infrequency 
of the once-per-flight event, then the flight-by-flight crack growth rate curve would also be 
expected to be relatively continuous.  Except for the outboard wing location curve between 40-
60 exceedances, Figure 9.3.2a shows that the maximum stress exceedance curves are relatively 
continuous.  It is therefore expected that the flight-by-flight crack growth rate curves for the 
three wing histories will be relatively continuous (not show major effects of retardation). 

9.3.2.2 RMS Descriptions 

The presentation of complicated variable amplitude stress histories can be simplified by defining 
average or RMS values of the stress event characteristics, i.e. the maximum stresses and positive 
stress ranges of the history.  The difference between the average value and the RMS value of a 
given characteristic is normally not more than 3 percent when one is considering stress histories 
with more than 1000 stress events.  For average stress analysis, one uses 
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while for RMS analysis, one uses 
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where σi is the characteristic (maximum stress or stress range) for the ith stress event and N is the 
total number of stress events. 

Similar analysis schemes have also been employed where the slope (p) of the crack growth rate 
power law expression (Equation 9.3.1) is used to calculate a representative stress, i.e. 
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Experience has shown that such schemes (Equation 9.3.4) are not appreciably of more value than 
the average or RMS determined characteristics. 

The RMS equation (Equation 9.3.3) was applied to the three transport wing stress histories to 
obtain RMS values for the maximum stress and stress range.  The results are summarized in 
Table 9.3.3. 

Table 9.3.3.  Per Cycle Root Mean Square (RMS)Representative Stress Values  
for the Three Wing Stress Histories 

Stress History Maximum Stress 
(ksi) 

Stress Range 
(ksi) 

Cycles per 100 
Flights 

Center Wing 
(BL-70) 

8.00 3.52 18268 

Inner Wing 
(WS-733) 

7.24 3.33 41174 

Outer Wing 8.01 3.38 62562 
 

Based on the RMS analyses presented in Table 9.3.3, it appears as if the three stress histories are 
quite similar on a per cycle basis (the stress ranges are within five (5) percent, and the maximum 
stresses are within ten (10) percent).  Based on a constant amplitude analysis of these stress 
conditions, the damage per cycle would be expected also to be similar.  From Table 9.3.3, one 
can note the number of cycles applied per 100 flight block differs substantially from stress 
history to stress history.  If the RMS stresses are similar and the number of stresses per flight 
differ, then one would expect that the damage per flight would favor the stress history with the 
most stress events per flight. 

One of the reasons that the RMS representative stresses can not be blindly used in a constant 
amplitude equation to accurately estimate crack growth behavior is because the damage is a non-
linear function of the different events in the history.  The analyst must understand where the 
damage is coming from and isolate on those events.  For example, a transport wing stress history 
generates damage as a result of both GAG cycle loading and gust/maneuver cycle loading.  A 
second analysis was therefore conducted on the three wing histories to obtain per flight 
characteristics for the GAG and gust/maneuver cycles.  This analysis is presented in Table 9.3.4. 
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Table 9.3.4.  Per Flight Root Mean Square Representative Stress Values for  
the Three Wing Stress Histories 

Stress 
History 

GAG 
Max 

Stress 
(ksi) 

GAG Min 
Stress 
(ksi) 

Gust/Manu. 
Max Stress 

(ksi) 

Gust/Manu. 
Stress Range 

(ksi) 

Number of 
Gust/Maneuver 

Cycles 

Center Wing 
(BL-70) 

12.23 18.64 7.97 3.35 182 

Inner Wing 
(WS-733) 

13.14 18.13 7.21 3.31 411 

Outer Wing 14.73 20.01 7.99 3.29 625 
 

Relative to the per flight RMS representative stress values for GAG and gust/maneuver cycles, the 
three stress histories are shown to be relatively similar.  The magnitude of the GAG cycle appears 
to be increasing as the location moves outboard; this would indicate that the GAG cycle causes 
more damage per flight in the outboard wing than at the inner and center wing locations.  We note 
that the largest number of gust/maneuver cycles occur at the outer wing location and this would 
also favor more damage per flight (due to gust/maneuver cycles) than the other two locations. 

9.3.3 Crack Growth Analysis 
To obtain a flight-by-flight crack growth rate equation (Equation 9.3.1), it is necessary to have 
either a crack growth life curve or the capability for generating such a curve.  As described in 
Section 9.2, once a flight-by-flight crack growth life curve exists, it can be differentiated to 
obtain crack growth rates. 

The simplest manner for differentiating a curve is by using the secant method, i.e. 
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where (a1, F1) and (a2, F2) represent two different points on the crack growth life, crack length 
(a) versus flights (F) curve.  The derivative is considered to be the slope of the curve at the mean 
crack length of the two points, ie. 

( )212
1 aaamean +=  (9.3.6) 

The mean crack length provides the ability to calculate the stress-intensity factor coefficient 
(K/σ) for the geometry associated with the crack growth life curve.  To describe the crack growth 
rate as a function of stress-intensity factor, it is necessary to have either a formula or graph that 
relates stress-intensity factor to crack length for a known external loading condition.  For 
example, if the stress-intensity factor is related to gross stress conditions (σgross) by the formula 

aK gross πβσ ⋅=  (9.3.7) 

Then the stress-intensity factor coefficient is 
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and Equation 9.3.8 is evaluated for a = amean (Equation 9.3.6).  Note that β is typically a function 
of crack length. 

9.3.3.1 Generation  of Crack Growth Curves 
Crack growth life curves were generated for the three transport wing stress histories using a 
crack growth analysis computer code.  The material chosen for the study was a 7075-T651 
aluminum alloy; the associated constant amplitude crack growth rate curve was 
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with KC = 68 ksi √in and R = -0.12.  The Willenborg-Chang retardation model embedded within 
the software was used to account for load-interaction effects.  These modeling choices affect the 
absolute accuracy of the crack growth predictions but not the implications of the analysis which 
are presented in a relative sense. 
Rather than dealing directly with the actual structural geometries for the three wing locations, it 
was decided that the crack growth analysis would be applied for a common geometry for all 
three stress histories.  This choice does not affect the crack growth rate analysis as will be further 
discussed below.  The choice of common geometry for all three stress histories makes it possible 
to evaluate the relative effects of per flight and per cycle damage for the analyses.  It was 
decided also to choose a simple geometry of a four (4) inch wide center cracked panel, giving a 
stress-intensity factor coefficient of 
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The initial and final crack length chosen for the configuration were 0.11 and 1.25 inch, respectively.  
Figure 9.3.3 summarizes the common configuration employed in this analytical study. 
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ao = 0.11 inch 
af = 1.25 inch 
W = 8. inch 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9.3.3.  Common Geometry Used to Evaluate Stress History Effect on Crack Growth 
Behavior 

Figure 9.3.4 presents both the crack growth life curve and its crack growth rate counterpart for 
the center wing stress history.  The crack growth rate curve was generated by forming the secant 
defined slope for consecutive points on the life curve and relating this slope to the stress-
intensity factor calculated using the mean crack length and the RMS maximum stress values 
(given in Table 9.3.3).  The stress-intensity factor in Figure 9.3.4 is given by 

( ) 
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where (σmax)RMS = 8.0 ksi, and (K/σ) is given by Equation 9.3.10.  The curve through the center 
of the points in Figure 9.3.4 is the mean trend curve that connects all the points. 
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Figure 9.3.4.  Crack Growth Behavior for the Center Wing Location 

Figure 9.3.5 presents the crack growth life curves generated for the other two wing locations, 
again using the computer code.  Figure 9.3.6 summarizes the crack growth rate behavior 
associated with all three stress histories.  The inner and outboard wing crack growth rate data 
points were also generated by the secant method of analysis.  The RMS maximum stresses used 
for the stress multiplier in Equation 9.3.11 were 7.24 and 8.01 ksi for the inner wing and the 
outer wing location, respectively. 
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Figure 9.3.5.  Flight-by-Flight Crack Growth Life Behavior for Inner Wing (WS-733) and 
Outboard Wing Stress Histories 

 

 
Figure 9.3.6.  Flight-by-Flight Fatigue Crack Growth Rate Behavior for Three Transport Wing 

Histories 
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9.3.3.2 Analysis of Observed Behavior 

A number of observations can be made from the data presented in Figures 9.3.4 through 9.3.6.  
First, the life is shortest and the rates are fastest for the outer wing stress history; this stress 
history is the most damaging from a crack growth point of view.  The next most damaging 
history is the inner wing stress history; the least damaging history is associated with the center 
wing location.  Second, the three crack growth rate curves appear to be almost parallel and 
relatively continuous throughout the range shown.  There are discontinuities in the outer and 
inner wing curves which tend to locally depress the rate curves.  These discontinuities are not 
severe and are associated with the exceptionally high but frequently occurring maximum stress 
events in the stress history. 

As a result of the relatively continuous nature of the crack growth rate curves, least square 
procedures were applied to the data in Figure 9.3.6 in order to generate the constants in Equation 
9.3.1.  These constants are presented in Table 9.3.5 along with another set of constants derived 
using graphical procedures and the assumption that the crack growth rate curves were parallel.  
Figure 9.3.7 illustrates the degree of fit achieved by the curve established using least squares 
procedures for the outer wing data.  The least squares determined power law curve is seen to 
adequately describe the outer wing data.  The other two least squares power law curves provided 
similarly adequate descriptions of their respective crack growth rate data. 

Table 9.3.5.  Constants C and p for Equation 9.3.1 

Least Squares Method Graphical Method Stress History 
C p C p 

Center Wing 
(BL-70) 

2.54x10-7 2.93 3.35x10-7 2.89 

Inner Wing 
(WS-733) 

7.29x10-7 2.73 5.10x10-7 2.89 

Outer Wing 7.74x10-7 2.86 9.05x10-7 2.89 
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Figure 9.3.7.  Comparison Between Outer Wing Data and the Least Squares Determined Curve 

A second crack growth life analysis was conducted using the three transport wing stress histories 
scaled to a lower stress level; all stress events in the three histories were scaled to 0.903 of their 
original level (both tensile and compressive levels were scaled equally).  The same computer 
software was employed for this second analysis, and all geometry and material properties were 
kept the same.  The stress history mission mix and order (stress sequence) were the same as 
described in subsection 9.3.1.  As expected, longer crack growth lives were associated with the 
lower stress magnitude stress histories.  Table 9.3.6 summarizes the life predictions required to 
grow the crack between the previously defined limits of 2a0 = 0.22 inch and 2af = 1.60 inch. 

Table 9.3.6.  Effect of Stress Magnification Factor on Crack Growth Lives (L) 
Calculated for a Center Crack (2a) Growing Between 0.22 and 1.60 inch 

Lives for Two Stress Magnification 
Factor Values 

Stress History 

L1 
(Flights) 

L0.903 
(Flights) 

Life Ratio 
L0.903/L1 

Center Wing 
(BL-70) 6220 8300 1.33 

Inner Wing 
(WS-733) 4115 5345 1.30 

Outer Wing 2385 3117 1.31 
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9.3.3.3 Interpertation and Use of Crack Growth Rate Curves 

It can be noted from Table 9.3.6 that the ratios of crack growth lives for the two stress magnification 
factors are nearly the same (within 2 percent) for the three stress histories.  The reason for this 
happening can be justified on the basis of the crack growth rate behavior.  Consider Figure 9.3.8 
where both the crack growth life and crack growth rate behavior associated with the scaled inner 
wing stress histories are described.  Figure 9.3.8 shows that while the life behavior is different, 
the crack growth rate behavior can be described by a common curve.  If the common crack 
growth rate curve is a power law equation (Equation 9.3.1) then its integral form, i.e. 

∫= fa
a pKC

daF
0

 (9.3.12) 

can be written, using Equations 9.3.10 and 9.3.11, as 
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Figure 9.3.8.  Flight-by-Flight Crack Growth Behavior Exhibited for the Inner Wing (WS733) 
Stress History Scaled to two Different Stress Levels 
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If all the stresses in a stress history are scaled, then the σmax characterizing stress will be scaled 
by the same factor.  So, if the crack growth interval remains the same, the life ratio (L0.903 / L1 
where L1 = F and L0.903 = F with lower stress) is given by: 

( )
( )

p
p

p

RMS

RMS

L
L −=

⋅
= )903.0(

903.0 max

max

1

903.0

σ

σ
 (9.3.14) 

Since all other factors in Equation 9.3.13 are constant, note that the integral is only a function of 
geometry and once the geometry is defined the stress level does not influence its value. 

Using Equation 9.3.14 and the power law exponents given in Table 9.3.5, the life ratio for the 
scaled stress histories is noted to vary between 1.32 and 1.35 (lowest value of exponent yield 
lowest life ratio).  The life ratio estimate based on the crack growth rate power law exponent is 
noted to closely approximate the life ratios given in Table 9.3.6.  Thus, if one can obtain an 
estimate of the crack growth rate power law exponent, then one can closely approximate the 
effect of stress scaling on the crack growth life behavior.  Section 9.4 provides additional 
information on the use of this analysis approach for estimating the lives of structural repairs. 

Independent of the above remarks, Equation 9.3.12 has an important application for directly 
estimating the structural life of cracked components.  As an example of its use for conducting 
such analysis, we compared the results of the computer analysis with life estimates made using 
the data presented in Table 9.3.5 and Equation 9.3.13.  These results are presented in Table 9.3.7, 
where it is seen that the power law life prediction ratios, which are conservative relative to the 
least squares procedure, result in estimates which more closely approximate the estimates for all 
three stress histories. 

Table 9.3.7.  Ratio of Power Law Life Predictions (LPL) to Life Predictions (LCG) 
(Ratio > 1, Unconservative) 

Stress Magnitude Factor =1 Stress Magnitude Factor =0.903 
LPL/LCG LPL/LCG 

 
Stress 

History 
 

Flights Least 
Squares 

Graphical
 

Flights Least 
Squares 

Graphical

Center 
Wing 

(BL- 70) 

6220 0.961 0.789 8300 0.773 0.632 

Inner 
Wing 

(WS-733) 

4115 0.752 0.769 5345 0.772 0.803 

Outer 
Wing 

2385 0.945 0.761 3117 0.977 0.790 

 

Because the least squares determined coefficients are insensitive to the accuracy with which the 
crack growth rate data are described, it is suggested that the analyst comparatively review the 
least squares results in a graphical format such as Figure 9.3.7.  One reason for choosing the 
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graphical method is to emphasize the (log-log) lower portion of the crack growth rate behavior.  
(The least squares procedure results in a "best" fit to all the data). 

When flight-by-flight crack growth rate behavior is shown to be independent of stress scaling 
effects, the behavior will also be independent of the geometry used to collect the crack growth 
life data.  This has been shown for a number of aircraft stress histories similar to those analyzed 
in this section. 

One cautionary remark must be made relative to geometrical effects - if one reduces crack 
growth life data using a stress-intensity factor which is substantially in error of the actual stress-
intensity factor for the geometry, then the transference of the crack growth rate data from one 
geometry to another will not be possible.  In other words, take care in reducing crack growth life 
data from structural geometries where the stress-intensity factor is not well defined. 

9.3.3.4 Analysis for Multiple Stress Histories 

Air Logistics Center (ALC) engineers typically need to analyze structural locations within a 
component for which no stress history is available.  Frequently, a stress analysis of these 
structural locations must be performed based on a strength of materials approach.  One question 
asked repeatedly is: What is available that facilitates conducting a simple crack growth life 
analysis of these structural locations? 

One method that has potential for a relatively large component is a wide area crack growth rate 
equation that describes the rate of damage growth within the area identified.  This section 
provides an example of how a wide area crack growth rate equation might be generated and then 
utilized.  The three transport wing stress histories provide the basis for this example. 

To develop a wide area crack growth rate equation it is necessary to have crack growth life 
behavior described at a number of locations within the area of application.  The mission mix and 
stress sequencing must be the same at all locations considered.  It is anticipated that crack growth 
lives might be generated for ten or more locations experiencing loading conditions which 
produce similar contributions of damage.  For the example, only three locations were analyzed 
for the entire wing; however, the approach and interpretation of results would be similar 
independent of the component and numbers of location. 

As was shown in Figure 9.3.6, the flight-by-flight crack growth rate behavior associated with the 
three stress histories was different; the rate behavior of each was seen to be relatively continuous 
and parallel to the others.  To obtain a wide area crack growth rate equation, the analyst must 
find a method for collapsing the rate curves into one master curve.  This collapsing can only be 
accomplished (with confidence) if the analyst understands the relationship between the damage 
generation process and the stress events in the history.  The damage may be generated primarily 
either by the gust/maneuver cycles or by the GAG cycles. 

Figure 9.3.6 shows that the crack growth rates are ordered for the three histories according to the 
number of gust/maneuver cycles that occur per flight.  The data in Figure 9.3.6 were therefore 
converted to a crack growth rate per cycle basis and replotted.  Figure 9.3.9 describes the result 
of this scaling of crack growth rates.  As is shown by Figure 9.3.9, the crack growth rates are 
found to collapse to tight scatter band with the inner wing location behavior forming the upper 
curve on the band. 
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Figure 9.3.9.  Cyclic Crack Growth Rate Behavior for Three Transport Wing Stress Histories 

( )σσ /max KK
RMS

⋅=  

The collapsing of crack growth rate data observed in Figure 9.3.9 does not always occur when 
the σmax(RMS) parameter is used as the stress history characterizing parameters.  If the analyst uses 
a characterizing parameter that does not describe those events that create damage, one would not 
expect the crack growth rate data to collapse.  Another good characterizing stress parameter for 
the three transport wing stress histories is the root mean square (RMS) stress range (∆σRMS).  
Figure 9.3.10 describes the cycle-by-cycle crack growth rate behavior for the three stress 
histories where the characterizing stress-intensity factor (K) was calculated using 







∆=
σ

σ KK RMS  (9.3.15) 

As Figure 9.3.10 illustrates, the characterizing stress-intensity factor given by Equation 9.3.14 
also collapses the rate data.  Additional choices of the characterizing stress maybe necessary 
when the damage contributions are not dominated by a single loading source. 

Once a master crack growth rate curve exists, the curve can be used to integrate the crack growth 
rate curve at a specific location to produce a crack growth life curve.  Figure 9.3.11 highlights 
the elements of the analysis. 
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Figure 9.3.10.  Cyclic Crack Growth Rate Behavior for Three Transport Wing Stress Histories 

( )σσ∆ /KK RMS ⋅=  

 
 

Figure 9.3.11.  Schematic of Elements Required to Analyze for Crack Growth Life at Specific 
Locations 
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9.4 Life Sensitivity for Stress Effects 
The fatigue crack growth life of structural components is significantly affected by the level of 
applied (repeating) stress and the initial crack size.  This section addresses the effect of applied 
stress level on any structural component and provides examples whereby relative life estimates 
can be utilized to facilitate the damage tolerant analysis of structural repairs.  Section 9.5 
discusses the effect that initial crack size has on the crack growth life of a repaired hole. 

The simple method for evaluating the effect of stress level on the fatigue crack growth life is 
based on the general form of Equation 9.3.14 and an available crack growth life curve for the 
structural geometry of interest.  The general form of Equation 9.3.14 related the life (Lσ) at the 
current stress level (σ) to the life (Lxσ) at the new stress level (x σ) through the equation ⋅

p
p

x x
xL

L −=





=

1

σ

σ  (9.4.1) 

As explained in Subsection 9.3.3, Equation 9.4.1 will estimate life in a relative sense for any 
structural detail if (1) the crack growth life is known for a defined stress history and (2) the 
flight-by-flight crack growth rate behavior is described by the power law equation 

pKC
dF
da

=  (9.4.2) 

Equation 9.4.1 does not allow one to calculate relative life for changes in crack interval, in crack 
geometry, or in mission mix (unless a master crack growth curve is available for different 
mission mixes).  The above restrictions do not minimize the extensive usefulness of Equation 
9.4.1. 

Rewriting Equation 9.4.1 so that it relates the unknown crack growth life (Lxσ) to the known life 
results in 

σσ LxL p
x ⋅= −  (9.4.3) 

Equation 9.4.3, in essence, provides a scaling factor that would be applied to the complete crack 
growth life curve for any structural detail; Figure 9.4.1 illustrates this concept schematically.  
Note that the life scaling factor (x-p) is independent of the shape of the crack growth life curve. 
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Figure 9.4.1.  Schematic Describing the Use of Equation 9.4.3 to Scale the Crack Growth Life 

Curve Based on a Stress Level Change from σ to x σ where x < 1 ⋅

Due to the generality of the life scaling factor for constructing life estimates, it is instructive to 
evaluate this factor as a function of the stress scaling factor.  The relationship is described in 
Table 9.4.1 for four different values of the crack growth rate exponent p.  Table 9.4.1 shows that 
the smallest life scaling factors for x  < 1 are associated with the lowest exponential value (p = 2.2).  
For x < 1, the new stress level is lower than the current level and as one would guess (see Table 
9.4.1 and Figure 9.4.2), the greater the reduction in stress the longer the life (the higher the life 
scaling factors). 
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Table 9.4.1.  Relationship Between Stress Scaling Factor x and Life Scaling Factor Lxσ  
Defined for Values of the Crack Growth Exponent p 

Life Scaling Factor 
(for x-p)  

Stress Scaling 

Factor 
current

newx
σ
σ

=  
p = 2.2 p = 2.5 p = 3.0 p = 3.0 

0.50 4.60 5.66 8.00 11.31 
0.60 3.08 3.59 4.63 5.98 
0.70 2.19 2.44 2.92 3.48 
0.80 1.63 1.75 1.95 2.18 
0.85 1.43 1.50 1.63 1.77 
0.90 1.26 1.30 1.37 1.46 
0.92 1.20 1.23 1.28 1.34 
0.94 1.15 1.17 1.20 1.24 
0.96 1.09 1.11 1.13 1.15 
0.98 1.04 1.05 1.06 1.07 
1.00 1.00 1.00 1.00 1.00 
1.02 0.96 0.95 0.94 0.93 
1.04 0.92 0.91 0.89 0.87 
1.06 0.88 0.86 0.84 0.81 
1.08 0.84 0.83 0.79 0.76 
1.10 0.81 0.79 0.75 0.72 
1.15 0.73 0.71 0.66 0.61 
1.20 0.67 0.63 0.58 0.53 
1.30 0.56 0.52 0.46 0.40 
1.40 0.48 0.43 0.36 0.31 
1.50 0.41 0.36 0.30 0.24 
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Figure 9.4.2.  Life Scaling Factor (New Life / Current Life) as a Function of the Stress Scaling 

Factor (x = New Stress / Current Stress) 

The life benefit achieved by reducing the general level of stress in a structural detail that has 
experienced crack problems can be estimated from Equation 9.4.3.  If the power law exponent p is 
not available for this particular structural detail, it is recommended that a conservative estimate of 
p be made, i.e. for a stress reduction chose p = 2.2, and evaluate the increase in life on this basis. 

 

EXAMPLE 9.4.1 Modify to Achieve Lower Stress Levels 

The doubler shown below has been modified to reduce the general level of stress at the cracking 
site identified by ten (10) percent.  The original doubler on a 6000 hour aircraft had a mean 
service life of 3400 flight hours to a crack size which would functionally impare the use of this 
aircraft.  How much life will the replacement doubler have?  No crack growth life curve exists 
for the doubler nor for the general area of the wing where it is located.  A wide area master curve 
for the wing is described by a power law equation with exponent p = 2.89. 
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SOLUTION: 
The aircraft is presumed to fly the same type of missions with the same frequency after the repair 
modification as before.  Since a master crack growth rate curve is available for the wing, the 
analyst would evaluate the life of the repair using Equation 9.4.3 with a power law exponent of 
2.89.  The modification is expected to result in a new life (Lnew) for a ten (10) percent reduction 
in stress level (the new stress level is 0.9 times the current stress level).  The new life is given by 

current
p

new LxL ⋅= −  
when Lcurrent is equal to 3400 flight hours, this reduces to 

( ) (34009.0 89.2 ⋅= −
newL )  

        = 1.356 ⋅ 3400 

        = 4610 flight hours 

Thus, a first order estimate indicates the life of the replacement doubler will be 35 percent 
greater than the original doubler.  If the original doubler are removed at 2500 hours and replaced 
with the doubler with the lower stress, it is anticipated that the replacement doubler will not fail 
during the remaining life of the aircraft (2500 + 4610  7110 hours > 6000 hour life requirement). 

If no information on the crack growth rate behavior existed for this region where the doubler was 
located, then it is suggested that the equation be evaluated with p = 2.2.  The result of this 
evaluation is 4285 hours, which still indicates that the replacement doubler will outlast the 
aircraft (2500 + 4285 = 6785 hours > 6000 hour life requirement). 

 
As a cautionary note, it is important to recognize that the best estimate of the exponent p will 
result in the best life estimate.  The exponent p is expected to vary as a function (due to material 
and stress event effects on damage) so if values of the exponent p are available for a given 
location in a component, it is more accurate to utilize the exponent p for that location. 

Another direct application of Equation 9.4.4 comes from moving from a stress analysis control 
point where a complete crack growth life analysis is available to a new location where the 
cracking behavior is expected to be similar due to geometrical material conditions, but where 
only a strength of materials analysis is available.  An example illustrates the approach here. 
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EXAMPLE 9.4.2 Local Stress Scaling 
The figure describes a local area (Location A) of an aircraft structure that has been experiencing 
distress.  Only the most critical hole (Location B) in the region was analyzed during a damage 
tolerance analysis; this analysis is summarized in the figure.  The exponent p associated with the 
aircraft’s standard operational missions is 3.2 for location B. 

A strength of materials analysis was conducted to evaluate the difference in stress levels at the 
two location (A & B) for a given external loading; these stress levels are defined in the geometry.  
Provide an estimate of the life for the hole identified at Location A. 

 
Description of Structural Geometry and Definition of 

Analysis Location and of Crack Site 

SOLUTION: 
The crack at Location A is presumed to grow in the same manner illustrated for Location B.  The 
stress history at Location A is identical to that at Location B except that the stresses are scaled to 
a lower level x given by 

951.0
3.14
6.13
===

B

Ax
σ
σ  

So that the life (LA) at Location A is found using Equation 9.4.3 and the crack growth life curve 
in Figure 9.4.5, which describes the life (LB) to any given crack size for location B: 

LA = (0.951)-3.2(LB) 

From the Location B crack life curve, the flights required to break the ligament and to fracture 
the component are 7300 and 12100 flights, respectively.  From the equation, the corresponding 
lives at Location A are 8570 and 14210 flights, respectively, a 17 percent over that of location B. 

If cracks are observed with a greater frequency at location A than at Location B, and if the crack 
sizes at location A are longer than that anticipated at location B for the same operational 
conditions, then the analyst might reverse the analysis, i.e. use the life ratios for specific crack 
sizes to obtain a better indication of the stresses at the distressed location.   
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EXAMPLE 9.4.3 Stress Estimated from Crack Behavior 

Cracks have been noted during PDM in a number of aircraft at Location A show for Example 
9.4.2.  From the available inspection data, it appears that the cracks reach a length of 0.150 
inches after about 3600 flights.  The DTA established crack growth life curve indicated that 
0.150 inch long cracks should not appear until 5800 flights.  Estimate the stress level difference 
between location A and B.  Also estimate the number of flights required to fail the ligament and 
the component. 

 

 
Details of Cracking Process at Location B and Life Curve 

 

SOLUTION: 

The method suggested for determining the stress level difference is with Equation 9.4.3, i.e. 

LA = x-p⋅LB 

where it’s known that LA = 3600, LB = 5800, and p = 3.2.  Solving for x, the stress ratio between 
Location A and B yields 

( )
( )

( )
A

pB

B

A

L
Lx

1

==
σ
σ  
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and the stress ratio is 

( ) 16.1
3600

5800 2.3
1

==x  

So the stresses at the cracking site (Location A) are expected to be 16 percent greater than that at 
the DTA location (Location B). 

Equation 9.4.6 can be now used to estimate the lives to grow the crack (at Location A) to fail the 
ligament and the component with x known, the lives are given by 

LA = (1.16)-3.2LB 

And with LB = 7300 and 12100 flights for the Location B critical conditions, LA = 4540 and 7525 
flights, respectively, to fail the ligament and the component at Location A. 
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9.5 Life Sensitivity Analysis for Hole Repair 
Because holes are stress concentration sites, it is not surprising that a large number of holes are 
drilled oversize and repaired to remove crack indications identified during inspection.  It is not 
possible to conduct a detailed damage tolerance analysis on every repair of this type; however, 
engineers can assess the life of many components before and after the hole is enlarged using 
Equation 9.3.1 and its integral counterpart Equation 9.3.12.  Detailed evaluations should always 
be conducted for critical locations; in some cases, the detailed evaluations will become the 
building blocks for other simplified repair analyses. 

Hole repairs are made to remove crack indications from the edge of the hole.  Several example 
damage tolerance analyses are presented in this section to summarize the effect of oversizing the 
hole to remove some (but not all) of the crack damage.  Practically speaking, the objective is to 
remove all the crack damage.  But, because non-destructive evaluation (NDE) capability is what 
it is, the analyst can not presume that all traces of the crack are removed when the hole is 
oversized.  From an economics and safety viewpoint, all traces of the crack should be removed 
and the aircraft restored to its original condition.  When conducting a damage tolerance analysis 
to protect safety, it is wise to error on the conservative side in defining the initial crack size after 
a hole oversizing operation. 

Before introducing the example analyses, it is instructive to review the integral counterpart of 
Equation 9.3.1, i.e. Equation 9.3.12, which is presented as Equation 9.5.1 

∫= f

o

a
a pKC

daF  (9.5.1) 

or 

( ) ( )∫= f

o

a
a pp

a

da

C
F

βπσ

1  (9.5.2) 

The parameter β is the geometry correction factor that is normally a function of crack length.  
We again note that the integral 

∫= f

o

a
a p)a(

daI
β

 (9.5.3) 

is dependent of stress effects and is only dependent on the geometry of the structure and of the 
crack.  So if the stress parameter, i.e., the stress history, is constant, then the impact of geometry 
changes on life can be assessed by studying the variation of I as the geometry changes.  The 
following example will be used to illustrate this point. 
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EXAMPLE 9.5.1 Variation of Initial Crack Size on Life 

A structural member made from D6AC steel has been experiencing cracking problems at a ¼ 
inch diameter weep hole.  If the crack growth rate per flight hour is given by: 

 
6281061
.

K.
)FH(d

da −×=  

then calculate the life required to grow a thru-thickness crack from several initial crack sizes to a 
0.550 inch long radial crack.  Assume the stress is 30 ksi. 

SOLUTION: 

The integral counterpart of the growth rate equation for this problem is 

 ∫
×

=
−

5500
62628 0301061

1 .
a .. )a(

da
)(.

FH
βπ

 

where β is associated with the radially cracked hole geometry, (see Section 11): 

  432 919606420341507548070710 y.y.y.y.. ++++=β

where 
r

ay
+

=
1

1  

The life results for several initial crack lengths are presented in the following table. 

Crack Growth Life as a Function of Initial Size for af = 0.550 inch 

σ  =30 ksi σ  =50 ksi ao (inch) 
Life )L

oa(   
(Flight hours) 

Life Ratio  
)L/L( .ao 0500  

Life )L
oa(   

(Flight hours) 
Life Ratio  

)L/L( .ao 0500  

0.001 7715 1.48 2041 1.47  
0.005 6720 1.29 1767 1.27  
0.010 6364 1.22 1696 1.22  
0.025 5806 1.11  1538 1.11 
0.050 5220 1 1386 1 
0.075 4796 0.92 1270 0.92 
0.100 4395 0.84  1164 0.84 
0.125 4023 0.77  1070 0.77  

 

It is important to note that the life ratios generated by dividing all the life values by the life value 
associated with ao = 0.050 inch is independent of stress level, as shown by the results for σ  of 
30 ksi and 50 ksi.  
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Equation 9.5.3 can also provide a simplified method for determining the effect of increasing the 
diameter of a cracked hole.  Consider Figure 9.5.1, which defines the three stages associated with 
increasing the hole diameter to remove a pre-existing crack.  One of the first steps in the analysis 
is to obtain an estimate of the initial structural life (this life is referred to as the DTA result or the 
Blueprint life).  For purposes of this analysis, the DTA result is presumed available for the region 
of interest. 

 

Figure 9.5.1.  Three Stages in the Life of a Cracked Hole 

As indicated in Example 9.5.1, the larger the initial crack size, the shorter the life.  Thus, the 
decision of choosing the initial flaw size after over-sizing is an important one - both for economy 
and for safety.  For consistency of analysis with JSSG-2006 requirements, it is recommended 
that crack sizes be no smaller than that associated with initial manufacturing.  An example 
problem is presented later in the section to consider the influence that the initial post rework 
crack size has on the remaining structural life.  First, let us consider the influence that the 
reworked oversized hole has on life relative to that of the initial hole. 

EXAMPLE 9.5.2 Effect of Rework Hole Size on Life 

In this example, the blueprint diameter is 0.250 inches and the final crack length is 0.550.  For 
comparative purposes, the initial crack length (both manufacturer’s and post rework) is 0.050 
inches and is assumed to be a through-thickness crack.  The figure shows a description of the 
geometrical conditions both initially and post-rework.  

 

r 0 =0.12
a 0 =0.05

Initia   Failur   

r 0 =0.12
a f =0.55 r = r0 + ∆r

a0 = 

Post  

r =  r 0  +  ∆r 
af = 0.550 - ∆r 

Post Rework  

 
Geometrical Parameters Associated with Blueprint and Post Rework Crack Configurations  

Present a comparative life analysis that defines the effect of enlarging the 0.250 inch diameter 
hole to larger sizes during repair of hole crack damage.  Allow the crack growth rate exponent p 
to vary from 2.5 to 3.5.  Assess the effect of the exponent p on the results. 
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SOLUTION: 

Since a comparative analysis is being conducted, it is not necessary to know the stress level nor 
the crack growth rate constant C, i.e., only those parameters that affect the integral I of Equation 
9.5.3 need be considered.  The table presents the results of the calculations where the lives have 
been normalized to the Blueprint life (Ir = 0.125), using  

 100
1250

1250 *
I

II

.r

.rr

=

=−  

where Ir is the value of Equation 9.5.3 for radius r. 

 

Comparative Analysis To Determine the Effect Of Enlarging the Hole 
 (Initial Crack Length = 0.050 Inch) 

% Life Reduction Initial Hole 
Radius 
(inch) 

Rework 
Change in 

Radius (inch)

Final Crack 
Hole Radius 

(inch) 
p = 2.5 p = 3.0 p = 3.5 

0.125 0 0.125 0 0 0 
0.125 1/64 0.140625 9% 10% 14% 
0.125 1/32 0.15625 17% 20% 20% 
0.125 3/64 0.171875 23% 27% 29% 
0.125 1/16 0.1815 27% 31% 35% 
0.125 5/64 0.203125 34% 39% 46% 
0.125 3/32 0.21875 38% 43% 53% 
0.125 7/64 0.234375 41% 46% 59% 
0.125 1/8 0.250 44% 49% 66% 
0.125 9/64 0.265625 47% 53% 72% 
0.125 5/32 0.28125 50% 56% 77% 
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9.6 Blend-Out Repairs 
One of the accepted procedures for removing a small amount of crack damage in the field is 
through the use of blend-out repairs.  These repairs are efficiently accomplished and for the most 
part, return the structure close to its original static strength and design crack growth life interval.  
This subsection addresses the type of fatigue crack growth life analysis one might conduct to 
ensure that a blend-out repair has not significantly degraded the anticipated service life of the 
structure. 

There are two basic conditions that might degrade the life of the structure as a result of blend-
out:  (1) the accidental gouging, scraping, or otherwise damaging of the material during the 
repair and (2) the development of a stress concentration site.  Both conditions must be actively 
avoided since both tend to accelerate the development of new cracks which could cause safety-
of-flight problems. 

As discussed in Section 9.5, one of the more difficult aspects of repair analysis is the definition 
of initial crack size utilized for life calculations.  If the initial crack size assumed after repair is 
greater than or equal to the initial crack size assumed during design, then the structure life after 
repair is less than or equal to the initial design life.  To determine the fractional loss (FL) in 
structural life, an engineer could utilize the ratio 

)(Blueprint Life
(Repair) LifeFL −= 1  (9.6.1) 

Alternately, the engineer could evaluate the loss in blueprint life by forming the life ratio: 

)(Blueprint Life
(Repair) LifeLR =  (9.6.2) 

For comparison purposes, it would probably be advisable to calculate both the repair life and 
blueprint life based on the same initial crack length and thereby assess the effects of stress 
concentration introduced by the blend-out operation.  To establish the crack growth life of the 
repair in an absolute sense would require that the choice of initial crack length be given careful 
engineering consideration. 

Two examples have been prepared to illustrate the types of analyses that could be conducted to 
evaluate the damage tolerance of blend-out type repairs.  Example 9.6.1 presents the calculations 
where the initial crack size for the repair is assumed to be equal to the crack size in as-
manufactured structure.  A sensitivity study is presented to demonstrate the impact that blend-out 
shape has on repair life.  In Example 9.6.2, the crack size after repair is assumed to be smaller 
than that in the as-manufactured structure, and a sensitivity study is presented to illustrate the 
effect of crack size. 
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EXAMPLE 9.6.1 Blend-Out Repair - Effect of Shape 

The angle transition component shown below periodically exhibits evidence of cracking in the 
location identified and the engineer has recommended a blend-out repair to remove all evidence 
of cracking.  Based on the manufacturer’s stress report, the tensile stress in the angle transition 
component is 27 ksi for the critical load condition.  Evaluate the damage tolerance of the 
component assuming that the initial crack size in the repair and the as-manufactured structure are 
the same (ao = 0.050 inch). 

7079-T6 Aluminum 

Thickness = 0.400 

 
Geometry of Structure with Small Crack 

σ 

Initial 
R

Repair σ 

 
Geometry of Blend-Out Repair Assumed for Analysis 

SOLUTION: 

The damage tolerance evaluation will be based on an assessment of both the change in crack 
growth lives and the change in critical crack size.  Based on a lack of both a stress history and a 
wide area crack growth rate equation (discussed in paragraph 9.3.3), an engineer might choose a 
worst case loading environment to conduct the evaluation.  Since the stress condition is known 
(σmax = 27 ksi), the engineer could approximate the loading with a once per flight maximum 
stress of 27 ksi applied in a constant amplitude manner.  For simplicity, the minimum stress per 
flight is presumed to be zero so that the assumed loading is zero-tension (R = 0) constant 
amplitude with a stress maximum of 27 ksi.
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To conduct the life analysis, the life equation based on continuous crack growth (consistent with 
the constant amplitude loading assumption) will be utilized, i.e., life will be calculated using 

 ∫= f

o

a
a )K(f

daLife  

The function f(K) describes the crack growth rate for the material and loading condition; ao and 
af are the initial and critical crack sizes, respectively.  Three elements are necessary for the life 
calculation: (1) the function f(K), (2) the stress-intensity factor relationship for the geometry, and 
(3) the critical crack size (af).  Each element will be separated determined in the paragraphs 
below; subsequently, LIFE will be determined. 

Function f(K) Established 
The function f(K) describes crack growth rate as a function of a stress-intensity factor parameter 
(such as ∆K).  As a result of the constant amplitude loading condition, the engineer would 
consult the Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] to find data 
consistent with the material and stress ratio conditions.  The data in Figure 8.11.3.1 of the DTDH 
are considered representative of the 7079-T6 aluminum alloy.  While it is possible to utilize the 
mean trend data given in tabular form, as presented in the figure, in conjunction with computer 
codes that employ table look-up schemes, it is instructive to plot the mean trend data and 
determine if a simple (power law) crack growth rate equation, i.e. 

 
da
dN

C K n= ∆  

describes the behavior.  Both the mean trend data for the R = 0.05 data set and a power law 
equation that describes these data are presented.  The power law equation was determined 
(graphically evaluated) to be 
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Because the stress ratio (R) for the assumed loading (R = 0) and the data set (R = 0.05) are 
relatively close, no stress ratio correction factor is applied to Equation 9.6.5.  If a stress ratio 
correction must be applied to a handbook data set, it is suggested that a Walker type correction 
be considered.  The suggested Walker correction factor for aluminum alloys is given by 
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where Rdata set and Rdesired are the stress ratios associated with the Handbook data set and the 
assumed loading, respectively, and where n is the power law exponent for the data set (n = 4.09 
for the 7079-T6 aluminum data set).  A quick evaluation of the Walker equation with the 
appropriate constants shows that the crack growth rate expression given by the power law 
equation is approximately 10 percent higher than a corresponding stress ratio corrected 
expression, and thus not overly conservative for a first order approximation. 
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Data Page From the Damage Tolerant Design (Data) Handbook [Skinn, et al., 1994] 
Used in Example 9.6.1
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Data From Damage Tolerant Design (Data) Handbook Plotted and  

Compared to Graphically Established Power Law Equation 

 

Stress-Intensity Factor Establishment 
The stress-intensity factor for the blend-out cracking problem can be solved without access to 
exact finite element stress analyses through the use of some work of Dowling [1979].  For the 
purpose of providing a methodology for estimating total fatigue life (crack initiation plus crack 
propagation lives) of notched structures, Dowling needed a transition crack length that separated 
the initiation life analysis from the crack propagation life analysis.  His studies of the conditions 
controlling small crack growth behavior led him to the stress-intensity factor evaluation shown 
below.  The point M identifies the condition where the short crack stress-intensity factor (Ks) is 
equal to the long crack solution (K ).  Dowling noted that these two crack solutions provided 
reasonably accurate estimates of the finite element solution in their respective crack length 
regions.  For crack initiation life analysis, Dowling restricted crack length size measured in 
smooth fatigue samples to sizes less than the crack length associated with the point M in the 
figure.  This is because the stress concentration effect dominates in this region. 

l

 9.6.5 



 
Short and Long Limiting Cases and Numerical Solution, for Crack Growing 

from a Circular Hole in an Infinite Plate (Newman) 

For the purpose of analysis, the engineer could estimate the stress-intensity factor for the blend-
out repair using a Dowling type approach where for small cracks, a short crack stress-intensity 
factor would apply, and for longer cracks, a long crack stress-intensity factor would apply.  Thus, 
for the blend-out repair, the engineer could describe the stress-intensity factor as: 
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with the short and long crack stress-intensity factors given by: 

 ak.K ts πσ121=  

and 

 )da(.K += πσ121l  

where kt is the stress concentration factor associated with the blend-out shape. 

The equations are written in a form slightly different than those presented in the figure because 
(1) the geometry of the blend-out is more in line with an edge crack rather than a central crack 
(Dowling’s solution) and (2) the crack length a is measured from the surface of the blend-out  
(see the figure for a definition of a and d).   
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Geometry of Blend-Out with Edge Crack Present 

Based on an analysis of these equations, one can see that the blend-out geometry affects the 
stress-intensity factor solutions through the stress concentration factor (kt) and blend-out depth 
(d).  An estimate of the stress concentration kt for a blend-out repair is made using the solution of 
an elliptical cut out in a plate.  For an ellipse oriented with the major axis in line with the 
direction of the stress axis, the stress concentration is given by [Mushhelishvili, 1954; Peterson, 
1974]: 
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with L and d defined as the major and minor radii of the ellipse.  As can be noted from the figure, 
L and d define a segment of a circle that we are approximating with a semi-ellipse.  Thus, if one 
has a measure of L and d for a blend-out repair, one can estimate kt and the corresponding short 
crack stress-intensity factor using the equations above. 

Critical Crack Size, af 
The critical crack size for both as-manufactured (blueprint) and repaired structure will be based 
on the Irwin hypothesis for abrupt failure, i.e., when 
  crKK =

failure occurs.  The critical stress-intensity factor is obtained by estimating the stress-intensity 
factor range required to achieve a growth rate of 1000 microinches/cycle.  Solving the power law 
equation in an inverse manner, i.e., solving 
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yields ∆K = 33.34 ksi√in  As a lower bound to this estimate, one might choose Kcr = 30 ksi√in 
for convenience.  Kcr = 30 ksi√in corresponds to a crack growth rate of 642 microinches/cycle. 
The stress-intensity factor for the blueprint structure is given by 

 a.K π121=  

whereas that for the repaired structure is given by 
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2L 
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(Note that the long crack solution is being used for the repair).  In both equations, a is measured 
from the surface.  Solving for Kcr = 30 ksi√in  and the above stress-intensity factor solutions 
yields 

 af = 0.325 inch for the blueprint critical size and 

 af = (0.325-d) inch for the repair critical size. 

Life Estimating 
While the LIFE equation could be used directly for life estimates of the as-manufactured 
(blueprint) structure, the stress-intensity factor analysis requires that the integral equation be 
broken into two intervals.  For this repair analysis, LIFE is calculated using 
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where the crack size aM is associated with the transition between the short and long crack stress-
intensity factor solutions.  This crack size is obtained by equating the two solutions and solving 
for aM, thus 

   lKKs =

in conjunction with the stress intensity equations results in 
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Since for a blend-out repair kt would be greater than 1.0 and hopefully less than 1.4, aM will be 
greater than d. 

Numerical Details of Blueprint Life 
For an edge crack problem with the material crack growth rate response given by a power law 
expression, i.e. the LIFE equation can be written as 
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When integrated, this equation becomes 
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Given the growth rate constants C and n, the critical crack size af, the given stress (σ = 27 ksi) 
and the given initial crack size (ao = 0.050 inch), the crack growth life for the blueprint 
conditions is determined to be 

 LIFE = 2910 cycles 

of zero-tension loading. 

Numerical Details of Repair Life 
For the blend-out repair with the material crack growth rate response given by a power law 
expression, the LIFE equation can be expressed as: 
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When integrated, this equation becomes 
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Given the growth rate constants C (=5.84 x 10-10) and n (=4.09), the critical crack size, the given 
stress (σ = 27 ksi), and the given initial crack size (ao = 0.050 inch), one can estimate the LIFE 
for defined values of kt and d.  For example, when d and L are 0.08 inch and 1.0 inch, kt is 1.16, 
af = 0.245 inch, aM = 0.231 inch, and LIFE = 2033 cycles of zero-tension loading.  This is 
approximately 30 percent lower than that given for the blueprint life. 

Comparative Analysis of Shape Effect 
To summarize the analysis for different blend-out shapes, the LIFE equation was repetitively 
solved for several different length (2L) and depth (d) conditions for ao = 0.050 inch.  These 
results are presented in the following table in the form of life ratios and utilize the blueprint life 
obtained above.  Focusing on three crack depths (0.050, 0.100 and 0.150 inches) as 
representative, one can immediately note from the table that even for the more gradual blend-out 
case, the life is substantially reduced (to approximately 80, 65, and 50 percent, respectively) of 
the original life estimate. 

The life ratios presented in the table show the close correlation between life and the stress 
concentration factor.  These results only reinforce common sense since they show that the more 
gradual the blend-out, the closer to initial life one achieves. 
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Effects Of Blend-Out Shape On Crack Growth Life Ratio 

Depth (d) inch Length (2L) 
inch 

kt Life Ratio  Condition 

0.005 2 1.01 0.977 
0.010 1.02 0.954 
0.015 1.03 0.933 
0.020 1.04 0.911 
0.025 1.05 0.891 
0.030 1.06 0.870 
0.040 1.08 0.833 
0.050 1.10 0.796 
0.060 1.12 0.762 
0.080 1.16 0.699 
0.100 1.20 0.640 
0.120 1.24 0.584 
0.150 1.30 0.503 
0.200 

 

1.40 0.366 
0.250  1.50 0.179 

Gradual 
Blend–Out 

0.010 1 1.04 0.911 
0.020 1.08 0.831 
0.050 1.20 0.638 
0.080 1.32 0.496 
0.100 

 

1.40 0.421 
0.150  1.60 0.282 

Less Gradual 
Blend–Out 
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EXAMPLE 9.6.2 Effect of Repair Initial Crack Size 

To justify removing shallow cracks with blend-out repair procedures, Example 9.6.1 is extended 
by considering the effect of repair initial crack size.  As a basis for comparison, the life ratio 
equation,  

 
)(Blueprint Life

(Repair) LifeLR =  

will again be employed, and the blueprint (as-manufacturing) LIFE is calculated using  
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with ao = 0.050 inch.  Thus, the blueprint LIFE is 2910 cycles, as calculated in Example 9.6.1. 

The purpose of this example is to show that if only part of the crack remains after blend-out there 
can be substantial life improvement over that calculated for the blueprint LIFE. 

The effect of repair initial crack size on crack growth life was calculated using  
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whereas the initial crack size ao was varied along with length (2L) and depth (d) of the blend-out.   

The results are summarized in the following table as a function of the various geometric 
parameters considered.  As expected, the table shows that initial repair crack size substantially 
affects the damage tolerant life of the blend-out.  In fact, compared to the other parameters 
considered, it dominates.  Based on this table, the importance of the variables on life is; 

ao - most significant,  
kt - significant, and  
d - least significant.   

Thus, during a blend-out repair, the objective is to remove as much of the damage as possible 
(and hopefully all) with a minimum amount of shape change. 

 

 9.6.11 



Effect of Repair Initial Crack Size on Crack Growth Life Ratio 

Repair Initial 
Crack Size 

(a0) inch 

Depth  
(d) inch 

Length  
(2L) inch 

kt Life Ratio  

0.005 0.02 2.0 1.04 11.81 
0.005 0.05 2.0 1.10 10.55 
0.005 0.10 2.0 1.20 8.83 
0.005 0.15 2.0 1.30 7.49 
0.010 0.02 2.0 1.04 5.63 
0.010 0.05 2.0 1.10 5.02 
0.010 0.10 2.0 1.20 4.19 
0.010 0.15 2.0 1.30 3.52 
0.010 0.02 1.0 1.08 5.21 
0.010 0.05 1.0 1.20 4.20 
0.010 0.10 1.0 1.40 3.02 
0.010 0.15 1.0 1.60 2.28 
0.020 0.02 2.0 1.04 2.64 
0.020 0.05 2.0 1.10 2.34 
0.020 0.10. 2.0 1.20 1.94 
0.020 0.15 2.0 1.30 1.61 
0.050 0.02 2.0 1.04 0.91 
0.050 0.05 2.0 1.10 0.80 
0.050 0.10 2.0 1.20 0.64 
0.050 0.15 2.0 1.30 0.50 

 

 9.6.12 



9.7 Residual Strength Parametric Analysis 
This section illustrates parametric analyses available to an engineer for evaluating the sensitivity 
of residual strength to geometric and material parameters.  As discussed in Section 4, the residual 
strength relates load carrying capability to material toughness and crack size in a unique way for 
each structure.  Two methods are generally available for describing the residual strength of a 
structure:  the first is with a relationship between residual strength and crack length, and the second 
is with a relationship between residual strength and time.  These relationships are summarized in 
Figure 9.7.1.  The first relationship is best used to describe the effects of toughness or of global 
geometry.  The second relationship is best used to describe the effects of crack growth resistance 
and of global geometry. 

Capability

Requirement 

Residual 
Strength 
σRes 

Flight Hours

Capability

Requirement 

Crack Length 

Residual 
Strength  
σRes 

 
 

Figure 9.7.1.  Types of Residual Strength Relationships 
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Constructing residual strength-crack length relationships are relatively straight forward.  To do 
so requires both fracture toughness data for the material and a stress-intensity factor analysis for 
the cracked structure.  Fracture toughness data can be found in the Damage Tolerant Design 
(Data) Handbook [Skinn, et al., 1994].  The stress-intensity factor for a given cracked structure 
can be obtained through the methods discussed in Section 11. 

Constructing residual strength-life relationships requires the same information as above plus a 
description of the crack growth life behavior under the service loading.  This additional 
information can be generated by integrating wide area crack growth rate equations or by 
summing incremental damage on a cycle-by-cycle basis.  Cycle-by-cycle damage summation 
presumes (a) that a stress history is available for the cracked structure and (b) that constant 
amplitude fatigue crack growth rate data are available for the material.  The additional 
complexity associated with generating residual strength-life relationships is one reason why 
residual strength data are normally only presented as a function of crack length. 

A series of examples have been prepared to describe the effects of material properties, spectrum 
stress level, and structural geometry on the residual strength of relatively simple structures.  The 
approach taken could be duplicated for other more complicated situations related to specific 
structural repairs. 

For each example, the Irwin abrupt fracture criterion is employed to obtain the relationship 
between residual strength and crack size.  Simply stated, failure is presumed to occur when the 
applied stress-intensity factor (K) is greater than or equal to the fracture toughness (Kcr) of the 
material, i.e. 

crKK ≥  (9.7.1) 

then failure occurs.  Because the stress-intensity factor is a function of stress and crack size, 
Equation 9.7.1 provides the relationship between residual strength and critical crack length. 

To facilitate a general overview of the residual strength-life relationship, the wide area crack 
growth rate equation methods developed in Section 9.3 are utilized.  In this section, the wide area 
equation is expressed as 

nKC
dN
da

=  (9.7.2) 

where the crack growth rate (da/dN) is given appropriately as a function of cycles, flights, or 
flight hours depending on the given structural situation.  Also, the characteristic stress-intensity 
factor ( K ) in Equation 9.7.2 is related to the characteristic stress (σ ) through 
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σ

σ KK  (9.7.3) 

where (K/σ) is the stress-intensity factor coefficient (dependent only on geometric parameters, 
such as crack length and edge distances).  The residual strength-life relationship is obtained by 
cross correlating the residual strength calculated from Equation 9.7.1 with the life calculated from 
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The cross correlation is accomplished using the same value of critical crack length (acr) for both 
the residual strength and life calculations. 

Example 9.7.1 considers the effect of fracture toughness on both the residual strength-crack 
length and residual strength-life relationships.  These relationships are established for an open 
hole with a through-the-thickness radial crack, and for a wide area crack growth rate equation 
defined as 

038101 .K
dN
da −×=  (9.7.5) 

Examples 9.7.2, 9.7.3, and 9.7.4 consider how the characteristic stress level (σ ), the constant C, 
and the exponential constant n, respectively, affect the residual strength-life relationship.  
Subsequently, Examples 9.7.5 and 9.7.6 present the effect of geometrical and loading changes on 
the residual strength-crack length and residual strength-life relationships. 

 

EXAMPLE 9.7.1 Effect of Fracture Toughness 

Evaluated the residual strength relationships be as a function of fracture toughness for the 
structural geometry and loading described in the figure shown here.   

To determine the residual strength-crack length relationship, Equation 9.7.1 is 
utilized in conjunction with the stress-intensity factor coefficient obtained 
from Section 11.  The stress-intensity factor coefficient for the tension-
loaded, open-hole with a radial-through-the-thickness crack in a wide plate is 
given by: 
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a0 = 0.050 inch 
r = 0.125 inch 
KIC = 30 ksi √in
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Solving Equation 9.7.1 in conjunction with this equation leads to the relationship between 
residual stress and critical crack size, thus 
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Defining a series of critical crack sizes for a given value of Kcr is the easiest method for 
evaluating the relationship.  The following plot describes the relationship between residual 
strength and crack length, evaluated in this manner, for several given values of Kcr.  As the plot 
illustrates, a substantial difference exists between the residual strength curves at any crack 
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length; this difference is linearly related to the fracture toughness level.  For a defined crack 
length, the equation gives a constant value of (K/σ), so an increase in Kcr leads to a similar 
increase in σres. 

Residual Strength - Crack Length Relationship
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Effect of Fracture Toughness on the Residual Strength-Crack Length Relationship 

 for a Radially Cracked Hole 

Evaluating the difference between the residual strength curves based on a constant residual 
strength level illustrates that a greater improvement factor on critical crack size accompanies an 
increase in fracture toughness.  For a requirement of σres = 40 ksi, the critical crack size for the 
Kcr = 30 ksi √in material is about 0.050 inch, whereas that for a Kcr = 50 ksi √in, the critical crack 
size is about 0.750 inch.  As a first order approximation of the improvement factor, one might 
neglect the influence of the β factor and arrive at a simplified ratio 
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that illustrates the reason for the dramatic increase in critical crack length for fracture toughness 
improvements. 

One function of an engineer is to provide the structure with sufficient fracture toughness in order 
to maintain the required residual strength throughout the anticipated service lifetime.  A choice 
of high fracture toughness is appropriate when the engineer is attempting to ensure that 
potentially damaging cracks are large and easily inspectable prior to the loss of a residual 
strength requirement.  To determine how rapidly the residual strength decays, it is necessary to 
perform a crack growth life calculation. 
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When the crack growth life calculation is based on the integral formulation of Equation 9.7.2 (a 
power law), i.e. on Equation 9.7.4, the shape of the crack growth-life curve is as shown here.  
This specific curve was obtained for a characteristic stress level (σ ) of 20 ksi and employed  
C = 1×10-8 and n = 3.0 as the constants in the growth rate equation.  The initial crack length (ao) 
was chosen as 0.050 inches. 
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Crack Growth-Life Relationship for the Baseline Geometry 

The curve has been marked to indicate the stress-intensity factor at various crack length levels.  
These levels correspond to the lower fracture toughness levels shown in the previous plot.  One 
consequence of using a power law equation to describe crack growth rate behavior is that the 
crack growth life curve does not indicate a rapid increase as the stress-intensity factor approaches 
the fracture toughness level.  From a practical standpoint, only a slight error in the life 
calculation occurs due to inaccurately modeling the crack growth rate in the fracture toughness 
regime.  

When the crack length-life data are cross correlated with the residual strength-crack length data, 
one obtains the relationships between residual strength and life shown below.  Each residual 
strength-life data point is associated with a common crack length that relates the data in the 
previous figures.  The figure shows that the highest values of fracture toughness are again 
associated with the highest values of residual strength.  The figure also shows that a material 
with high fracture toughness will maintain a high residual strength capability longer than one 
with low fracture toughness, all other conditions being equal.  Interestingly, for the conditions 
given for this example, the residual strength capability decays in a linear fashion for most of the 
life.  The only non-linearity occurs in the earliest part of life where the crack is in a severe stress-
intensity factor gradient.  Other factors which affect the extent of the nonlinear region will be 
discussed later. 
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Residual Strength-Life Relationship
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Effect of Fracture Toughness on the Residual Strength-Life Relationship 

EXAMPLE 9.7.2 Effect of Characteristic Stress Level 

Because the operational stress level significantly affects the crack length life of a structure, an 
engineer might wish to consider its effect on residual strength.  For this evaluation, assume that 
the material is known to have a fracture toughness (Kcr) of 30 ksi √in and a crack growth rate 
behavior given by Equation 9.7.5 as: 

 038101 .K
dN
da −×=  

The residual strength-crack length relationship will not be affected by the operational stress 
level; thus, the Kcr = 30 ksi √in curve in Example 9.7.1 describes the relationship for this 
example.   

The corresponding crack growth-life curves for characteristic stress levels (σ ) of 15, 20, and 25 
ksi are presented.  As anticipated, the highest stress produces the fastest crack growth-life 
behavior.  Based on Equation 9.7.4, the curves are related to each other by a life factor given by 
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where the lives L1 and L2 are calculated at the same crack length (any choice of acr applies) for 
characteristic stress levels 1σ and 2σ .  
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Crack Growth-Life Relationship
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Effect of Stress Level on Crack Growth-Life Relationship 

If one cross correlates the crack length-life behavior with the Kcr = 30 ksi √in residual strength-
crack length behavior, then the residual strength-life behavior is as presented below.  Note that 
the residual strength capability decays more slowly for the lower characteristic stress levels.  As 
a method for predicting the residual strength-life behavior as a function of stress level, one could 
utilize the baseline curve identified for σ  = 20 ksi and Equation 9.7.9 to provide the appropriate 
life factor (at any given residual strength level).  For example, the σ  = 15 ksi residual strength-
life curve is displaced by a factor of 

 372
15
20 03

20

15 .
L
L .

=





=  

from the σ  = 20 ksi residual strength-life curve (check this at σres = 30 ksi where L20≅5400 and 
where L15  ≅ 12800.)  Thus, one could construct residual strength-life curves as a function of 
characteristic stress levels by generating a baseline curve and applying the life factor. 

Residual Strength - Life Relationship
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Effect of Stress Level on Residual Strength-Life Relationship 
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EXAMPLE 9.7.3 Effect of Pre-Exponential Constants 

This example and Example 9.7.4 collectively consider the effect of modifying the material’s 
crack growth rate response on the residual strength capability.  In both examples, the baseline 
conditions stated in Example 9.7.1 are used unless otherwise specified.   

It is noted that the crack growth rate resistance can be changed independent of the fracture 
toughness (fracture resistance), so that the residual strength-crack length relationship is again 
given by the Kcr = 30 ksi √in curve in Example 9.7.1. 

In a somewhat decoupling fashion, the effect of varying the coefficients in the growth rate 
equation, (Equation 9.7.2) 

 nKC
dN
da

=  

are considered separately.  In this example, only the constant C is varied to reflect decreasing the 
crack growth rate response in a systematic manner from the baseline condition where C = 1×10-

8.  In Example 9.7.4, the effect of varying the exponent n is considered. 

A change in the constant C is equivalent to shifting the crack growth rate curve to a new position 
but with the same slope.  If the constant C is reduced by a factor of 2, i.e. C=0.5×10-8, then the 
growth rate da/dN decreases by a factor of 2. 
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Variation of Crack Growth Behavior Resulting from  

a Shift in the Power Law Curve 

Based on an analysis of Equation 9.7.4, it is seen that the life difference that results from a 
change in C can be expressed as a life ratio 
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Thus, if a baseline crack growth-life curve and a baseline residual strength-life curve exist, new 
curves can be generated by factoring the lives from the baseline condition to the new material 
conditions using this equation. 

The figure below describes the residual strength-life curves for the baseline and two lower values 
of the constant C.  From the figure, it is seen that the increased crack growth resistance, i.e. 
lower C values, results in slower rates of residual strength decay.  The new curves are exactly a 
factor of two and of four removed from the baseline curve. 
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Effect of Constant C on Residual Strength-Life Relationship 

Increasing the material’s crack growth resistance has an immediate effect of increasing the 
number of flights (amount of flight hours) until the residual strength capability decays to the 
residual strength requirement. 

 

EXAMPLE 9.7.4 Effect of Exponential Constant 

In this example, the exponential constant (n) in Equation 9.7.2 is varied along with the constant 
C to reflect a defined rate of crack growth (da/dN = 10×10-6 in/cyclic unit) for a given 
characteristic stress-intensity factor level of K  = 10 ksi √in.  The baseline constants of n = 3.0 
and C = 1×10-8 yield an equation which passes through the point (10, 10×10-6).  This figure 
illustrates the three choices of n considered in this example. 
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Crack Growth Curves Shown Passing Through Common Point 

For this baseline geometry, fracture toughness level, and stress level, the characteristic stress-
intensity factor varies between about 15 and 30 ksi √in as a result of the crack growth change.  
When the common point for the power law equations is located at a stress-intensity factor level 
that corresponds to a crack length within the crack length interval associated with the life 
calculation, one can not immediately interpret the effect of the crack growth rate behavior.  
However, based on the crack growth rate behavior defined in the figure, the curve with n = 3.5 
will yield crack growth rates faster than the baseline throughout the crack length interval of 
interest.  Thus, for the conditions stated, an engineer would expect a more accelerated crack 
growth behavior and a more rapidly decaying residual strength behavior for the n = 3.5 material 
than for the baseline.  The following figures bear out this expectation. 
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Effect of Exponent n on the Crack Growth Life Relationship 
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Effect of Exponent n on the Residual Strength-Life Relationship 

One observation made in studying the residual strength-life behavior presented in the figure is 
that the decay in residual strength is slightly nonlinear in the long life region for the two non-
baseline crack growth rate behaviors.  For the n = 2.5 material, the residual strength-life curve is 
slightly concave up while the n = 3.5 material produces a slightly concave down shape.  Thus, a 
second factor that produces nonlinear decay effects is the exponent n.  Generally speaking, 
nonlinear decay effects would be expected when the crack growth rate behavior can not be 
described by a power law equation with n = 3.  While the nonlinear behavior is evident, it is 
important to note that it is slight.  As a result, local regions of the residual strength life curve can 
be easily described by linear line segments, and the procedures presented in Examples 9.7.1, 
9.7.2, and 9.7.3 can be utilized to extrapolate from a segmented baseline curve. 

 
The rate of decay in residual strength as a function of service loading has been shown by the 
above examples to be an important function of material behavior and of load level.  The residual 
strength decay rate can also be significantly affected by geometric parameters and loading 
conditions.  In Example 9.7.5, the effect of global and crack geometry is considered; and then in 
Example 9.7.6, the effect of localized fastener loading is evaluated. 

 

EXAMPLE 9.7.5 Effect of Geometrical Parameters 

Using the through-the-thickness, radially-cracked, open hole geometry (shown in Example 9.7.1) 
as the baseline geometry, two other geometrical configurations are considered: (1) the through-
the-thickness, center-crack and (2) an open hole with a radial crack which transitions from a one-
quarter-circular, corner-crack shape to a through-the-thickness-crack shape.  In all cases, the 
width of the structure is considered sufficient so that it does not influence the results.  Baseline 
material properties (Kcr, C, and n), initial crack length (ao), and characteristic stress level (σ ) are 
as defined in Example 9.7.1 and apply to all three geometries.  The center crack geometry does 
not have a central (starter) hole; its total initial length is 2ao.  The radius (r) of the hole with the 
transitioning crack is 0.125 inch, the same as the baseline geometry. 
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The information presented at the introduction of this section described how the residual stress 
relationships could be developed using Equations 9.7.1 and 9.7.4 and the stress-intensity factor 
coefficient for the geometry.  The only factor that changes as a function of geometrical 
parameters is the stress-intensity factor coefficient; Example 9.7.1 provides this coefficient for 
the baseline case.  For the through-the-thickness, center crack configuration in an infinite plate, 
the stress-intensity factor coefficient is given by 

 
K

a
σ

π=  

The case of the transitioning corner crack requires that the crack growth shape be known 
throughout the interval of crack growth.  The stress intensity factor solution for this geometry is 
given in Section 11. 

When the stress-intensity factor coefficients for the given geometries are utilized in conjunction 
with Equation 9.7.1, the residual strength-crack length relationships are determined (Kcr=30 ksi 
√in).  As expected, the transitioning corner crack geometry exhibits residual strength that is 
greater than that of the through-the-thickness crack geometry (baseline) for shorter cracks.  For 
crack lengths greater than 0.250 inch, the transitioning radial crack and baseline configurations 
exhibit the same residual strength (since the stress-intensity factor coefficients are the same 
here).  One interesting feature of this plot is that the residual strength of the center crack 
configuration is higher than the radially cracked holes for short crack lengths but rapidly 
decreases with crack length and eventually falls below the residual strength exhibited by the 
cracked hole.  One might puzzle through this observation by noting that the center crack has a 
total length of 2a, whereas the radially cracked hole has an equivalent length of (a+2r). 
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Effect of Geometry on the Residual Strength-Crack Length Relationship 

Equation 9.7.4 was utilized to calculate the crack growth life relationships for the three 
geometries and these are shown below.  Because the stress-intensity factor for the through-the-
thickness radial crack is initially higher than those of the other two configurations, the baseline 
configuration exhibits the fastest crack growth behavior.  The transitioning radial-corner-crack 
configuration initially exhibits slower crack growth behavior than the baseline but eventually 
these two crack growth curves become parallel (when the stress-intensity factor is the same, i.e. 
when a > 0.250 inch).  The center crack configuration exhibits the slowest initial growth 
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behavior, and this is primarily because the stress-intensity factor for small crack lengths is 
substantially below that of the other two configurations. 

By cross-correlating the information presented in these figures, one is able to construct the residual 
strength-life relationships shown in the next figure.  As anticipated, the baseline configuration 
has the lowest residual strength capability and the center crack configuration exhibits the highest 
residual strength capacity.  Both the baseline and center crack configurations are also shown to 
exhibit an extensive region of linear residual strength decay as a function of time-in-service.  The 
nonlinear residual strength decay exhibited by the transitioning radial corner crack is attributed 
to the gradient in the stress-intensity factor coefficient for relatively short cracks and the 
transition to a through crack.  Based on observations in this and other examples in Section 9.7, it 
would appear that one of the most important factors contributing to nonlinear behavior is the 
severity of stress-intensity factor gradient (as a function of crack length). 
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Effect of Geometry on the Crack Growth-Life Relationship 
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EXAMPLE 9.7.6 Effect of Hole Loading 

As a means of evaluating the effect of fastener loading on the residual strength, this example 
combines the baseline remote loading configuration described in Example 9.7.1 with localized 
pin loading shown here.  To calculate residual strength, the baseline material properties are 
utilized in Equations 9.7.1 and 9.7.4 along with the stress-intensity factor 
associated with the combined loading. 

P

 
 

038101 .K
dN
da −×=

a0 = 0.050 inch 
r = 0.125 inch 
KIC = 30 ksi √in 

2r a
Because the structural response is linear elastic, stress-intensity factor solutions 
for the remote and localized loadings can be added to obtain the stress-intensity 
factor for the combined loading; thus, 

 KTotal  = Kremote +Klocal 

where Kremote is obtained from the product of the remote stress (σ ) and the 
stress-intensity factor coefficient for a wide plate given in Example 9.7.1, so 
that: 

 aK remoteremote πβσ=  

and  ( )432 919606420341507548070710 y.y.y.y..remote ++++=β  
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Klocal is the stress-intensity factor associated with the pin loading.  From Section 11, this stress 
intensity factor is given by 

 a
rt
PK PRloacl πβ
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=  
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As a method of comparing the effect of pin loading in conjunction with remote stress loading, 
the bearing to bypass ratio was used.  The bearing to bypass ratio is the ratio between the bearing 
stress (P/2rt) and the remote stress σ , i.e. 

 
σσ

σ rt
P

BP

BR 2=  
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Various combinations of this ratio were chosen and the residual strength relationships were then 
generated using Equations 9.7.1 and 9.7.4.  The residual strength-crack length relationships are 
shown for Kcr=30 ksi √in; and, the crack length-life are shown for C=1×10-8 and n=3.0.  By 
cross-correlating this information, one can generate the residual strength-life relationships, as 
shown. 
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Effect of Pin Loading on the Residual Strength-Crack Growth Relationship 
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Effect of Pin Loading on the Residual Strength-Life Relationship 

Based on the results presented in these figures, it would appear that bearing to bypass ratios less 
than 0.4 cause a relatively small change in the residual strength/crack length/life relationships.  
As the bearing to bypass ratio increases from 0 to 2, (a) the residual strength decays very rapidly 
in the short crack region, (b) a significant reduction occurs in the crack growth-life curves, and 
(c) the residual strength-life curves are progressively lower.  The collective sum of these 
observations indicate that when substantial hole loading is present, it is necessary to account for 
the hole loading when assessing the residual strength and crack growth life behavior. 
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Section 10 
Guidelines for Damage Tolerance Design and Fracture Control 
Planning 

The attainment of trouble-free and damage tolerant design for safety-of-flight structure on 
aircraft is a continuing multiple element process which begins in the preliminary design phase 
and extends through manufacturing into the operational planning and use of the aircraft.  The 
purpose of this process is to develop a planned approach to the control of fracture damage in the 
aircraft.  Figure 10.0.1 illustrates the main elements of the process. 

 

 

Figure 10.0.1.  Elements of Damage Tolerant Design 

The design criteria include the service loads history, the functional requirements, and the desired 
life of the structure.  The initial damage assumptions to be used with each type of design concept 
and degree of inspectability are also specified in the criteria.  These are discussed in detail in 
Section 1.3.  

Material selection is a critical element of the process.  Trade-off studies are conducted between 
competing materials and use a comparative property data is necessary in the selection process.  
Ultimate strength, yield strength, fracture toughness and stress corrosion resistance must be 
considered together with the expected aircraft environment.  The crack growth rate as a function 
of stress-intensity factor is required. 

The structural configuration development must consider the effects of design details on fracture 
control.  The inspection level is defined and a list of critical parts is begun.  Consideration of the 
inspection procedures to be used at each critical location is important.  The analysis methods 
used and the stress-intensity factor computations are a function of the structural configuration 
and design details, and are set at this time.  Testing methods for each critical part and assembly 
are also developed and incorporated into the damage tolerant design process. 
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 10.0.2 

Manufacturing processes must be selected for the critical parts such that they do not reduce the 
damage tolerance level required by the design.  Control of processes and selection of inspection 
procedures to maintain process quality are the prime consideration of this element. 

Procedures for inspecting the aircraft during operational maintenance and the development of the 
force structural management plan constitute the last element of the total damage tolerant design 
process. 

This introduction of the elements illustrates the strong connections between design, testing, 
manufacturing, inspection and use in order to obtain and maintain the desired damage tolerant 
structure and to reduce the incidence of fracture related failures and loss. 

The documents that outline the requirements for this activity and describe the various functions 
are military standards and specifications.  MIL-HDBK-1530 establishes the requirements for 
aircraft structural integration program (ASIP) and JSSG-2006 describes the airplane damage 
tolerance design requirements. 

Wood [1979] provides discussion of the ASIP technology.  Tiffany [1978] presents extensive 
discussions of the durability and damage tolerance problem of USAF aircraft structures.  In 
particular, the review by Mr. C.F. Tiffany, “Durability and Damage Tolerance Assessments of 
United States Air Force Aircraft,” provides a thorough review of the background of this topic.   

This section of the handbook describes these tolerant design elements in some detail, and when 
the described functions are followed, the resultant aircraft structure should have the required 
level of damage tolerance. 

 



10.1 Design Loads Spectrum 
The design load spectrum is used to determine the damage growth in each critical part during 
analysis and testing.  It is based on the specified mission profile information and the required 
aircraft life.  A description of the load sequence development is given in Section 5.3 of this 
handbook.  A brief review is presented here.  Giessler, et al. [1981] presents a detailed 
description of load sequence development methodology. 

The load sequence is composed of the load cycles that can be expected to occur during the 
lifetime operation of the aircraft.  They are the result of ground operations, such as towing, 
taxiing, turning, braking, take-off and landing, and of airborne operations of maneuvering, 
turbulence encounters, store ejection and refueling.  The specification documents include the 
numbers of these loads to be anticipated at various levels during the aircraft life. 

The design spectrum must be based on a reasonable estimate of the anticipated mission usage 
history.  All load sources should be included and the anticipated severity should reflect on both 
previously observed data and on any performance advances being designed into the new aircraft.  
It has become somewhat of an axiom that the full maneuvering capability of the aircraft will be 
used during its operation.  Thus, it is essential that the design load sequence be representative of 
the aircraft capability.  Figure 10.1.1 from Buntin [1979] illustrates a basic procedure for the 
development of a design loads spectrum.  This is an interactive program involving several 
different data sources and other design activities. 

The design loads spectra usually progresses from a preliminary effort based on the initial 
aerodynamics to a final form based on the final aerodynamics and aircraft configuration. 
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Figure 10.1.1.  A Procedure for Development of Design Loads Spectra [Buntin, 1979] 
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10.2 Material Selection 
The selection of materials for damage tolerant design is one of the most important functions.  
Materials must be evaluated and selected on both their static strength and their toughness and 
flaw growth characteristics.  The properties used for these comparisons are: 

• Yield strength, Fty 

• Ultimate strength, Ftu 

• Fracture toughness, Kc or KIC 

• Stress corrosion factor, KIscc 

• Crack growth rate, da/dN vs. ∆K 

Figure 10.2.1 shows how some of these properties can be compared.  In addition, typical crack 
growth characteristics for each material are analyzed. 
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Figure 10.2.1.  A Method of Presenting Comparative Material Data 

10.2.1 Crack Growth Resistance and Fracture Toughness 

The material properties used for the selection criteria must be obtained for conditions that 
correspond to those expected in the structural usage environment.  Crack growth resistance as 
expressed in the da/dN data should be obtained from tests conducted using thickness similar to 
the anticipated structure applications and in similar environments.  Some alloys are quite susceptible 
to corrosive media such as may be experienced in aircraft fuel bays or during operation near salt 
water.  Effects of these variables are shown in Figure 10.2.2 [Circle & Conley, 1980]. 
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Figure 10.2.2.  Illustration of Effects of Environment on Crack Growth Rates [Circle & Conley, 
1980] 

For ease of application in the design process, the crack propagation data is usually described by 
an empirical relationship, such as the Forman equation, given as: 
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where 

  Kc  - fracture toughness 

  ∆K - stress-intensity factor range 

  C, n - constants dependent on material, obtained from curve fitting techniques 

It may be necessary to model the data in several parts over the ∆K range of interest in order to 
achieve adequate representation. 

Ekvall, et al. [1982] presents a method for evaluation of weight savings due to the usage of 
advanced materials.  The utilization of materials having improved damage tolerance 
characteristics as evidenced by a higher allowable stress value was shown to effect a weight 
savings from 1-3 percent for an improvement in allowable stress of 10-25 percent. 

Simenz and Guess [1980] discusses material properties and characteristics of some new materials 
based on obtaining high strength with good durability and damage tolerance properties.  This is 
mentioned to make the reader aware of current efforts to improve structural materials.  Goals 
stated in this report are to increase the static strength, decrease the crack growth, and increase the 
temperature capability of aluminum alloy. 

10.2.2 Material Property Control 

Along with the selection of various materials for use on the structure, it is essential that a control 
system be established.  Ehert [1979] describes such a system as including the areas of source 
selection, usage, evaluation, documentation, and tracking of all materials.  The establishment of 
material control specifications is necessary to achieve the desired end result.  It is suggested that 
a rating system be established for each material based on the expected usage. Ehert [1979] 
suggests a five-level system (A, B, C, U, X) which may be defined as: 

• A - Acceptable for Usage 

• B - Acceptable with Specific Controls 

• C - Acceptable with Demonstration Evaluation 

• U - Not Evaluated for a Given Usage 

• X - Not Acceptable 

The development of a material selection list includes all properties that are required for each 
material usage.  A pre-release material approval is suggested as a screening device.  This would 
be by a material review board that would pass on all selected materials. 

After the approval of all selected materials, the next step is to assure that only approved materials 
are actually used and that they meet the requirements.  An accountability procedure must be 
implemented.  As a minimum, this system must do the following: 

1. Identify the part 

2. List all material data required 
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3. List all supplemental data related to part; 

a.) Test Data 
b.) Change Notices 
c.) Deviations 
d.) Process Specifications 
e.) Inspection Reports 
f.) Rework Required 

 
This system should be easily accessible and usable throughout the design, manufacturing, and 
usage phases of the aircraft life cycle.  It would provide the information necessary to solve any 
future problems and will be the basis for the next design.  This system is directed toward fracture 
critical parts, but it is evident that such material control is necessary for all parts.  If such is the 
case, then fracture critical parts can be easily identified and tracked as part of the total aircraft 
design and development. 

As a part of this system, it is necessary to establish a material quality control program.  Sample 
testing of all material which is identified for fracture critical parts should include verification of 
crack growth rate and toughness properties.  Special handling instructions for this material to 
preserve initial quality should be implemented.  Non-destructive testing techniques must be 
developed and incorporated into the manufacturing process to insure that manufacturing quality 
is maintained. 

While such systems of material control are easily established by a prime contractor, it is also 
necessary to extend them to subcontractors and parts vendors who furnish fracture critical parts.  
All procurement specifications for such parts must include the same requirements for 
incorporation and maintenance of quality as practiced by the prime.  Figure 10.2.3 from Ehert 
[1979] illustrates how such vendor interfaces can be achieved. 
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Figure 10.2.3.  Fracture Control System for Subcontractors [Ehert, 1979] 
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10.3 Structural Configuration Analysis 
The fracture control program must consider all of the design details incorporated into the 
structural configurations as possible critical items.  It is as a part of this function that the critical 
parts list is developed and each part analyzed for its fracture propagation characteristics.  The 
method to be used to inspect the critical parts must also be established.  This will set the initial 
flaw size that is used in the analysis.  Any testing which must be done to establish the damage 
tolerance of a part is also done during this phase of the development. 

10.3.1 Critical Parts List 

The development of the fracture critical parts list begins with the first design studies.  This list is 
then maintained throughout the life of the aircraft.  It identifies those parts that would cause loss 
of the aircraft or endanger personnel and cargo if they failed as a result of flaw propagation.  The 
logic pattern and analysis necessary to identify critical parts is outlined in Figure 10.3.1 [Ehert, 
1979].   

No

Yes

> 4 Lives

< 4 Lives Reanalyze Using 
Limits of Special NDE

Complete Normal Static 
and Fatigue Analysis 

Compute Part Life 
Using Flaw Size Limits 

of Standard NDE 

Fracture Critical Part: 
Identify and Control 

Yes

> 4 Lives

< 4 Lives

Will Loss of Part 
Cause Loss of Vehicle?

Standard Part: Process 
and Inspect Using 
Standard Methods 

No

Any Pressure Vessel?

Fracture Control 
Board Can Apply 

Options 

No

Yes 

Fracture Control 
Board: Redesign?

 
 

Figure 10.3.1.  Illustration of Selection Logic for Fracture Critical Parts [Ehert, 1979] 

Initially, the static analysis is used to identify the highly stressed areas of safety of flight items.  
A crack growth analysis using the best estimate of an initial flaw at the time of the analysis and 
the design load spectrum is run until either the required life has been exceeded without a 
predicted failure or until a failure is predicted in the part.  Failure is usually related to a critical 
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crack size and the required residual strength load.  This analysis is usually conducted as a part of 
the design trade studies used to select materials, select stress loads and to size the part.  The 
factors affecting the selection of design stress levels are illustrated in Figure 10.3.2 [Walker, et 
al., 1979]. 

 

 
 

Figure 10.3.2.  Selecting Design Stress Level to Meet Residual Strength Crack Growth and 
Inspectability Requirements [Walker, et al., 1979] 

Redesign is done as necessary until the required life is attained.  Figure 10.3.2 shows a decision 
point at four lifetimes.  Actual life requirements will vary depending on the part; however, the 
logic is similar for all parts.  The accurate determination of the component stress field for 
identification of critical areas is important.  The best results can be achieved with fine grid finite 
element models.   

Each part finally identified as a fracture critical part is then added to the list and identified for 
controlled handling during the manufacturing process.  Establishment of this procedure early 
results in little disruption of standard procedures and makes the handling of fracture critical parts 
an integral part of the design and manufacturing process. 

When the design load spectrum is developed to its final form, which should also be relatively 
early in the design process, the initial analysis of the most critical items should be repeated to 
determine if there are any changes in results.  Any differences must be evaluated and redesign 
accomplished as indicated. 

The selection of the manufacturing processes for the critical part should be made with care.  
Such things  as surface finish, edge finish, location of parting planes, location of identification 
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marks, and amount of metal removal per part must be considered during the design.  
Considerations of these and other items are presented in publications such as Lunde [1976], 
Goranson, et al. [1981], and Watson [1979].  It is not considered appropriate to present a large 
number of details in this handbook, but a catalogue of acceptable and unacceptable design and 
machining details should be developed by the manufacturer as a guide to design and fabrication. 

10.3.2 Inspection Method Development 

The initial assumed flaw used in all crack growth computations is determined either by a 
specified minimum flaw based on standard inspection techniques or by a special minimum flaw 
which can be substantiated by special inspection techniques.  Table 10.3.1 from Ehert [1979] 
lists an example of what may be expected from several inspection methods.  These will vary with 
specific equipment. 

During the development of the critical parts list, it is necessary to consider how each part will be 
inspected for flaws.  This must be considered not only during the manufacturing process but also 
during the periodic inspections to be performed during the aircraft life.  The results of the 
fracture analysis can be significantly affected by the inspection method and the selection of 
initial flaw sizes. 

As improved inspection methods are incorporated into production use, it is to be expected that 
improved design will result.  The trade-off between inspection costs and performance may also 
be considered. 

Table 10.3.1.  Examples Of NDE Capabilities [Ehert, 1979] 

Inspection 
Method 

Flaw Type Standard NDE Special NDE 

Penetrant or 
magnetic particle 

Surface flaw 
(Depth x length) 

0.19 x 0.38 cm 
(0.075 x 0.150 in.) or 

equivalent area 

0.083 x 0.127 cm 
(0.025 x 0.050 in.) 
or equivalent area 

Ultrasonics Embedded flaw 
(diameter) 

0.254 cm (0.100 in.) 0.12 cm (0.047 in.) 

Radiographic Surface or 
embedded (depth x 

length) 

0.7t x 1.4t 
Min length = 0.38 cm  

(0.150 in.) 

0.6t x 1.2t 
Min length = 0.127 

cm (0.050 in.) 
t = thickness 

 

10.3.3 Demonstration Test Development 

The use of tests to demonstrate the existence of damage tolerant design is necessary when design 
details depart from past acceptable usage and when various environments are present for which 
data is not available.  It is suggested that such testing begin early and start with element and 
small component tests.  This testing should also use the flight-by-flight design load spectrum 
being used for analysis. 
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As the design progresses, large component tests of critical areas should be conducted.  As much 
as possible, the anticipated environments should be a part of the test.  As mentioned earlier, the 
influence of environment can be quite extensive on crack growth behavior. 

 



10.4 Manufacturing Process 
The realization of the design during the manufacturing process is where the fracture control plan 
reaches its ultimate test.  It is now that a diverse group of participants must be brought into 
control to insure the production of the required quality. 

Each manufacturing step of the fracture critical parts must be monitored and controlled.  
Procedures must be developed which provide strict accountability and sign-off from step to step 
but which also do not unduly hinder the normal flow of manufacturing processes.  Two major 
items are involved at this point: (1) establishing the control of manufacturing quality, and (2) 
developing the methods for critical parts accountability.   

10.4.1 Control of Quality of Processes 
Three major items comprise the function of the manufacturing process quality control.  They are: 

(1) Definition of inspection requirements 
(2) Demonstration of inspection methods 
(3) Review of manufacturing process and inspections 

The basic document for the manufacture of each fracture critical part is the process specification.  
It lists all of the processes that must be performed on the part.  This forms the basis for selection 
of the inspection methods.  Limits for acceptance are also a part of the process specification.  
The scheduling of inspections during the process must be considered.  A trade-off between 
inspection cost, rework cost, and loss due to scrap must be made.  This process may be more 
critical in a fracture critical part than in another part since there may not be as many rework 
options open.  Thus, it may be more efficient to have more inspections than to risk losing a large 
amount of process time.  Parts that do not pass an early inspection may be reclaimed through 
rework options still available at this time. 

The demonstration of the efficiency of nondestructive process inspections can be made through 
destructive testing or through a more rigorous nondestructive inspection.  This demonstration is 
made early in the program and may be subject to periodic checking over the life of the project.  
As experience is gained with the process, the inspection frequency may be decreased. 

It should be noted that whenever either new process equipment is installed or inspection equipment 
is changed, the inspection procedure should be tightened until confidence is again attained.  This 
also should include periodic review of the inspection process to insure that the quality of the 
inspection is being maintained. 

10.4.2 Development of Critical Parts Accountability 
The critical parts list is only the first step in the control process.  It also includes the damage review 
procedure, material procurement and acceptance, handling of the part during manufacture, 
installation procedures, incorporation of design changes, and disposition of manufactured parts.  
This entire process is one of accountability.  In order to do this, a method of serial numbering is 
used and a work routing sheet is suggested which identifies the source of the stock material used 
in the part during its manufacture and provides sign-off and transfer records for each process.  In 
order for this process of control to be effective, the personnel involved during manufacture must 
have an awareness of the objective.  They must realize the development of an individual 
commitment to achieve a damage tolerant aircraft.  Goranson, et al. [1981] and Watson [1979] 
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present discussions of how damage tolerant design has been incorporated into transport aircraft 
design and construction. 
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Section 11 
Summary of Stress Intensity Factor Information 

The stress intensity factor equation is the foundation on which fracture mechanics methodologies 
are built.  This section will uncover some of the mystique behind the stress intensity factor 
development and also provide a catalogue of developed stress intensity factors for applications to 
future analyses. 

11.0.1 



11.1 Background of Stress Intensity Factors 
The emergence of fracture mechanics as a tool for determining failure loads in materials has 
come a long way from the early work of A.A. Griffith who, in 1920 presented his treatise on the 
understanding of the fracture mechanism of glass, "The Phenomena of Rupture and Flow in 
Solids".  Griffith's work was itself building on the earlier work by C.E. Ingliss summarized in 
"Stresses in a Plate due to the Presence of Cracks and Sharp Corners" [1913]. 

Many researchers followed and built on the original concepts, with a notable leader at the Naval 
Research Laboratory, Dr. G. R. Irwin, applying the concepts and improving the methodology 
from the energy based approach of Griffith to the stress intensity approach we use today.  The 
Navy had a vested interest in this analysis technique to understand the fracture of steel ship plate 
material used in the World War II Liberty ships. 

The 1950s and 1960s definitized the methodology by the standardization of some of the test 
methods and application techniques.  What we now view in numerous handbooks as lists of 
stress-intensity factors (SIF) have each been "hammered out" by a succession of researchers to 
improve the accuracy and usefullness of the SIFs.  Most of the advances have been under the 
guidance of one or more of the technical societies such as ASTM, ASM, and SAE. 
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11.2 Methodology For Determining Stress Intensity Factors 
The linear elastic fracture mechanics approach to the analysis of cracked structures depends on 
the calculation of stress-intensity factors (K) for the typical crack geometries of interest.   

The opening mode stress-intensity factor can always be expressed as 

aKI πβσ=  (11.2.1)

where σ is the nominal stress remote from the crack and a is the crack size.  The factor β is a 
function of crack geometry and of structural geometry.  Since the dimension of K is ksi√in. or 
equivalent, β must be dimensionless.  For a central crack of length, 2a, in an infinite sheet, the 
stress-intensity factor may be written 

aKI πσ=  (11.2.2)

Comparison with Equation 11.2.1 shows that for an infinite sheet β is unity.  Thus, β may be 
considered as a correction factor relating the actual stress-intensity factor to the central crack in 
an infinite sheet.  The correction factors for various geometrical conditions under a given load 
condition may be combined in the form of a product to account for the increase or decrease in the 
stress-intensity factor.  

As the linear elastic fracture mechanics approach to engineering problems became a typical 
design approach, a widespread need for stress-intensity factor solutions for typical geometries 
arose.  This need was met by a series of handbooks which presented available solutions in a 
compact format.  Some of these handbooks include  

• Handbook of Stress Intensity Factor (Sih, 1973),  

• The Stress Analysis of Cracks Handbook (Tada, et al., 1973),  

• Compendium of Stress Intensity Factors (Rooke & Cartwright, 1976), 

• Stress Intensity Factors Handbook (Murakami, 1987) 

The handbook solutions, which are typically fundamental, may be extended to more complex 
cases through the principle of superposition or by compound analysis.  The handbook solutions 
are also quite useful for bounding exact solutions as discussed in Section 11.4.  When the 
structural geometry and loading system is fairly complicated, engineers normally resort to 
numerical analysis procedures (e.g., finite element analysis) which have been proven for their 
accuracy in establishing stress-intensity factors. 

11.2.1 Principle of Superposition 
Because the linear elastic fracture mechanics approach is based on elasticity, one can determine 
the effects of more than one type of loading on the crack tip stress field by linearly adding the 
stress-intensity factor due to each type of loading.  The process of adding stress-intensity factor 
solutions for the same geometry is sometimes referred to as the principle of superposition.  The 
only constraint on the summation process is that the stress-intensity factors must be associated 
with the same structural geometry, including crack geometry.  Thus, stress-intensity factors 
associated with edge crack problems cannot be added to that of a crack growing radially from a 
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hole.  An example will illustrate the conditions under which one might linearly add stress-
intensity factors. 

EXAMPLE 11.2.1 Axial and Bending Loads Combined 

An edge crack of length a is subjected to a combination of axial and bending loads as shown.  
The stress-intensity factor for the edge crack geometry subjected to the tensile load (P) is given 
by 
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while that due to the bending moment (M) is given by 

 ( ) ( )[ ]42
1

2 1199092306 β
β

ββπ sin..tanseca
tW

MK M −+







=  

 with 
W
a

2
πβ =  

The stress intensity factor resulting from the combination of tensile and bending loads is given 
by the sum of KP and KM, so that 

 KTOTAL = KP + KM 

 

Edge Crack Geometry Loaded With Axial and Bending Loads 
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As shown by Example 11.2.1, if the geometry of the structure is described, the effect of each 
loading condition can be separately determined and the effect of all the loading conditions can be 
obtained by summing the individual conditions, i.e.,  

KTOTAL = K1 + K2 + K3 + . . . (11.2.3)

This particular property is quite useful in the analysis of complex structures.  Example 11.2.2 
(Wilhelm, 1970) further illustrates the principle of superposition. 

EXAMPLE 11.2.2 Remote Loading and Concentrated Forces Combined  

Many times in a particular aircraft design a part may develop cracks at rivet holes where the skin 
is attached to the frame or stringer.  This situation is depicted in the figure below.  It will be 
analyzed as a simple case in which the sheet is in uni-axial tension and the rivets above and 
below the crack are influential in keeping the crack closed.  (Tests of panels with concentrated 
forces superimposed on the uniform tension loading simulate crack growth behavior in the 
presence of rivets.)  The insert of the figure shows the local parameters necessary for 
determining the stress-intensity factors. 

 
Crack at Rivet In a Riveted Skin-Stringer Panel (No Crack Buckling) 

Assuming that a crack grows from the rivet hole, the total stress-intensity factor for this 
geometry is obtained using the linear superposition of stress-intensity factors.  Closer 
examination of the figure indicates that the loading can be decomposed as shown in the next 
figure.  The total stress-intensity factor is the sum of the remote loading and concentrated load 
induced stress-intensity factors.   
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Note:  The concentrated force induced stress-intensity factor solution presented is only 
applicable if the concentrated forces are applied along the centerline of the sheet and at a 
distance greater than 3 or 4 times the hole diameter.  Inasmuch as the concentrated forces are in 
an opposite direction to the uniform stress, and tend to close the crack, this stress-intensity is 
subtracted from the uniform extensional stress-intensity factor. 

With knowledge of the stress-intensity solution for this geometry, it is possible to determine 
what effect the rivet closure forces have on the local stress field for similar problems. 

Combined Uniform Tension Concentrated Force 
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Superposition of Stress intensities for Uniform Tension and Concentrated Force 

 

In some cases, the additive property of the stress-intensity factor can be used to derive solutions 
for loading conditions that are not readily available.  The process of deriving the stress-intensity 
factor for a center crack geometry, which is uniformly loaded with a pressure (p), shown in 
Figure 11.2.1, illustrates this feature.  Figure 11.2.2 describes the process whereby the remotely 
loaded center crack geometry is decomposed into a set of two center crack geometries which 
have loading conditions, that when added, result in the canceling of the crack line loadings.  The 
stress-intensity factor (K1) for the plate loaded with the remote stress condition (σ) and the crack 
closing stresses (also equal to σ) is zero, i.e. K1 = 0, because the crack is clamped closed under 
such conditions.  Thus, the equation for addition of stress-intensity factors  

21 KKKTOTAL +=  (11.2.4)

reduces to 
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20 KKTOTAL +=  (11.2.5)

so that the stress-intensity factor for a pressurized center crack with pressure (p) equal to σ is the 
same as that associated with remote loading, i.e. 

TOTALKaK == πσ2  (11.2.6)

 
Figure 11.2.1.  Internally Pressurized Center Crack 

 

Remotely Loaded = 
Remotely Loaded With 

Crack Line Closing 
Stresses 

+ Crack Line Opening 
Stresses 

KTotal = K1 + K2 

Figure 11.2.2.  Principle of Superposition Illustrated for Center Cracked Geometry 

Sometimes, it is difficult to visualize how one arrives at the values of the crack closing stresses.  
Consider the uncracked body with the uniformly applied remote loading as shown in Figure 
11.2.3a.  Determination of the stresses along the dotted line lead to the observation that the 
stresses here are equal to the remote stress (σ).  To obtain a stress-free condition along the dotted 
line, and thus simulate a cracked structural configuration, one must apply opposing stresses of 
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magnitude σ along the length of the dotted line as shown in Figure 11.2.3b.  The stresses along 
the dotted line generated by the applied remote stresses are the opening stresses (Figure 11.2.3a).  
The equal but opposite stresses are the crack closing stresses.  The reader should note that the 
stresses on the dotted line that are generated by the remote loading lead to the crack opening 
condition; these opening stresses lead to non-zero values for the stress-intensity factor (see 
Figure 11.2.2). 

Figure 11.2.3a.  Uniform Stresses Along 
Dotted Line Generated by Remote 
Loading 

Figure 11.2.3b  Opposing Stresses Applied 
Along the Dotted Line 

 

Figure 11.2.4 presents the concept of linear superposition of elastic solutions in a slightly 
different way so that the reader has a full appreciation of the procedure.  The structural element 
B is noted to be exactly the same as element A; the crack closing stresses exactly balance the 
effect of the remote stresses along the line so the structural element B still experiences uniform 
tension throughout.  Structural element B is further decomposed into elements D and E.  Note 
that the crack loading stresses shown on the structural element E are crack closing stresses and, 
therefore, result in a stress-intensity factor which is the negative of the remotely applied loading 
case, i.e.  KE = -KD. 
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Remote Loading W/O Crack  Remote Loading With 
Crack 

Crack Loading Stresses On 
Crack 

KA = 0 KB = 0 
KB = KD+KE=0 

KE = -KD 

Figure 11.2.4.  Illustration of Superposition Principle 

Since KD is known, 

aKD πσ=   

it follows that 

aKE πσ−=   

As we noted before, if the direction of stress in element E is reversed (becomes crack opening) 
then the stress-intensity factor is 

aK πσ=   

The loading on structural element A in Figure 11.2.5 can be decomposed into the series of 
loadings shown.  The stress-intensity factor for element A is obtained from the superposition of 
the three other loadings: 

KA = KB + KD - KE (11.2.7)

Since it is obvious that the loadings in elements A and E will result in the same stress-intensity 
factor, i.e. KA = KE, the stress-intensity factor for element A becomes 

[ ]DBA KK/K += 21  (11.2.8)

The stress-intensity factors for elements B and D are known, i.e.  
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Figure 11.2.5.  Application of Superposition Principle 

Now a more complex example is presented using the principle of superposition applied in a two-
step process.  Shown in Figure 11.2.6 is a structural element (F) in which intermediate values of 
load transfer occur through a pin loaded hole.  As shown, Step 1 consists of decomposing 
element F into two parts, such that in one part the pin reacts its entire load and the other part is 
remotely loaded.  The stress-intensity factor for element F is the sum of those generated by the 
decomposed elements, i.e.,  

2σ
BAF KKK +=   

where the superscript denotes the loading.   

Step 2 involves the determination of KA.   The pin reactive loading on element A is decomposed 
into the loading shown in Figure 11.2.6.  Using the logic previously illustrated in Figure 11.2.5, 
KA is determined as  

( )P
DBA KK.K += σ50   

The stress-intensity factor for the loading on element F is 

( ) 250 σσ
B

P
DBF KKK.K ++=  (11.2.10)

Note that while the stress-intensity factor solution formula for element B is the same in Steps 1 
and 2, the stresses used in each calculation are different (as indicated by the superscripts). 
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Figure 11.2.6.  Stress Intensity Factor for Pin-Loaded Hole (Bearing By-pass Problem)  

Obtained by Superposition 
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11.2.2 Developing Stress Intensity Factor Solutions 

There are a number of methods that are available for developing stress-intensity factor solutions 
for crack body problems.  Review articles and textbook chapters that summarize these methods 
are provided in Sneddon & Lowengrub (1969), Rice (1968), Paris & Sih (1965), Sih (1973a, 
1973b), Tada, et al. (1973), Rooke & Cartwright (1976), Wilhelm (1970), Parker (1981), Broek 
(1974) and Goodier (1969).  The basic solutions for simple geometries can be derived by means 
of classical methods of elasticity which employ complex stress functions Sneddon & Lowengrub 
(1969), Rice (1968), Westergaard (1939) and Mushkelishvili (1953). 

For finite size bodies containing cracks, the boundary conditions usually prohibit a closed form 
solution.  In such cases, numerical solutions can be obtained using methods such as the finite 
element method, the boundary collocation technique [Gross, et al., 1964; Newman, 1971], or the 
boundary integral method [Cruse, 1972; Cruse & Besuner, 1975].  Solutions for multiple load 
path geometries can sometimes be obtained from basic stress field solutions combined with 
displacement compatibility requirements for all the structural members involved [Swift & Wang, 
1969].  Section 4 describes this method and provides an example based on the displacement 
compatibility method. 

There are also several experimental methods that have been used to obtain (or verify) the stress-
intensity factor for cracked structural members.  These experimental methods include:  The 
compliance method, the photoelastic method [Smith, 1975; Kobayashi, 1973], the fatigue crack 
growth (inverse) method [James & Anderson, 1969; Grandt & Hinnericks, 1974; Gallagher, et 
al., 1974], and the interferometric method [Packman, 1975; Pitoniak, et al., 1974]. 

While a general knowledge of each stress-intensity factor solution method might be useful for 
attacking specific problems, detailed knowledge is required before any method can be applied to 
solve a given problem.  Beyond what is described elsewhere in these guidelines, an engineer can 
also utilize two separate solution techniques to solve any two-dimensional structural geometry or 
loading situation without access to a damage tolerant specialist.  One solution technique involves 
the generation of the stress for an uncracked body along the expected path of crack propagation.  
(The finite element method provides a powerful tool for generating stress at any point in an 
uncracked body).  The second solution technique involves the generation of the stress-intensity 
factor solution via an integral calculation that employs the stresses obtained for the case of the 
uncracked body along the expected path of the crack.  Two integral calculation technique types 
are available:  the Green’s function technique [Cartwright & Rooke, 1979, 1978; Cartwright, 
1979; Hsu & Rudd, 1978; Hsu, et al., 1978] and the weight function technique [Cartwright & 
Rooke, 1978; Cartwright, 1979; Bueckner, 1971; Rice, 1972; Grandt, 1975].  These two crack-
line loading techniques are reviewed in the following subsections. 

11.2.2.1 Green’s Function Technique 

The Green's function technique takes advantage of the additive property of the stress-intensity 
factor and is based on generalized point load solutions of crack problems.  For example, the point 
load solution for the central crack problem described in Figure 11.2.7 is given by: 
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This solution can be used to obtain the stress-intensity factor for stresses distributed over the 
crack faces by noting that the point load per unit thickness (P/B) in Equation 11.2.11 can be 
replaced by the product of the pressure stress (σ (x)) and the distance over which it acts (dx).  
Thus, the stress-intensity factor for the distributed stresses applied to the crack becomes: 

22 xa
xa

a
dxK a

a
−

+
∫= +
− π

σ  (11.2.12)

The stress-intensity factor for the case of uniform opening stresses applied to the crack, where σ 
is a constant, is determined to be K = σ√πa , as was expected from the discussion of the method 
of superposition described previously. 

 

 
Figure 11.2.7.  Point Load (P) Applied to the Crack Faces for a Central Crack Located in an 

Infinite Plate 

 
Figure 11.2.8.  Distributed Loading Applied to Crack Faces of the Central Crack 
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Given a point force solution for a geometry of concern, it is then possible to define the 
summation process that would integrate the effects of stress loading over the crack faces.  
Integral equations such as that defined by Equation 11.2.12 utilize the stress solutions from the 
uncracked body problem.  A number of point force stress-intensity factor solutions are presented 
in the tables given in Section 11.3 and an extensive review of the availability and application of 
Green’s functions can be found in Cartwright & Rooke [1979].  Other reviews can be found in 
Cartwright & Rooke [1978] and Cartwright [1979]. 

One of the cases reviewed by Cartwright and Rooke [Cartwright & Rooke, 1979] is of particular 
interest to structural engineers.  They presented the work by Hsu and Rudd [1978] on the 
development of a Green’s function for a diametrically cracked hole.  The Hsu and Rudd Green’s 
function was based on a series of finite-element determined stress-intensity factor solutions for a 
symmetrical set of point forces of the type shown in Figure 11.2.9.  The finite-element point 
force solutions were developed as a function of position for X (=x/a) < 0.9 and a limiting 
expression was given for X > 0.9.  The Hsu and Rudd Green’s function is shown in Figure 
11.2.10 for several values of a/R; also shown are Green’s functions for an edge crack and for a 
central crack.  Note that all the Green’s functions tend to infinity as X approaches 1.  It should 
also be noted that the Green’s functions presented are based on the following format 

( ) ( )∫= a dxa,xGx
a

K 0
1 σ
π

 (11.2.13)

which has been widely used.  Hsu and Rudd based their presentation of the Green’s function on 
an approach taken by Hsu, et al. [1978], wherein the Green’s function G(x,a) in Equation 11.2.13 
is obtained by multiplying the Hsu, et al. value GH by π, i.e. 

( ) ( )a,xGa,xG Hπ=  (11.2.14)

The complete table of GH(x,a) derived by Hsu, et al. can be found in Table 11.2.1.  Other work 
by Hsu and co-workers on lug-type problems can be found in Section 11.3. 

 

 
Figure 11.2.9.  Diametrically Cracked Hole With Symmetrically Located Point Focus 
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Figure 11.2.10.  Green’s Function for Geometry and Loading Described in Figure 11.2.9 

[Cartwright & Rooke, 1979; Hsu & Rudd, 1978; Hsu, et al., 1978] 
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Table 11.2.1.  Green’s Function For A Double Crack Emanating From An Open Hole In An 
Infinite Plate [Hsu, et al., 1978] 

a/r 
x/a 

.20 .30 .40 .50 .60 70 80 .90 1.00 1.40 1.60 2.00 2.40 3.00 

.00 .664 .629 .603 .595 .568 .575 .572 .554 .548 .571 .582 .594 .600 .611 

.10 .676 .639 .615 .604 .582 .583 .586 .569 .563 .587 .596 .603 .603 .615 

.20 .688 .645 .628 .617 .599 .596 .600 .589 .578 .604 .612 .613 .609 .624 

.30 .699 .658 .646 .633 .621 .613 .623 .610 .598 .627 .630 .625 .619 .639 

.40 .718 .679 .671 .656 .651 .639 .655 .639 .624 .656 .653 .642 .635 .664 

.45 .740 .691 .689 .671 .673 .657 .674 .658 .643 .674 .665 .654 .647 .680 

.50 .760 .708 .712 .689 .698 .681 .701 .682 .668 .692 .678 .670 .662 .699 

.55 .781 .732 .739 .712 .730 .711 .733 .708 .699 .709 .695 .692 .679 .723 

.60 .802 .764 .762 .746 .770 .752 .766 .739 .737 .730 .725 .721 .702 .753 

.70 .889 .868 .837 .838 .865 .867 .850 .827 .847 .819 .801 .811 .760 .842 

.75 .960 .946 .907 .911 .913 .960 .912 .911 .929 .888 .859 .884 .817 .905 

.80 1.071 1.089 1.044 1.030 .989 1.056 1.018 .995 1.021 .985 .955 .979 .904 .977 

.85 1.234 1.254 1.245 1.211 1.141 1.252 1.177 1.187 1.192 1.130 1.130 1.120 1.042 1.101 

.90 1.429 1.432 1.434 1.436 1.437 1.438 1.440 1.441 1.442 1.445 1.446 1.448 1.449 1.451 

 *For x/a >  0.9, ( )
2
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There are two cautionary remarks that must be made about the use of Green’s function 
techniques for solving crack problems.  First, if all the loading across the crack tip is not tensile, 
and if the stress-intensity factor is positive at the crack tip of interest, the crack faces at some 
distance away from the crack tip may have (mathematically) merged in a nonphysical 
overlapping manner and the estimated stress-intensity factor might be unconservatively low.  
Accordingly, one should check to determine if the crack displacements all along the crack are 
positive and thus non-overlapping to ensure validity of the solution.  Second, it is important in 
displacement boundary value problems to derive a Green’s function that accounts for the 
requirement that there be zero displacement on those boundaries where displacement conditions 
are applied when estimating the stress-intensity factor from the uncracked geometry solution.  
Typically, neglecting this requirement for displacement boundary value problems produces a 
stress-intensity factor that is conservatively high.  These two cautions apply equally well to the 
weight function technique. 

11.2.2.2 The Weight Function Technique 

The weight function technique can be derived using the definition of the strain energy release 
rate [Parker, 1981; Cartwright, 1979; Bueckner, 1971; Rice, 1972].  The stress-intensity factor is 
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obtained from the difference between the strain energy of a cracked structure and of the identical 
structure without a crack, and is given by: 

( ) ( )∫=
a

I dxa,xmxK σ  (11.2.15)

where the function m(x,a) is the Bueckner weight function, a function which is unique for the 
given geometry and is independent of the loading from which it was derived.  The weight 
function is defined as a function of  

1) material properties,  

2)  a known stress-intensity factor (K*) for the given geometry under a defined loading, and  

3) the crack opening ν*(x,a) corresponding to K*: 

( ) )a,x(
a
*v

*K
Ha,xm

∂
∂

=
2

 (11.2.16)

 

H is a material constant that is given by: 

=E for plane stress 

κ
µ

+
=

1
8H  

21 ν−
=

E  for plane strain 
(11.2.17)

with µ = shear modulus and κ is defined as a function of the stress state and Poisson’s ratio (ν) 

ν
ν

+
−

1
3  for plane stress 

κ = 
ν43 −  for plane strain 

(11.2.18)

For the infinite plate center crack problem K*, ν*, 
a
v
∂
∂ * , and m are given by the following 

equations: 

aK πσ=*   (11.2.19)

22 
4

1),(* xaaxv −






 +
= σ

µ
κ  for -a < x <a (11.2.20)
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−







 +
=

∂
∂ σ

µ
κ   (11.2.21)

and 

22

1),(
xa

aaxm
−

=
π

 (11.2.22)

The stress-intensity factor associated with a symmetrical pressure loading of σ(x) on the central 
crack faces is then given by 
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xa

xaK
a

a 22
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−

= ∫
+

−

σ
π

 (11.2.23)

The reader is cautioned to note that Equations 11.2.23 and 11.2.12 differ.  However, both 
equations yield exactly the same stress-intensity factor solution when the pressure stress σ is a 
symmetrical function, i.e., the stress at x = xo is equal to the stress at x = -xo (0 < xo < a).  The 
reason that Equations 11.2.23 and 11.2.12 differ is that the Bueckner function in Equation 
11.2.12 was derived for a symmetrical loading whereas the Green’s function was derived for the 
more general case of unsymmetrical loading.  Thus, when deriving the weight function one 
should seek to locate stress-intensity factor (K*) and crack displacement (v*) solutions which are 
representative of the loading symmetry associated with the problems that are to be solved. 

A weight function for radially and diametrically cracked holes was developed by Grandt [1975] 
for through-thickness type cracks.  His solution is given by 

dx
a

x
K
HK

a

o
B ∂

∂
= ∫

ησ )(  (11.2.24)

where KB represents the appropriate (radial or diametrical) Bowie stress-intensity factor (Sectoin 
11.3), and the crack opening displacement η was obtained from finite-element solutions.  The 
displacements η were described by the conic section equation: 

22

22
2







 −

+
+






 −

+
=








a

xa
m

m
a

xa
moη

η  (11.2.25)

Here ηo is the displacement at the crack mouth (x=0) and m is the conic section coefficient from 

2
2

2
0 −



=

aY
Hm
σ

ηπ  (11.2.26)

In this instance, Y is the Bowie geometric factor 

a
KY B

σ
=  (11.2.27)

The finite-element results for the crack mouth displacement ηo were closely represented by the 
least squares expression 

i
i

oi
RaDR )/(

6

0 ∑
=

=η  (11.2.28)

where the coefficients Di are given in Table 11.2.2. 
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Table 11.2.2.  Least Squares Fit Of Finite Element Data For Crack Mouth Displacement 
[Grandt, 1975] 

 ( )i

oi
i RaDR∑=

=

6

0η  

Coefficient Single Crack Double Crack 
D0 -1.567 x10-6 1.548 x10-5 
D1 6.269 x10-4 5.888 x10-4 
D2 -6.500 x10-4 -4.497 x10-4 
D3 4.466 x10-4 3.101 x10-4 
D4 -1.725 x10-4 -1.162 x10-4 
D5 3.485 x10-5 2.228 x10-5 
D6 -2.900 x10-6 -1.694 x10-6 

 

Grandt has applied the weight function technique to a number of fastener-type cracked hole 
problems.  Using finite-element descriptions of the stress along the expected crack path for a 
hole that has been cold-worked (loaded) to a 0.006 inch radial expansion and then unloaded, 
Grandt was able to derive the stress-intensity factor shown in Figure 11.2.11 for a remote stress 
loading of 40 ksi.  Figure 11.2.11 also provides the stress-intensity factor solution for a remote 
stress loading of 40 ksi applied to a radially cracked hole without cold-working.  The dramatic 
difference in stress-intensity factors from the two cases has been shown to translate itself into 
orders of magnitude difference in crack growth rate behavior. 

 
 

Figure 11.2.11.  Stress-Intensity Factor Calibration for a Cold Worked Hole [Grandt, 1975] 

11.2.3 Finite Element Methods 
In all cases where an expression for the stress-intensity factor cannot be obtained from existing 
solutions, finite-element analysis can be used to determine K [Chan, et al., 1970; Byskov, 1970; 
Tracey, 1971; Walsh, 1971].  Certain aircraft structural configurations have to be analyzed by 
finite-element techniques because of the influence of complex geometrical boundary conditions 
or complex load transfer situations.  In the case of load transfer, the magnitude and distribution 
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of loadings may be unknown.  With the application of finite-element methods, the required 
boundary conditions and applied loadings must be imposed on the model. 

Complex structural configurations and multicomponent structures present special problems for 
finite-element modeling.  These problems are associated with the structural complexity.  When 
they can be solved, the stress-intensity factor is determined in the same way as in the case of 
simpler geometry.  This subsection deals with the principles and procedures that permit the 
determination of the stress-intensity factor from a finite-element solution. 

Usually quadrilateral, triangular, or rectangular constant-strain elements are used, depending on 
the particular finite-element structural analysis computer program being used.  For problems 
involving holes or other stress concentrations, a fine-grid network is required to accurately model 
the hole boundary and properly define the stress and strain gradients around the hole or stress 
concentration. 

Within the finite-element grid system of the structural problem, the crack surface and length 
must be simulated.  Usually, the location and direction of crack propagation is perpendicular to 
the maximum principal stress direction.  If the maximum principal stress direction is unknown, 
then an uncracked stress analysis of the finite-element model should be conducted to establish 
the location of the crack and the direction of propagation. 

The crack surfaces and lengths are often simulated by double-node coupling of elements along 
the crack line.  Progressive crack extension is then simulated by progressively “unzipping” the 
coupled nodes along the crack line.  Because standard finite-element formulations do not treat 
singular stress behavior in the vicinity of the ends of cracks, special procedures must be utilized 
to determine the stress-intensity factor.  Three basic approaches to obtain stress-intensity factors 
from finite-element solutions have been rather extensively studied.  These approaches are as 
follows: 

a) Direct Method.  The numerical results of stress, displacement, or crack-opening 
displacement are fitted to analytical forms of crack-tip-stress-displacement fields to 
obtain stress-intensity factors. 

b) Indirect Method.  The stress-intensity follows from its relation to other quantities 
such as compliance, elastic energy, or work energy for crack closure. 

c) Cracked Element.  A hybrid-cracked element allowing a stress singularity is 
incorporated in the finite-element grid system and stress-intensity factors are 
determined from nodal point displacements along the periphery of the cracked 
element. 

These approaches can be applied to determine both Mode 1 and Mode 2 stress-intensity factors.  
Application of methods has been limited to two-dimensional planar problems.  The state-of-the-
art for treating three-dimensional structural crack problems is still a research area. 

11.2.3.1 Direct Methods 

The direct methods use the results of the general elastic solutions to the crack-tip stress and 
displacement fields.  For the Mode 1, the crack tip stresses can always be described by the 
equations 
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where r and θ  are polar coordinates originating at the crack tip, and where x is the direction of 
the crack, y is perpendicular to the crack in the plane of the plate, and z is perpendicular to the 
plate surface. 

If the stresses around the crack tip are calculated by means of finite-element analysis, the stress-
intensity factor can be determined as 

)(
2

1 θ
πσ

ij
ij f

rK =  (11.2.30)

where i and j are used to represent various permutations of x and y. 

By taking the stress calculated for an element not too far from the crack tip, the stress intensity 
follows from a substitution of this stress and the r and θ of the element into Equation 11.2.30.  
This can be done for any element in the crack tip vicinity. 

Ideally, the same value of K should result from each substitution; however, the stress field 
equations are only valid in an area very close to the crack tip.  Also at some distance from the 
crack tip, nonsingular terms should be taken into account.  Consequently, the calculated K differs 
from the actual K.  The result can be improved [Chan, et al., 1970] by refining the finite-element 
mesh or by plotting the calculated K as a function of the distance of the element to the crack tip.  
The resulting line should be extrapolated to the crack tip, since the crack tip equations are exact 
for r = 0.  Usually, the element at the crack tip should be discarded.  Since it is too close to the 
singularity, the calculated stresses are largely in error.  As a result, Equation 11.2.30 yields a K 
value that is more in error than those for more remote element, despite the neglect of the 
nonsingular terms. 

Instead of the stresses, one can also use the displacements for the determination of K.  In general, 
the displacements of the crack edge (crack-opening displacements) are employed.  The Mode 1 
and Mode 2 plane strain displacement equations are given by 
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respectively.  The functions u and v represent the displacements in the x and y direction, 
respectively.  The crack tip polar coordinates r and θ are chosen to coincide with the nodal points 
in the finite element mesh where displacements are desired.  Since the above elastic field 
equations are only valid in an area near the tip of the crack, the application should be restricted to 
that area. 

11.2.3.2 Indirect Methods 

The indirect methods use relationships that exist between the stress-intensity factor (K) and the 
elastic-energy content (U) of the cracked structure.  These relationships are developed in Section 
1.3.2 along with a full discussion of the strain energy release rate (G) and compliance (C), i.e. the 
inverse stiffness of the system.  The stress-intensity factor is related to these parameters by the 
following: 

EGK =2  (11.2.33)
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where B is the plate thickness and E  is the elastic modulus E in plane stress and is E/ (1-ν2) in 
plane strain. 

The elastic energy content and the compliance of cracked structures are obtained for a range of 
crack sizes either by solving the problem for different crack sizes or by unzipping nodes.  
Differentiation with respect to crack size gives K from the above equations.  The advantage of 
the elastic-energy content and compliance methods is that a fine mesh is not necessary, since 
accuracy of crack-tip stresses is not required.  A disadvantage is that differentiation procedures 
can introduce errors. 

The strain energy release rate relationship (Equation 11.2.33) was derived based on the use of the 
crack tip stress field and displacement equations to calculate the work done by the forces 
required to close the crack tip.  The crack tip closing work can be calculated by uncoupling the 
next nodal point in front of the crack tip and by calculating the work done by the nodal forces to 
close the crack to its original size. 
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The concept is that if a crack were to extend by a small amount, ∆a, the energy absorbed in the 
process is equal to the work required to close the crack to its original length.  The general 
integral equations for strain energy release rates for Modes 1 and 2 deformations are 

( ) ( ,,0,
2

10
0

lim
1 drrvra

a
aG y

a
πσ −∆

∆
→∆= ∫

∆ )  

( ) ( .,0,
2

10
0

lim
2 drrura

a
aG xy

a
πτ −∆

∆
→∆= ∫

∆ )  
(11.2.36)

The significance of this approach is that it permits an evaluation of both K1 and K2 from the 
results of a single analysis. 

In finite-element analysis, the displacements have a linear variation over the elements and the 
stiffness matrix is written in terms of forces and displacements at the element corners or nodes.  
Therefore, to be consistent with finite-element representation, the approach for evaluating G1 and 
G2 is based on the nodal-point forces and displacements.  An explanation of application of this 
work-energy method is given with reference to Figure 11.2.12.  The crack and surrounding 
elements are a small segment from a much larger finite-element model of a structure.  In terms of 
the finite-element representation, the amount of work required to close the crack, ∆a, is one-half 
the product of the forces at nodes c and d and the distance (vc - vd) which are required to close 
these nodes.  The expressions for strain energy release rates in terms of nodal-point 
displacements and forces are (see Figure 11.2.12 for notations) 

 

Figure 11.2.12.  Finite-Element nodes Near Crack Tip. 
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11.2.3.3 Cracked Element Methods 

This approach involves the use of a hybrid-cracked element that is incorporated into a finite-
element structural analysis program.  To date, only two dimensional crack problems can be 
solved with the cracked-element approach.  Elements have been developed [Byskov, 1970; 
Tracey, 1971; Walsh, 1971; Gallagher, 1978; Jordon, et al., 1973; Atluri, et al., 1974; Hellen, 
1979] that allow a stress singularity to occur at the crack tip. 

The cracked element consists of boundary nodal points around the geometrical boundary of the 
element.  The element is either contained within the complete finite-element model or is solved 
separately using the results of finite-element analysis.  In either case, the crack surface is 
simulated by unzipping a double-noded line along the line of expected crack extension.  This 
builds into the structural model the proper stiffness due to the presence of the crack.  The 
variation of stress-intensity factors (K1 and K2) with crack length is determined by progressively 
unzipping the sets of coupled nodes. 

Studies have been conducted on the variation of stress-intensity factors with cracked-element 
size and location [Jordon, et al., 1973; Atluri, et al., 1974].  These results define some definite 
guidelines in using cracked-element models.  First, the distance from the crack tip to the cracked-
element nodal points should be as constant as possible.  Secondly, for long edge-cracks or cracks 
emanating from holes, the cracked element should only contain an area very near the crack tip. 
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11.3 Selected Stress Intensity Factor Cases 
This section will present a catalog of stress-intensity factor solutions for some typical crack 
geometries.  Many of these solutions are found in computer programs and handbooks.  Tables 
11.3.1 through 11.3.5 summarize the solutions that are presented.  The solutions are categorized 
by the location of the crack, either embedded, in a plate (surface or edge), or at a hole, in Tables 
11.3.1 through 11.3.3.  Solutions for cracks in a cylinders and sphere are summarized in Table 
11.3.4, and the ASTM standard specimens are listed in Table 11.3.5.  Table 11.3.6 includes 
listings of the parameters used in the drawings and equations as well as their definitions. 

Following these tables, the equations for the stress-intensity factor solutions are given.  The 
solutions are presented in the same order as listed in the tables. 

The remote loading solutions are presented in the form: 

aFK ii πσ=  (11.3.1)

where the coefficient Fi is expressed as a function of geometry, and i indicates the loading type.  
Some of the cases considered can be used to develop more complex solutions through the 
methods of superposition and compounding 

Table 11.3.1.  Embedded Cracks 

Description Illustration References 

Embedded Crack in 
a Plate 

Newman & 
Raju [1984] 
 
Forman, et al. 
[1998] 
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Table 11.3.2.  Cracks in a Plate 

Description Illustration References 

Surface Crack in 
Plate 

 

Newman & Raju [1984] 
Forman, et al. [1989] 

Through Crack in 
the Center of a 
Plate 

 

Fedderson [1966] 
Paris & Sih [1964] 

Roberts & Kibler [1971] 
Forman, et al. [1998] 
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Corner Crack at 
the Edge of a 
Plate 

 

Raju & Newman [1988] 
Forman, et al. [1998] 

Through Crack at 
the Edge of a 
Plate 

 

Tada, et al. [1973] 
Forman, et al. [1998] 
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Table 11.3.3.  Cracks from Holes 

Description Illustration References 

Radial Corner 
Crack from a 
Hole 

 

Newman & Raju [1984] 
Forman, et al. [1989] 

Radial Through 
Crack from a 
Hole 

 

Shivakumar & Hsu 
[1977] 
Zatz, et al. [1981] 
Isida [1973] 
Forman, et al. [1989] 

Corner Crack 
from a Hole in a 
Lug 

 

Newman & Raju [1984] 
Forman & Mettu [1992] 
Forman, et al. [1998] 

Through Crack 
from a Hole in a 
Lug 

 

Shivakumar & Hsu 
[1977] 
Zatz, et al. [1981] 
Forman, et al. [1989] 
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Table 11.3.4.  Cracks in Cylinders and Spheres 

Description Illustration References 

Surface Crack in 
a Solid Cylinder 

 

Forman & Shivakumar 
[1986] 

Forman, et al. [1998] 

Longitudinal 
Surface Crack in 
a Cylinder 

 

Newman & Raju [1979] 
Forman, et al. [1989] 

Longitudinal 
Through Crack 
in a Cylinder 

 

Newman [1976] 
Forman, et al. [1998] 
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Thumbnail 
Crack on a 
Hollow 
Cylinder 

 

Raju & Newman [1984] 
Forman, et al. [1989] 

Circular 
Through Crack 
in a Cylinder 

 

Forman, et al. [1985] 
Forman, et al. [1998] 

Through Crack 
in a Sphere 

 

Erdogan & Kibler [1969] 
Forman, et al. [1998] 
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Table 11.3.5.  ASTM Standard Specimens 

Description Illustration References 

Standard Center-
Cracked Tension 
Specimen  

 

Fedderson [1966] 

Standard 
Compact 
Specimen 

 

ASTM E399 [2000] 

Standard Round 
Compact 
Specimen 

 

ASTM E399 [2000] 

Standard Arc-
Shaped Specimen 

 

ASTM E399 [2000] 
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Standard Bend 
Specimen 

 

ASTM E399 [2000] 
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Table 11.3.6.  Description of Parameters Used for SIF Solutions 

Parameter Description 
a Crack Depth 
c Crack Length 
t Thickness 

W Width 
D Hole diameter;  

cylinder diameter 
B Distance from hole center to edge of plate 

Thickness (ASTM standard solutions) 
R Cylinder radius 
σ0 Remote tension stress 

σ1  and σ2  Bending stresses 
σ3 Bearing stress 
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Table 11.3.7.  Stress Intensity Solutions for Embedded Cracks 

Embedded Crack in 
a Plate 

aFK πσ 000 =  
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See Tables 11.3.11 for fφ and fx equations 
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Table 11.3.8.  Stress Intensity Solutions for Cracks in a Plate 

Surface Crack 
in a Plate 

Tension 
aFK πσ 000 =

Bending 
aFK πσ 111 =  

xw fffgMF φ100 =  

01 FHF c=  











=

t
a

W
csecfw

π  

dN
dafor

dN
dcfor

o

o

90

10

=

=

φ

φ
 

See Table 11.3.12 for M0, g1, fφ , and fx  equations 

Through Crack 
in the Center of 

a Plate 

Tension 
aFK πσ 000 =

Bending 
aFK πσ 111 =  

 

2
0

1
FF =  

Corner Crack 
at the Edge of a 

Plate 

Tension 
aFK πσ 000 =

Bending 
aFK πσ 111 =  

210 ,,ifor
W
c,

t
a,

c
af

ffffF

i

iaxi

=





=

= φ

 

See Tables 11.3.12 for fφ , fa and fx  equations and  
Table 11.3.9 for fi 

Through Crack 
at the Edge of a 

Plate 

Tension 
aFK πσ 000 =

Bending 
aFK πσ 111 =  

aFK πσ 222 =
 

 

2
0

1
FF =  

( )[ ]42
1

2 119909230 β
β

ββ sin..tansecF −+







=  

W
a

2
πβ =  

2
1

0














=

W
asecF π

( ) 







−+






+








= 32

1

0 13700227520 β
β

ββ sin.
W
a..tansecF
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Table 11.3.9.  Calculation of fi for Corner Crack Solution 







=

W
a,

t
a,

c
afi  obtained from interpolating in f0, f1, f2 tables as follows 

1 Four data points, fI{(a/c)j, a/t, c/W}|j=1,2,3,4, are calculated using cubic spline interpolation, 
where (a/c)j are listed tabular values of 0.2, 0.4, 0.5, 1.0, 2.0, 2.5, and 5.0, and, in 
general, (a/c)j=1,2 < a/c and (a/c)j=3,4 > a/c. 

2 fi(a/c) are then calculated from the above four data points using piecewise Hermite 
polynomial interpolation. 

Table of F0 Values 

  c/W  =  0.0 c/W  =  0.1 c/W  =  0.2 c/W  =  0.5 c/W  =  0.8 c/W  =  1.0 
a/c a/t a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip 
0.2 0.0 1.037 1.280 1.041 1.285 1.043 1.291 1.070 1.330 1.102 1.390 1.128 1.441 

 0.1 1.078 1.311 1.083 1.318 1.087 1.322 1.116 1.355 1.145 1.408 1.169 1.452 
 0.2 1.157 1.374 1.161 1.380 1.169 1.388 1.207 1.420 1.240 1.470 1.268 1.513 
 0.5 1.515 1.752 1.536 1.787 1.571 1.833 1.732 1.993 1.944 2.243 2.124 2.448 
 0.8 2.031 2.498 2.098 2.663 2.196 2.832 2.749 3.528 3.623 4.603 4.378 5.491 
 1.0 2.475 3.286 2.578 3.585 2.749 3.931 3.790 5.340 5.523 7.514 7.026 9.311 

0.4 0.0 1.073 1.173 1.077 1.177 1.082 1.183 1.130 1.244 1.201 1.314 1.254 1.365 
 0.1 1.094 1.198 1.097 1.201 1.104 1.206 1.161 1.267 1.233 1.343 1.289 1.398 
 0.2 1.131 1.241 1.135 1.246 1.147 1.257 1.227 1.337 1.306 1.417 1.375 1.488 
 0.5 1.317 1.488 1.339 1.521 1.378 1.567 1.577 1.749 1.865 2.072 2.117 2.349 
 0.8 1.636 1.985 1.691 2.069 1.780 2.198 2.318 2.781 3.239 3.816 4.066 4.723 
 1.0 1.941 2.504 2.015 2.638 2.167 2.861 3.111 3.972 4.813 5.875 6.355 7.559 

0.5 0.0 1.086 1.158 1.090 1.160 1.097 1.165 1.150 1.220 1.235 1.302 1.308 1.381 
 0.1 1.102 1.179 1.106 1.180 1.113 1.185 1.178 1.245 1.271 1.339 1.350 1.424 
 0.2 1.130 1.211 1.134 1.217 1.147 1.228 1.238 1.310 1.345 1.417 1.439 1.511 
 0.5 1.272 1.414 1.294 1.446 1.335 1.492 1.550 1.684 1.879 2.045 2.161 2.355 
 0.8 1.546 1.827 1.596 1.899 1.684 2.018 2.224 2.574 3.169 3.609 4.010 4.516 
 1.0 1.801 2.260 1.871 2.368 2.021 2.558 2.931 3.568 4.595 5.380 6.163 7.059 

1.0 0.0 1.138 1.138 1.142 1.141 1.145 1.144 1.236 1.192 1.416 1.343 1.601 1.523 
 0.1 1.141 1.142 1.144 1.144 1.154 1.152 1.261 1.220 1.470 1.399 1.683 1.609 
 0.2 1.144 1.145 1.152 1.154 1.172 1.172 1.309 1.267 1.565 1.486 1.801 1.685 
 0.5 1.198 1.232 1.220 1.251 1.267 1.309 1.547 1.547 2.075 2.056 2.555 2.514 
 0.8 1.364 1.413 1.399 1.470 1.486 1.565 2.056 2.075 3.171 3.171 4.196 4.162 
 1.0 1.481 1.615 1.545 1.686 1.685 1.801 2.514 2.555 4.162 4.190 5.977 5.977 

Table of F1 Values 

  c/W  =  0.0 c/W  =  0.1 c/W  =  0.2 c/W  =  0.5 c/W  =  0.8 c/W  =  1.0 
a/c a/t a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip 
0.2 0.0 1.037 1.280 1.041 1.285 1.043 1.291 1.070 1.330 1.102 1.390 1.128 1.441 

 0.1 0.939 1.287 0.940 1.289 0.945 1.294 0.975 1.336 1.029 1.400 1.077 1.458 
 0.2 0.855 1.295 0.862 1.296 0.870 1.302 0.910 1.360 0.972 1.435 1.025 1.510 
 0.5 0.683 1.475 0.689 1.486 0.706 1.520 0.820 1.632 0.956 1.829 1.070 1.990 
 0.8 0.392 1.762 0.428 1.811 0.469 1.898 0.730 2.231 1.135 2.811 1.494 3.204 
 1.0 0.056 2.050 0.093 2.129 0.165 2.266 0.572 2.793 1.264 3.745 1.883 4.577 

0.4 0.0 1.073 1.173 1.077 1.177 1.082 1.183 1.130 1.244 1.201 1.314 1.254 1.365 
 0.1 0.941 1.152 0.943 1.160 0.956 1.170 1.015 1.214 1.087 1.307 1.188 1.396 
 0.2 0.820 1.148 0.828 1.157 0.842 1.168 0.911 1.212 0.997 1.333 1.124 1.455 
 0.5 0.515 1.195 0.538 1.210 0.562 1.236 0.694 1.378 0.877 1.603 1.027 1.807 
 0.8 0.194 1.340 0.217 1.360 0.247 1.400 0.488 1.705 0.903 2.243 1.255 2.739 
 1.0 -0.026 1.490 -0.018 1.503 0.035 1.573 0.357 2.044 1.028 2.857 1.698 3.599 

0.5 0.0 1.086 1.158 1.090 1.160 1.097 1.165 1.150 1.220 1.235 1.302 1.308 1.381 
 0.1 0.946 1.130 0.952 1.139 0.965 1.148 1.027 1.192 1.117 1.297 1.233 1.417 
 0.2 0.808 1.114 0.820 1.126 0.840 1.140 0.915 1.183 1.019 1.320 1.167 1.482 
 0.5 0.475 1.124 0.490 1.140 0.526 1.164 0.660 1.313 0.873 1.573 1.055 1.831 
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 0.8 0.129 1.223 0.150 1.243 0.184 1.281 0.422 1.570 0.838 2.099 1.197 2.654 
 1.0 -0.094 1.334 -0.079 1.343 -0.032 1.407 0.274 1.854 0.934 2.594 1.600 3.375 

1.0 0.0 1.138 1.138 1.142 1.141 1.145 1.144 1.236 1.192 1.416 1.343 1.601 1.523 
 0.1 0.965 1.087 0.977 1.097 0.993 1.111 1.094 1.176 1.288 1.348 1.488 1.573 
 0.2 0.785 1.047 0.810 1.060 0.838 1.080 0.960 1.167 1.180 1.368 1.408 1.650 
 0.5 0.345 0.982 0.375 1.000 0.419 1.033 0.590 1.194 0.942 1.574 1.270 2.012 
 0.8 -0.070 0.961 -0.043 0.983 -0.006 1.031 0.228 1.280 0.698 1.831 1.189 2.551 
 1.0 -0.352 0.964 -0.323 0.990 -0.279 1.043 -.005 1.407 0.637 2.028 1.154 2.992 

Table of F0 Values 

  c/W  =  0.0 c/W  =  0.1 c/W  =  0.2 c/W  =  0.5 c/W  =  0.8 c/W  =  1.0 
a/c a/t a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip a-tip c-tip 
0.2 0.0 1.037 1.280 1.006 1.054 0.976 0.822 0.900 0.138 0.800 -0.566 0.740 -1.033 

 0.1 1.078 1.311 1.050 1.080 1.020 0.848 0.955 0.150 0.866 -0.550 0.805 -1.018 
 0.2 1.157 1.374 1.119 1.123 1.090 0.896 1.039 0.190 0.952 -0.522 0.885 -0.996 
 0.5 1.515 1.752 1.469 1.492 1.440 1.259 1.400 0.530 1.313 -0.276 1.250 -0.814 
 0.8 2.031 2.498 1.997 2.282 2.009 2.081 2.124 1.447 2.200 0.614 2.300 0.058 
 1.0 2.475 3.286 2.470 3.085 2.558 2.967 2.873 2.536 3.320 1.821 3.700 1.347 

0.4 0.0 1.070 1.175 1.050 1.000 1.010 0.796 0.940 0.215 0.845 -0.335 0.769 -0.714 
 0.1 1.095 1.198 1.070 1.015 1.037 0.812 0.970 0.242 0.875 -0.324 0.806 -0.700 
 0.2 1.131 1.241 1.100 1.039 1.074 0.852 1.010 0.276 0.922 -0.284 0.859 -0.658 
 0.5 1.317 1.488 1.281 1.288 1.271 1.112 1.250 0.563 1.196 -0.045 1.150 -0.419 
 0.8 1.630 1.985 1.629 1.798 1.652 1.635 1.772 1.199 1.912 0.649 1.998 0.282 
 1.0 1.941 2.504 1.970 2.318 2.044 2.167 2.376 1.861 2.778 1.548 3.177 1.194 

0.5 0.0 1.086 1.158 1.055 0.989 1.020 0.789 0.942 0.244 0.854 -0.269 0.792 -0.625 
 0.1 1.102 1.179 1.074 1.000 1.040 0.809 0.968 0.272 0.884 -0.255 0.825 -0.603 
 0.2 1.130 1.211 1.100 1.025 1.070 0.846 1.004 0.310 0.930 -0.212 0.878 -0.561 
 0.5 1.272 1.414 1.241 1.230 1.234 1.067 1.216 0.566 1.187 0.025 1.157 -0.311 
 0.8 1.546 1.827 1.538 1.649 1.560 1.502 1.701 1.123 1.851 0.652 1.938 0.362 
 1.0 1.801 2.260 1.851 2.075 1.926 1.939 2.271 1.685 2.680 1.435 3.068 1.132 

1.0 0.0 1.138 1.138 1.087 0.965 1.047 0.785 0.982 0.345 0.961 -0.070 0.964 -0.352 
 0.1 1.141 1.142 1.097 0.977 1.060 0.810 1.000 0.375 0.983 -0.043 0.990 -0.323 
 0.2 1.144 1.145 1.111 0.993 1.080 0.838 1.033 0.419 1.031 -0.006 1.043 -0.279 
 0.5 1.192 1.236 1.176 1.094 1.167 0.960 1.194 0.590 1.280 0.228 1.407 -0.005 
 0.8 1.343 1.416 1.348 1.288 1.368 1.280 1.574 0.942 1.831 0.698 2.028 0.637 
 1.0 1.523 1.601 1.573 1.488 1.650 1.408 2.012 1.270 2.551 1.189 2.992 1.154 
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Table 11.3.10.  Stress Intensity Solutions for Cracks from Holes 

Radial 
Corner 
Crack from 
a Hole 

Tension 
aFK πσ 000 =

Bending 
aFK πσ 111 =  

Bearing 
aFK πσ 333 =  

wGGF 00 =  

cw HGGF 11 =  

wGG
W

DGF 





 += 1

0
3 2

 

 
See Tables 11.3.11 and 11.3.12 for additional equations 

Radial 
Through 
Crack from 
a Hole 

Tension 
aFK πσ 000 =

Bearing 
aFK πσ 333 =  

wGGF 00 =  

wGG
W

DGF 





 += 1

0
3 2

 

( ) 2
1









=

β
βλ sinsecG w  

See Tables 11.3.11 and 11.3.12 for additional equations 
Corner 
Crack from 
a Hole in a 
Lug 

Bearing 
aFK πσ 333 =  

wGG
W

DGF 





 += 1

0
3 2

 

See Tables 11.3.11 and 11.3.12 for additional equations 
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Through 
Crack from 
a Hole in a 
Lug 

Bearing 
aFK πσ 333 =  
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See Tables 11.3.11 and 11.3.12 for additional equations 
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Table 11.3.11.  Additional Equations Used for Calculating SIF at Holes 

 Thru Cracks Part-thru Cracks 
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Table 11.3.12.  Additional Equations Used for Calculating SIF for Cracks In a Plate and Cracks 
at Holes 

Parameter Equation 
( )zf0  432 919606420341507548070710 z.z.z.z.. ++++  
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Table 11.3.13.  Cracks in Cylinders and Spheres 

Surface 
Crack in a 
Solid 
Cylinder 

Tension 
aFK πσ 000 =  

Bending 
aFK πσ 111 =  
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See Table 11.3.12 for M0, g1, fφ , and fx  equations 

Longitudinal 
Through 
Crack in a 
Cylinder  
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Thumbnail 
Crack on a 
Hollow 
Cylinder  

Tension 
aFK πσ 000 =  

Bending 
aFK πσ 111 =  
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Table 11.3.14.  Stress Intensity Solutions for ASTM Standard Specimens 

Standard Center-
cracked Tension 
Specimen 
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11.4 Approximate Solutions for Stress Intensity Factors 
This subsection discusses the procedures that one can use to obtain approximate stress intensity 
solutions for complicated crack problems.  Approximate solutions should only be used when the 
objective of the damage tolerant analysis is to bound the answer and when due care has been 
taken to understand all aspects of the cracking behavior.  Most typically, the approximate 
solutions are derived using known (handbook) solutions that individually account for the effects 
of crack geometry, global geometry and loading.  As noted in subsection 11.2.1, stress-intensity 
factors can be added for different types of loadings when the global and crack geometries are the 
same.  This section will concentrate on those cases where the analyst must take existing solutions 
for several different geometries and estimate the stress-intensity factor for the geometry of 
interest.  In those cases where the individual geometric effects can be accounted for by 
multiplication of factors, the analysis is referred to as compound analysis. 

There are three geometric factors that normally must be accounted for in an approximate damage 
tolerant analysis: stress concentration, finite width and crack shape.  The effects of all three 
factors on the stress-intensity factor can be established exactly using careful numerical analysis 
procedures.  However, the solution of damage tolerant problems requires more than the accurate 
development of the stress-intensity factor.  Frequently, the growth process causes the crack to 
constantly change its shape which significantly complicates the crack growth life analysis. 

In order to describe how the three geometrical effects can be estimated, a series of examples are 
presented.  In each case, the approximate solutions are based on known solutions.  If the actual 
solution is available, it is compared to the approximate solutions. 

11.4.1 Effect of Stress Concentration 
The effect of stress concentration is fairly easy to estimate for small cracks because the stress-
intensity factor for an elementary crack problem can be multiplied by the elastic stress 
concentration factor (kt).  Example 11.4.1 illustrates this point.  For longer cracks initiating at 
stress concentrations, the crack will be propagating through the stress field created by the stress 
concentration and the influence of stress gradient should be taken into account.  Example 11.4.2 
discusses an approximate method for estimating the stress intensity factor for a crack moving 
through a stress field generated by a stress concentration. 
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EXAMPLE 11.4.1 A Small Edge Crack at a Stress Concentration Site 

A geometrical description of the physical problem is provided in the figure, where a small edge 
crack is shown growing from the edge of a wing cutout.  The stress-intensity factor for an edge 
crack (small with respect to the element width) is found in Table 11.3.8, and is given by 
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A Small Edge Crack Located at Stress Concentration 

The stress term (σ) in the general equation typically represents the remote stress in the uniformly 
loaded edge cracked plate.  This stress is also the stress that would exist along the line of crack 
propagation if no crack were present.  As indicated by the figure, the stress along the line of 
crack propagation (assuming no crack for a moment) for the given structural configuration is the 
product of the remote stress and the stress concentration factor (kt) associated with the cutout, 
i.e., the local stress is: 

 tlocal k×= σσ  

For the given structural configuration, the stresses along the line of crack propagation more 
closely represent the type of loading that the small edge crack would experience if it were in a 
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uniformly loaded edge cracked plate subjected to the higher stresses given by the equation 
above.  It is therefore suggested that the stress-intensity factor for the structural configuration 
given in the figure would be close to 

 ( ) ak   K t πβσ ×=  

In general, as long as one is dealing with small edge cracks in which the width or other 
geometrical effects are not important, the final equation provides a reasonable approximation to 
the stress-intensity factor for an edge crack in the vicinity of a stress concentration.  See Example 
11.4.2 for a discussion of stress gradient effects. 
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EXAMPLE 11.4.2 An Edge Crack Growing from a Stress Concentration Site 

One difficulty in utilizing the Example 11.4.1 final equation for cracks that emanate from a stress 
concentration site is that the stress concentration normally generates its own stress field.  The 
stress concentration stress field typically exhibits the highest stresses in the vicinity of the 
concentration and these high stresses decay as a function of distance from the stress 
concentration site.  The question that needs to be answered is:  If the stresses along the crack 
propagation path are not constant, as in the case of a uniformly loaded edge cracked plate, what 
stresses should be used to estimate the stress-intensity factor: 

 
Distribution of Stresses Normal to the Crack Path for a Radial Crack Growing from an 

Uniaxially Loaded Hole in a Wide Plate 

The stress distribution associated with an uncracked hole in a wide plate is shown in the figure.  
As can be seen, the (normal) stress drops off rapidly as a function of distance from the edge of 
the hole.  An evaluation of the normal stress right at the edge of the hole, i.e., the local stress, 
leads one to the fact that 

 3×= σσ local  

(which is obtained by letting R/X = 1 in the equation given in the figure).  Thus kt for the 
uniaxially loaded hole problem is three, i.e., kt = 3 and the stress-intensity factor for a very small 
crack of length a at the edge of the hole is 

 ( ) a   K πβσ 3×=  

One estimate of the stress-intensity factor for a longer crack would be given by the equation 
above; but, this estimate would be high since the stresses along the crack propagation path are 
noted to be dropping. 
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11.4.2 Effect of Finite Width 
As a crack tip approaches a free edge, its stress-intensity factor rapidly increases and tends to 
become infinite.  One can look at the width contribution as a separate (multiplicative) β factor in 
the same way that the width contribution affects the solution of the center-crack remotely loaded 
geometry. 

Recall that the stress-intensity factor for a loaded panel of finite width W is given by (see Table 
11.3.8) 

2/1

sec 





=

W
aaK ππσ  (11.4.1)

which leads one to conclude that the (multiplicative) width effect β factor required to convert the 
infinite plate solution to the finite width solution is 

2/1

sec 





=

W
a

W
πβ  (11.4.2)

Other width correction formulations yield similar results.  Most SIF solutions have the width 
correction included in the formulation if it is necessary.  If one is aware of the need the 
formulation should be checked before using it in an analysis. 
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11.5 Computer Codes 
Many computer software programs have been developed for calculating stress intensity factors, 
often as part of a life assessment software. Some of these software programs are listed here.  

11.5.1 NASGRO Fracture Analysis Software  
NASGRO Fracture Analysis Software is a suite of programs based on fracture mechanics 
principles. NASGRO can be used to analyze crack growth, perform assessments of structural 
life, compute stresses, and process and store fatigue crack growth properties. The package 
includes a large set of crack growth rate and fracture data.  

NASGRO was originally developed at NASA Johnson Space Center to perform fracture control 
analysis on NASA space systems. Later, after the NASA/FAA/USAF Aging Aircraft Program 
was formed and began supporting the development effort, NASGRO was developed further for 
use in damage tolerance analysis of aircraft, including that required for FAA certification.  

The software is comprised of the following three modules: 

• NASFLA - Life Assessment  

• NASBEM - 2-D Boundary Element  

• NASMAT - Database of da/dN & fracture test results 

NASFLA is part of the NASGRO 3.0 suite of programs Stress Intensity Factor -These are 
computed for the crack geometry and loading chosen from the NASFLA library of models, and 
displayed in tabular or graphical form.  

NASBEM is part of the NASGRO 3.0 suite of programs.  It is a two-dimensional boundary 
element program used to perform the following analyses:  

• Stress Intensity Factors - These can be calculated for any geometry and loading. Tables 
of stress intensity factors and corresponding crack lengths can be generated for use by the 
NASFLA module in performing life assessments.  

• Stress Fields - These can be calculated for any collection of points in the two-dimensional 
uncracked object being modeled including its boundary. 

NASMAT is used to store, retrieve and curve fit crack growth and fracture toughness data. It has 
a database containing over 9000 sets of data. This includes over 3000 sets of fatigue crack 
growth data and over 6000 fracture toughness data points. These data can be searched, plotted, 
and fitted to either the NASGRO crack growth rate equation or a user specified growth rate 
equation, or they can be entered into a growth rate table. 

11.5.2 AFGROW Fracture Analysis Software  
AFGROW Fracture Analysis Software is a suite of programs based on fracture mechanics 

11.5.3 Cracks2000 Structural Integrity Software 
The CRACKS2000 program is based on the Linear Elastic Fracture Mechanics (LEFM) 
approach for estimating the fatigue life of a component with a crack.  The LEFM approach uses 
the stress intensity factor parameter, as the driving factor for crack growth.  The Cracks2000 
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http://mmptdpublic.jsc.nasa.gov/nasgro/Nasfla.html
http://mmptdpublic.jsc.nasa.gov/nasgro/Nasbem.html
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program has considerable flexibility in the analytical modeling of crack growth analysis 
problems.  

Cracks2000 has fifty-one stress intensity factors solutions.  There are closed form equations for 
stress intensity factor solutions for 25 geometries.  Many of these solutions are the early 
Newman-Raju solutions, which are retained for comparisons with older analysis.  For the latest 
stress intensity factor solutions, tables of β-factors are generated from the equations;  the tables 
are used for the life analysis, and can be printed and plotted for β-factors comparison  

Additional information on the Cracsk2000 software can be found at: 

http://www.udri.udayton.edu/cracks/ 

or contact 

Ms. Peggy C. Miedlar 
University of Dayton Research Institute 
300 College Park 
Dayton, Ohio 45469-0120 

Phone: (937) 229-4417 

email: miedlar@udri.udayton.edu 

 

http://www.udri.udayton.edu/cracks/
mailto:miedlar@udri.udayton.edu
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PROBLEM NO. FAC-1 
Title:  Computing Stress Intensity Factor Histories with the Finite 

Element Method and Interfacing with AFGROW and NASGRO  

Objective: 
To illustrate the process of using a finite element program, such as FRANC2D/L, to 
compute stress intensity factor histories accurately, so that they can be transmitted to 
AFGROW or NASGRO for fatigue crack growth rate (FCGR) and life 
predictions.General Description: 

This problem details the processes of using the finite element method to compute 
accurate relationships between stress intensity factors and crack length, and of 
communicating these relationships to AFGROW or NASGRO for further processing for 
FCGR and life predictions. Two problems are used for illustration: a typical detail in the 
standard library of AFGROW or NASGRO to confirm stress intensity factor accuracy, 
and a more complex problem for which no standard library solution is available. 
 

Topics Covered: Finite element analysis, stress intensity factor computation, non-
standard geometry and/or boundary conditions, geometry factors for 
AFGROW or NASGRO 

Type of Structure:  any single or multiple layer planar structure amenable to 2D or 
axisymmetric structural idealization 

Relevant Sections of Handbook:  Sections 2, 5, 11 

Author:    Dr. A. R. Ingraffea 

Company Name:  Fracture Analysis Consultants, Inc. 

 121 Eastern Heights Drive 
 Ithaca, NY  14850 
 607-257-4970 
 

Contact Point:  Dr. Paul Wawrzynek 
Phone: 607-257-4970 
e-Mail:  wash@fracanalysis.com 
 

Fracture Analysis 
Consultants, Inc.
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Overview of Problem Description 
An essential task in predicting fatigue crack growth rate and remaining fatigue life is the 
accurate computation of a relationship between crack length and stress intensity factor.  In 
Example 1 of this problem a finite element code is used to compute such a relationship on a 
relatively simple structural detail, Figure FAC-1.1.  The pin load, P, is distributed as a 
normal pressure following a cosine function on the lower half-circumference of the hole. 
To assess the accuracy of the finite element calculations, they are compared to standard 
solutions stored in NASGRO for this detail. 

Figure FAC-1.1.  Example 1 of this problem: a structural detail from standard library in 
NASGRO (Problem TC03) and AFGROW (Single Through Crack at Hole-Standard 
Solution).  Here W =10, D = 1, B = 5, t = 1, So = 10, and P = 10, and c/D is varied from 
0.09 to 1.35.  All in kips and inches. Figure taken from NASGRO 3. 

Frequently, the structural detail of interest is not contained in standard libraries.  In this 
case, either the actual detail must be idealized to resemble a standard solution, or a finite 
or boundary element model must be constructed. The finite element method can be used 
effectively in the role of general stress intensity factor calculator.  The method can 
accommodate virtually any actual situation involving non-standard geometry and 
boundary conditions, and include multiple cracks, multiple materials, material anisotropy, 
and initial stresses.  

As an example of this situation, a variant of the detail shown in Figure FAC-1.1 is studied 
in Example 2 of this problem, Figure FAC-1.2. This figure shows a simple lug under non-
symmetric loading. A contact-fit pin is inserted in the hole, and the pin load, P, is 
distributed to the hole by way of an elastic contact analysis.  A crack is initiated from a 
location of high tensile stress concentration along the lug bore, and then allowed to 
propagate in mixed mode. 

FAC-1.2 



 
Figure FAC-1.2.  Example 2 of this problem: a lug under unsymmetrical load. Lug and 
pin are both steel, E= 29,000ksi, ν=0.30, and frictionless, contact-fit of the pin in the lug 
is assumed.  Thickness is 1.00 in.   

 

Computational Models: Example 1 
Two finite element models shown in Figures FAC-1.3 and FAC-1.4 were used for 
Example 1 of this problem.  The purpose of using two meshes is to show the degree of 
mesh refinement that is needed to achieve accurate values of stress intensity factors using 
at least quadratic order triangular and quadrilateral elements. There are about 2300 
degrees-of-freedom in the initial, crack-free mesh shown in Figure FAC-1.3, hereafter 
called the coarse mesh. 

There are about 9800 degrees-of-freedom in the initial, crack-free mesh shown in Figure 
FAC-1.4, hereafter called the refined mesh.  The number of degrees-of-freedom in each 
model increases as the mesh is updated to accommodate crack growth.   

The mesh is refined in the region of crack growth to the right of the hole in each case.  A 
rule-of-thumb in creating the initial mesh in the region of expected crack growth is to 

make the average element size there smaller than (say one-half to one-quarter) the 
specified increment in crack length.  Examples of this practice are shown in Figures 

FAC-1.3(b) and FAC-1.4(b) that show a detail of the mesh around a crack tip.  
FRANC2D/L automatically remeshes after each increment of crack growth. Figure FAC-

1.5 shows a detail of the refined mesh after a few steps of crack growth.
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(b)

Crack Tip

Crack Mouth

(a) 
 

Figure FAC-1.3.  Example 1. (a) Coarse finite element model for structural detail shown 
in Figure FAC-1.1.  (b) Detail of meshing near initial crack tip, c/D=0.09. 

 

Figures FAC-1.3(b) and FAC-1.4(b) show some other important details of meshing 
around a crack tip.  These include the relative size, type, and distribution of elements 
immediately surrounding the crack tip.  It is well known that mixed-mode stress intensity 
factors can be computed with excellent accuracy using the equivalent domain formulation 
of the elastic J-Integral (Nikishkov 1987). FRANC2D/L can automatically compute stress 
intensity factors with this technique.  Other techniques, such as displacement correlation 
(Chan 1970) and modified crack closure (Rybicki 1977), are also available, but these 
have proven to be generally less accurate for a given discretization. This formulation of 
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the elastic J-Integral technique does not require extreme levels of mesh refinement in the 
vicinity of a crack tip.   

 

(b)

Crack Tip

Crack Mouth 

(a)  
 

Figure FAC-1.4.  Example 1. (a) Refined finite element model for structural detail shown 
in Figure FAC-1.1. (b) Detail of meshing near initial crack tip, c/D=0.09.  

 

Experience has shown that the treatment shown in this example, a rosette of eight six-
noded triangular elements immediately surrounding the tip, quarter-point versions of 
these elements, and element size ranging from a few to as much as 25 percent of crack 
length, will produce very accurate values of stress intensity factors.  The use of quarter-
point versions of these elements produces the singular stress field known to exist in linear 
elastic fracture mechanics, is automatically done in FRANC2D/L, and is well 
documented in the literature (Barsoum 1976).   
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Computational models like these require little effort to generate.  An experienced finite 
element user can produce one in less than one-half hour of person-time using codes such 
as PATRANtm or ProEtm. 

 

 
 

Figure FAC-1.5.  Example 1.  Detail of refined finite element model for structural detail 
shown in Figure FAC-1.1 after a few steps of crack propagation, showing automatic 
remeshing.  

 

Computational Results: Example 1 
Table FAC-1.1 shows a comparison between the stress intensity factor histories from 
NASGRO and finite element analysis for the coarse mesh.  Each step of analysis took 
less than one second of total computer time on a PC running Windows 2000 on a 
300MHz Pentium II processor. Shown are stress intensity factors due to the pin load, S3, 
and the bypass load, S0, and the total of these. The average difference in total stress 
intensity factor across the range of crack lengths analyzed was less than 1 percent. 

Table FAC-1.2 shows a comparison between the stress intensity factor histories from 
NASGRO and finite element analysis for the refined mesh.  Each step of analysis took 
about 10 seconds of total computer time on a PC running Windows 2000 on a 300MHz 
Pentium II processor.  The average difference in total stress intensity factor across the 
range of crack lengths analyzed remained less than 1 percent, but did not improve over 
the results from the coarse mesh. This implies that the results from finite element analysis 
have converged to values acceptably close to those produced from the boundary element 
method used to generate the values in NASGRO. It also implies that relatively coarse 
meshes, such as those shown in Figure FAC-1.3, can be used to compute stress intensity 
factors accurately when used with the equivalent domain formulation of the elastic J-
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Integral. Finally, the person-effort and computer time needed to produce an accurate 
stress intensity factor history for such 2D details are not overwhelming. 

 

0.00

5.00

10.00

15.00

20.00

25.00

c/D

KI

 ksi sqrt(in)

K(Total) NASGRO 16.72 19.12 19.21 21.08 23.10
K(So) NASGRO 13.09 15.36 16.00 18.28 20.50
K(S3) NASGRO 3.63 3.76 3.21 2.79 2.60
K(Total) FRANC2D 16.87 18.85 19.64 21.2 23.02
K(S0) FRANC2D 13.24 15.18 16.33 18.38 20.44
K(S3) FRANC2D 3.63 3.67 3.31 2.82 2.59

0.09 0.23 0.45 0.9 1.35

 
Table FAC-1.1.  Example 1. Comparison between NASGRO and finite element analysis 
stress intensity factor histories for Example 1, using the coarse mesh shown in Figure 
FAC-1.3. 
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0.00

5.00

10.00

15.00

20.00

25.00

c/D

KI 

ksi sqrt(in)

K(Total) NASGRO 16.72 19.12 19.21 21.08 23.10
K(So) NASGRO 13.09 15.36 16.00 18.28 20.50
K(S3) NASGRO 3.63 3.76 3.21 2.79 2.60
K(Total) FRANC2D 16.77 19.1 19.83 21.27 23.19
K(So) FRANC2D 13.16 15.37 16.47 18.41 20.57
K(S3) FRANC2D 3.62 3.73 3.36 2.85 2.63

0.09 0.23 0.45 0.9 1.35

Table FAC-1.2.  Example 1. Comparison between NASGRO and finite element analysis 
stress intensity factor histories for Example 1, using the refined mesh shown in Figure 
FAC-1.4. 

Computational Models: Example 2 
Figure FAC-1.6 shows the initial finite element model for the lug problem shown in 
Figure FAC-1.2. The lug and its frictionless, contact-fit pin are both steel. The elastic 
contact problem between the pin and the lug is solved in FRANC2D/L.  Six-noded, zero-
thickness interface elements with non-linear constitutive capability are inserted around 
the contact surface.  This process is automated: the lug and pin are assigned different 
material property set numbers (but the same properties), and a feature in FRANC2D/L 
finds the closed curve defining the boundary between these two sets and automatically 
inserts interface elements along the entire curve. 

The constitutive model used to represent the normal contact conditions is shown in 
Figure FAC-1.7.  No tension is allowed across the contact, and a high compressive 
normal stiffness is assigned to minimize intrusion of the pin into the lug. 

FAC-1.8 



Normal 
Stress (ksi)

Normal 
Displacement  (in.) 

-50,000 ksi

-0.001 in. 

Tension 
Cutoff 

 
Figure FAC-1.7. Example 2.  Constitutive model for normal stress-displacement on the 
pin/lug contact surface. 

 

A non-linear solver is now needed, and FRANC2D/L uses a dynamic relaxation 
procedure (Underwood 1983).  This is a relatively slow but extremely robust algorithm 
for solving nonlinear equilibrium equations. Figure FAC-1.8 presents the uncracked, 
deformed shape and shows that separation of the pin from the lug has occurred from 
about the 8 o’clock to the 2 o’clock positions, while non-overlapping contact occurs 
along the rest of the contact.  Figure FAC-1.9 shows contours of major principal stress for 
the initial, uncracked configuration.  This solution involved about 9200 DOF, and, with 
an error tolerance of 0.0005 on both equilibrium and displacement change between time 
steps, required about 5200 time steps and 2.5 minutes on a PC running Windows 2000 on 
a 1GHz Pentium III processor.  
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Figure FAC-1.6. Example 2.  Initial finite element mesh. 

Opening 
interface 
elements 
between 

pin and lug 

 
Figure FAC-1.8. Example 2.  Deformed shape of uncracked configuration.  

Amplification factor is 225. 
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Figure FAC-1.9. Example 2.  Contours of major principal stress in uncracked condition.  

Computational Results: Example 2 
Figure FAC-1.8 indicates that there are two locations of high stress concentration around 
the lug bore, as expected.  A slightly higher concentration occurs in the lower left 
quadrant, at about the 8 o’clock position, and a short crack (0.067 in.) is initiated at the 
location of highest circumferential tensile stress near this point. Growth of this crack is 
then simulated by: 

1. Computing KI and KII using the equivalent domain formulation of the elastic J-
Integral; 

2. Calculating the direction of crack growth using the maximum circumferential 
tensile stress theory (Erdogan 1963); 

3. Extending the crack by 0.075 inch in this direction; 

4. Resolving the finite element problem, including the non-linear contact between 
lug and pin; 

5. Repeating steps 1-4 until the crack has extended about 2.5 inch at which point 
fatigue life or residual strength limits are likely to have been reached. 

Figure FAC-1.10 shows the corresponding amplified displaced shape, while Figure FAC-
1.11 shows the resulting stress intensity factor histories. Figure FAC-1.10 shows that the 
crack trajectory is not quite radial, and is responding to the asymmetrical loading and 
geometry. The trajectory is dictated here by the maximum circumferential tensile stress 
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theory that requires that KII remain zero along the crack path.  With a finite element 
model that discretizes the trajectory into finite, straight segments, there will always be 
residual, non-zero values of KII computed at each crack tip location. If the segments are 
short enough, these residuals should be small compared to the KI values.  Figure FAC-
1.12 shows that the values of KII are oscillating around zero, and are indeed small, in this 
case, never reaching more than 3.5% of KI.  The highest values usually occur early in the 
trajectory while the finite element model is adjusting to the stress field that is evolving as 
a result of crack growth, as shown in Figure FAC-1.12.  The key practical issue suggested 
here is the length of crack growth increment.  This length should be sufficiently short to 
accurately discretize a curvilinear trajectory and provide enough data points for the 
accurate integration required for FCGR calculations, while not being so short that 
excessive computation times accrue.  Here 32 increments were used.  The number of 
DOF’s grew to nearly 14,000 at the last increment, and a total of about 2 hours of 
computing time was required. 

 
Figure FAC-1.10. Example 2.  Final deformed shape of single cracked configuration.  
Amplification factor is 150.  

 

As previously mentioned, a finite element code with fracture mechanics features can be 
thought of as a general stress intensity factor calculator.  As such it can be used to attack 
practically interesting variants of problems.  For example, it is possible that two fatigue 
cracks might initiate in this lug problem, one from each of the locations of initially high 
stress concentration. This possibility is also simulated here, under the assumptions that 
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Figure FAC-1.11. Example 2.  Computed stress intensity factor histories. Single crack 
case. 
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Figure FAC-1.12. Example 2.  History of computed ratio of stress intensity factors.  
Single crack case. 

  

the cracks initiate simultaneously, and that they have equal rates of growth.  The resulting 
trajectories under these simplifying assumptions are shown in Figure FAC-1.13. The 
corresponding mode I stress intensity factor histories are given in Figure FAC-1.14.  This 
figure shows that, even if initiation were simultaneous, rate of growth would not be 
equal; the left crack would have higher growth rate.  However, even under these 
simplifying assumptions, Figure FAC-1.14 also shows that the growth rate of the left 
crack would be higher than it would be if it were the only crack to occur. 
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Figure FAC-1.13. Example 2.  Final deformed shape of multiply cracked configuration.  
Amplification factor is 100. 
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Figure FAC-1.14. Example 2.  Comparison of stress intensity factor histories for single 
and multiple crack cases. 
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It is currently possible to couple the results of a stress intensity factor history analysis 
from finite element analyses for a single crack to FCGR simulators like NASGRO and 
AFGROW. This process is described next. 

 

Interfacing with NASGRO and AFGROW 
This section describes the process of interfacing the stress intensity factor history from 
finite element analyses with NASGRO (NASGRO 2000) or AFGROW (AFGROW 2000) 
to do FCGR and remaining life assessments. 

 

Interfacing with NASGRO 
In addition to its built in library of stress intensity factor solutions for many standard 
structural geometries, NASGRO offers the capability of performing crack growth 
analysis for non-standard geometries through its user defined data table (DT) approach.  
In this approach NASGRO requests stress intensity factor input in the form of a one-
dimensional table (NASGRO:Reference Manual, Appendix C): 

 

a/D F3 

0.067 0.52 
0.142 0.96 
0.217 1.34 
0.292 1.66 
0.367 1.97 
0.442 2.23 

 

Table FAC-1.3. Portion of NASGRO stress intensity factor data table for a non-
NASGRO-standard geometry. D= 4.0 in. and S3 = 7.5 ksi. 

 

NASGRO’s general expression for stress intensity factors is, 

[ ] aFSFSFSFSFSK π4433221100 ++++= NASGRO Eqtn. (2.2)

where the stress quantities S0, S1 and S2, S3, and S4 are for applied tension/compression, 
bending in the thickness and width directions, pin bearing pressures, and special cases, 
respectively. For Example 2 only S3 is non-zero, so NASGRO expects a relationship of 
the form 

 aFSK π33=  

where F3 is the geometry correction factor for the present lug problem.  The values of F3 
needed for the NASGRO data table are contained within the stress intensity factor values 
computed with FRANC2D/L, and can be explicitly obtained through 
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Table FAC-1.3 contains a portion of the geometry correction factor history obtained from 
FRANC2D/L for Example 2 with a single crack.  Herein D is the pin diameter, 4.0 in., 
and S3 is the pin bearing stress 

 

 S3 = P/Dt = 30 kips/((4 in.)(1.0 in)) = 7.5 ksi 

 

Once stress intensity factor history data in this form has been supplied, all standard 
NASGRO fatigue crack growth capabilities become available for any cracked structural 
model for which FRANC2D/L is an appropriate modeling system. 

 

Interfacing with AFGROW 
In addition to its built in library of stress intensity factor solutions for many standard 
structural geometries, AFGROW offers the capability of performing crack growth 
analysis for non-standard geometries through its user-defined Beta Table approach 
(AFGROW: Users Guide).  In this approach for a single through-crack, AFGROW 
requests stress intensity factor input in the form of a one-dimensional table of crack 
length versus stress intensity factor geometry correction, or beta, values, where beta is 
defined by 

 c KI πσβ=  

and where σ is the relevant applied stress and c is crack length.  The beta values are 
obtained from finite element results in the same way as the equivalent Fi values are 
obtained for NASGRO. Figure FAC-1.15 shows the User-Input Beta Table dialogue box 
in AFGROW with the first few beta values obtained for Example 2 with a single crack, 
and with σ set to unity. 

Once stress intensity factor history data in this form has been supplied, all standard 
AFGROW fatigue crack growth capabilities become available for any cracked structural 
model for which FRANC2D/L is an appropriate modeling system. 
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Figure FAC-1.15. AFGROW dialogue box for creating user-input beta table, showing 
portion of table for Example 2 with a single crack.  Here σ has been set to unity. 
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Overview of Problem Description 
A relatively simple built-up narrow body fuselage configuration is modeled. The example 
demonstrates an analysis to predict the residual strength of a pressurized fuselage, 
subjected to MSD and corrosion damage [Cope 1998]. The problem chosen for analysis 
is a three stringer wide, three-frame long K/C-135 fuselage panel. The panel section has a 
radius of curvature of 72 inches. It contains a lap joint at the central stringer. The lap joint 
is a typical three-row configuration with 3/16 inch diameter countersunk rivets. The other 
two stringers are spot-welded to the skin. The upper and lower skins are made of 0.04 
inch thick, 2024-T3 aluminum alloy. The stringers and frames are made of 7075-T6 
aluminum alloy. Frames are simply connected to the stringers by rivets. The panel 
configurations are shown in Figures FAC-2.1 and FAC-2.2. The frame and stringer 
dimensions are shown in Figure FAC-2.3. 
 

 

 
 

Figure FAC-2.1. Layout of K/C-135 fuselage section used in the present example. 
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Figure FAC-2.2. Detail of lap joint rivet spacing used in the present example. 

 

 
Figure FAC-2.3. Dimensions (all in inches) of stringer and frame used in the present 

example. 
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Computational Model 
All structural components including skins, stringers, and frames are modeled by 
displacement-based, four-noded or five-noded Kirchoff shell finite elements [Rankin 
1991]. The geometrical and mesh models were created using FRANC3D 
[www.cfg.cornell.edu], and all finite element computations were performed with STAGS 
[Rankin 1997]. Each node of a shell element has six degrees of freedom. A piecewise 
linear representation is used for the uniaxial stress-strain curves for 2024-T3 and 7075-T6 
aluminum alloys (see Figures FAC-2.4 and FAC-2.5).  

Symmetric boundary conditions are imposed on all the boundary edges to simulate a 
cylinder-like fuselage structure. Pressure loading is applied on all the external skins. 
Uniform axial expansion was allowed at one longitudinal end. On this boundary edge, an 
axial force equal to (PR/2)L was assigned where P is the applied pressure, R is the radius 
of the panel, and L is the arc-length of the edge. The kinematic boundary conditions 
(displacements and rotations) applied along the boundaries of this local model were 
extracted from a global model of the fuselage.  Both geometric and material 
nonlinearities are included in the analysis. The former captures the out-of-plane bulging 
deformation and the latter captures the active plastic zone and the plastic wake during 
stable crack propagation.  
 

The nonlinear solution algorithm consists of Newton's method. Large rotations are 
included in the nonlinear solution by a co-rotation algorithm applied at the element level 
[Nour-Omid 1991]. The Riks arc-length path following method is used to trace a solution 
past the limit points of a nonlinear response [Rankin 1997; Riks 1984].  

 
Rivets are modeled by elastic-plastic spring elements that connect finite element nodes in 
the upper and lower skins. Each rivet is modeled with six degrees-of-freedom, 
corresponding to extension, shearing, bending and twisting of the rivet. The stiffness of 
each degree-of-freedom is defined by prescribing a force-deflection curve. The axial, 
flexural, and torsional stiffnesses of the spring elements are computed by assuming that 
the rivet behaves like a simple elastic rod with a diameter of 3/16 inch. The elastic shear 
stiffness of the rivet is computed by the following empirical relation developed by Swift 
[1984]: 
 

)]
t
D

t
D(CA[

EDKrivet

21

++
=  

 
where E is the elastic modulus of the sheet material, D is the rivet diameter, t1 and t2 are 
the thicknesses of the joined sheets, and A = 5.0 and C = 0.8 for aluminum rivets. The 
initial shear yielding and ultimate shear strength of the rivets are assumed to occur at load 
levels of 510 lb and 725 lb, respectively. Once a rivet reaches its ultimate strength, it will 
break and lose its load carrying capacity. The force-deflection curve shown in Figure 
FAC-2.6 for shearing is intended to represent empirically the net shear stiffness of a 
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riveted sheet connection, accounting for bearing deformations and local yielding around 
the rivet [Young 1997; Swift 1984]. 
 
The critical crack tip opening angle (CTOAc)[Dawicke 1994] is used to characterize 
elastic-plastic crack growth and to predict residual strength. For details on use of this 
criterion, see Problem FAC-4. The CTOAc used in this example was 5.7 degrees 
measured 0.04 inch behind the crack tip with a plane strain core height equal to 0.08 inch 
[Dawicke 1997].  Since no experimental crack growth data are available for this 
structure, this particular CTOAc value is estimated based on the 5.25 degrees found for 
0.09 inch thick, 2024-T3 bare material. The plane strain core height is assumed to be 
twice the sheet thickness. 

 
Figure FAC-2.4. Piecewise linear representation of uniaxial stress-strain relationship for 

2023-T3 aluminum alloy used in the present example. 
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Figure FAC-2.5. Piecewise linear representation of uniaxial stress-strain relationship for 
7075-T6 aluminum alloy used in the present example. 

 

 
Figure FAC-2.6. Model for rivet shear stiffness and strength used in the present example. 
 
Six different crack configurations with various lengths of lead and MSD cracks are 
studied. The initial configurations prior to crack growth are: 

 
1. A 7.14 inch lead crack, 
2. A 7.14 inch lead crack with 0.025 inch MSD cracks emanating from both sides 

of a fastener hole, 
3. A 7.14 inch lead crack with 0.046 inch MSD cracks emanating from both sides 

of a fastener hole, 
4. A 10 inch lead crack, 
5. A 10 inch lead crack with 0.025 inch MSD cracks emanating from both sides of 

a fastener hole, and 
6. A 10 inch lead crack with 0.046 inch MSD cracks emanating from both sides of 

a fastener hole. 
The lead crack is located symmetrically about the central frame line. The MSD pattern is 
symmetric about the lead crack at the 3 rivets in front of the lead crack. The lead and 
MSD cracks are located along the upper rivet row in the upper skin of the joint. The crack 
configurations with a 10 inch initial lead crack are shown in Figure FAC-2.7. Since rivet 
holes are not modeled explicitly in the finite element model, a small crack with a length 
equal to the rivet diameter plus the MSD length is used to model the MSD crack. The 
finite element mesh for the model is shown in Figures FAC-2.8. Figure FAC-2.9 shows 
details of the near-tip mesh pattern with the 0.04 inch crack tip elements used there.  In 
addition to the effects of MSD, material thinning due to corrosion damage is also studied. 
The effect of material thinning is modeled by a uniform reduction in thickness of the 
upper skin at the lap joint in the two center bays. 
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Figure FAC-2.7. Crack configurations for 10 inch lead crack and MSD. 

 

 

 
 

Figure FAC-2.8. Overall finite element mesh for present example. 
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Figure FAC-2.9. Typical near-tip finite element meshing for present example. 

  

Computational Results 

Figure FAC-2.10 shows the predicted results of the operating pressure loading versus the 
total crack extension for all the cases conducted in this study. The predicted residual 
strengths summarized in Figure FAC-2.11 indicate: 
 

• The MSD cracks significantly reduce the residual strength of the fuselage panel. 
A 21.8 to 28.0% loss of residual strength due to the presence of small MSD is 
observed. 

• A 10% uniform thickness degradation due to corrosion damage reduces the 
residual strength by 3.4 to 9.0%. The coupling of MSD and corrosion damage 
leads to the most severe damage scenario. 

• In general, increasing the lead and MSD crack lengths reduces the residual 
strengths. However, for the cases with a 10 inch initial lead crack, residual 
strength seems to be relatively insensitive to the MSD crack sizes. 

 
The deformed structure at residual strength for the case with a 10 inch initial lead crack 
but without MSD and corrosion damage is shown in Figure FAC-2.12. Out-of-plane 
bulging is observed in the skin crack edges. Because of the stiffness of the stringer, the 
bulging at the lower crack edge is much smaller than the opposing edge. The 
unsymmetric, out-of-plane bulging thus leads to an anti-symmetric bending deformation 
field at the crack tips [Potyondy 1995]. 
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Figure FAC-2.10. Predicted operating pressure versus total crack extension for the 

present example: (a) 7.14 inch initial lead crack, (b) 7.14 inch initial 
lead crack with corrosion damage, (c) 10 inch initial lead crack, and 
(d) 10 inch initial lead crack with corrosion damage. 
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Figure FAC-2.11. Predicted residual strength versus initial lead crack length for present 

example. 

 

 
Figure FAC-2.12. Typical deformed shape of the present example (pressure = 15.3 psi, 

magnification factor = 5.0). 
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PROBLEM NO. FAC-3 
Title:  Crack Interaction and Multi-Site Damage 

Objective 
To illustrate the process of using the finite element method to calculate stress intensity 
factor histories for problems involving multiple, interacting cracks resulting from multi-
site damage.  
 
General Description: 

This problem details the process of using the finite element method to calculate stress 
intensity factor versus crack length histories in a flat, unstiffened panel containing a 
number of holes, each of which is a site for crack growth. Such histories are needed to 
predict fatigue crack growth rates. 
Topics Covered: Finite element analysis, stress intensity factor calculation, crack 

growth, crack interaction, MSD.  

Type of Structure:  flat, unstiffened panel containing multiple holes 
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Overview of Problem Description 
Figure FAC-3.1 shows the configuration of flat, unstiffened panels tested by Luzar 
[1997] to examine effects of MSD on fatigue crack growth rates.  2024-T3 clad MSD 
panels were fabricated and tested to determine, among other objectives, fatigue crack 
growth values of uncorroded C/KC-135 airframe structure materials with MSD. All holes 
were EDM notched, and the finished EDM hole detail is shown in Figure FAC-3.1 also.  
The panel thickness (0.063-in.), fastener hole diameter (0.25-in.) and fastener pitch (1-
in.) were selected as being representative of an actual aircraft lap joint configuration.  
Luzar [1997] discusses the criteria used to determine the panel width, the number of open 
holes, and the lead crack size in more detail.  The as-tested configuration of the panels 
with end grips resulted in a pin-to-pin load height of 70 inches and a height to width ratio 
of 2.9.  The grip end fixtures held the test panels in double shear resulting in all of the test 
loads being transmitted through joint friction.  This loading arrangement has been 
demonstrated to produce uniform stress and displacement conditions throughout the test 
section.   

In this example a finite element model (FEM) of a representative panel is created. The 
FEM includes initial MSD cracks emanating from each hole.  Stress intensity factors are 
calculated for each crack tip, and these are used to predict relative rate-of-growth of each 
crack.  The FEM naturally includes the effects of crack interaction, and comparisons are 
made between the growth rates of the cracks, and between these rates and those that 
would occur under the simplifying assumption of no-interaction.  

Computational Model 
A finite element model of the MSD panel, shown in Figure FAC-3.2, was created using 
the FRANC2D/L crack growth simulator [www.cfg.cornell.edu].  Due to symmetry, only 
one half of the panel was modeled.  The model consisted of eight-noded and six-noded 
plane stress elements. The model geometry and boundary conditions matched those of the 
experimental test panel, as shown in Figure FAC-3.1.  The EDM notches at the edges of 
each hole were modeled as simple cracks.  Typical material properties for 2024-T3 clad 
aluminum, T-L orientation – Young’s modulus of 10.6 Msi, Poisson’s ratio of 0.33 - were 
used in the analysis.  A uniform tensile displacement was applied at the top and bottom 
edges of the model to match the experiment set-up.  The right hand edge of the model had 
free boundary conditions while the left hand edge (representing the vertical centerline) 
had a symmetry boundary condition.  Figure FAC-3.3 shows a portion of the mesh near a 
pair of holes. Note the refined mesh around the cracks at the edges of each hole, and the 
use of a uniform template of elements around each crack tip.  The elements in this 
template are ¼-point singular elements.  See Problem FAC-1 for guidance on meshing 
for accurate stress intensity factor computations. 

This FEM model was used to calculate stress intensity factors at each crack tip as a 
function of crack length. The crack growth simulation capability of FRANC2D/L was 
used for this purpose. After each analysis step, FRANC2D/L calculates the stress 
intensity factor (SIF) values at each crack tip using the J-integral method, determines the 
appropriate crack growth increment for each crack, extends each crack, remeshes around 
each new crack tip, and then perform the next solution step with the new mesh.  This 
procedure was performed thirteen times in order to simulate incremental crack growth.  
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The initial crack length used in the analysis was 0.02 inches. The fastest growing crack 
was incremented at steps of 0.02 inches.  All other crack growth increments were 
automatically calculated at each step using the crack tip SIF in a power law relation with 
an exponent of 3.9.  The final maximum crack length was, therefore, 0.26 inches.  
However, the final length of each crack varied with its stress intensity factor history. The 
analysis was arbitrarily stopped at this point since the crack lengths had far exceeded 
those found in the test specimens. 

The initial FEM model contained about 19000 degrees-of-freedom, the final mesh about 
25000.  Solution time on a 1GHz Pentium III PC was about one minute per crack growth 
step. 
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Figure FAC-3.1. MSD Panel Geometry used in this example. From Cope [1998]. 
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Figure FAC-3.2. Central portion of finite element model of flat plate with MSD. 
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Figure FAC-3.3. Typical details of finite element model of flat plate with MSD. Near-hole 
meshing after four steps of crack propagation. 

 

Computational Results 
SIF histories of crack propagation were generated for each crack tip.  As shown in Figure 
FAC-3.4, these histories were almost identical for the first 7 to 8 crack tips (numbered 
left to right), and for short crack lengths.  There is a "falloff" of stress intensity for the 
rightmost 3 cracks, because of less interaction with surrounding cracks and holes.  This 
falloff intensifies with crack growth, as would be expected with increasing crack 
interaction effect. At the 12th growth step, the SIF for the rightmost crack tip is about 
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20% less than the average of the interacting crack tips.  This means that this is the slowest 
growing crack, as seen in Figure FAC-3.4. 

Another way of assessing the effects of crack interaction is shown in Figure FAC-3.5.  
Here the stress intensity factor histories for crack tip 1, where one expects strong 
interaction effects, and crack tip 11, where intensification from interaction is expected to 
be less than that for all other cracks, are compared to the benchmark solution for non-
interacting cracks.  This solution [Newman 1971] is for equal-length diametrically 
opposed cracks emanating from a single hole in an infinite plate.  Figure FAC-3.5 shows 
very strong interaction effects present in this MSD problem with the stress intensity 
factor for crack 1 (and, therefore, the first 7 or 8 cracks) reaching a value more than 40% 
higher than that assuming no interaction. 

The stress intensity factor histories shown in Figure FAC-3.4 can be used to predict 
fatigue crack growth rates by using them as input data for AFGROW of NASGRO, as 
shown in example problem FAC-1.  Cope et al.[1998] used this procedure to produce a 
comparison between predicted and observed crack growth behavior in the problem shown 
in Figure FAC-3.1.  This comparison is shown in Figure FAC-3.6. 
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Figure FAC-3.4. Predicted normalized stress intensity factor histories for representative 

crack tips in this MSD problem.  Crack tips are numbered from left to right. 
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Figure FAC-3.5. Predicted normalized stress intensity factor histories for representative 
crack tips in this MSD problem compared to solution for non-interacting cracks.  Crack 

tips are numbered from left to right. 
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Figure FAC-3.6. Comparison between predicted and observed fatigue crack growth 
behavior for the problem shown in Figure FAC-3.1.  From Cope et al. [1998].  
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PROBLEM NO. FAC-4 
Title: Predicting Ductile Tearing and Residual Strength of a Flat Sheet 

with/without MSD Objective: 

To illustrate the process of using the nonlinear finite element method to predict stable, 
ductile tearing and to evaluate the residual strength of a flat sheet containing multi-site 
damage.General Description: 

This problem details the process of using the finite element method to predict the residual 
strength of a simple flat plate containing a single crack, or a lead crack with MSD. A 
criterion for stable, ductile tearing based on the crack tip opening angle (CTOAc) is 
introduced. Bases for this criterion are discussed, and experimental and computational 
investigations of it are described and evaluated for guidelines in use.  Example 
simulations are then detailed.  These include one of an MT specimen containing a single 
crack, and five involving various configurations of MSD.  Predictions of crack growth 
and linkup, of residual strength, and of effect of MSD on decrease in residual strength are 
presented. 
 
Topics Covered: Finite element analysis, stable tearing, MSD, residual strength, non-

linear fracture mechanics 

Type of Structure:  flat sheet with single crack or cracks with MSD 

Relevant Sections of Handbook:  Sections 2, 3, 4, 5, 11 

Author:    Dr. A. R. Ingraffea 

Company Name:  Fracture Analysis Consultants, Inc. 
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Overview of Problem Description 
An important element in the process of predicting residual strength of a structure 
experiencing ductile tearing is having a criterion that predicts the onset and rate of this 
phenomenon. Tests and numerical simulations have been performed to assess the critical 
crack tip opening angle (CTOAc) criterion for predicting residual strength of structures 
containing MSD. The objectives of this problem are to describe the bases for this 
criterion and to present example simulations that employ it. The next section details the 
theoretical background behind the CTOAc criterion, and describes experimental and 
computational investigations into it.  This section is followed by a review of findings of 
these investigations.  Those readers wanting to go directly to a computational example 
application of this criterion can proceed directly to the Computational Models section. 
 
The CTOAc Criterion for Ductile Tearing 
 
The local slope of the crack tip opening profile, or CTOA, has been suggested to 
characterize ductile crack growth behavior [de Koning 1977]. Newman [1984], Rice and 
Sorensen [1978], and Kanninen and Popelar [1985] further defined the CTOA as the 
crack tip opening angle measured at a fixed distance behind the moving crack tip. The 
CTOA fracture criterion asserts that this angle maintains a constant value during stable 
crack growth for a given thickness of material. 
 
The definition of CTOA as suggested by Newman [1984] is adopted for this problem. For 
Mode-I only deformations, CTOA is defined as, Figure FAC-4.1: 
 

d
tanCTOA

2
2 1 δ−=  

 
where d is the CTOD measured at a specific distance, d, behind the crack tip. 
 
Stable crack growth is an inherent feature of elastic-plastic materials because of the 
occurrence of permanent plastic deformations during unloading [Rice 1975]. This effect 
can be demonstrated by global energy dissipation or by the local residual plastic 
deformations. Suppose two materials have the same uniaxial stress-strain curves; one is 
an idealized nonlinear elastic material and the other is an elastic-plastic material. For 
cases without crack growth, the same CTOA and strain concentration will occur in the 
two materials as illustrated in Figure FAC-4.2, STAGE 0. As the crack propagates in the 
nonlinear elastic material, deformation fields need to be readjusted and the same crack tip 
opening profile would occur for the new crack tip location. This is not the case for the 
elastic-plastic material because a large part of the energy is consumed by plastic 
dissipation with far less strain recovered during unloading. Thus, a smaller CTOA is 
obtained after crack growth (STAGE 1). Further increase of the applied loading is needed 
to open the crack (STAGE 2) and causes stable crack growth in the elastic-plastic 
material. Fracture instability will occur as the crack reaches a steady-state condition in 
which the crack continually advances without further increase in load. If the analysis is 
performed under displacement control, then a reduction in applied load is required to 
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maintain a constant CTOA for continuous crack growth. Hereafter, CTOAa is the crack 
tip opening angle measured immediately after propagation, STAGE 1. CTOAb is denoted 
as the increase in crack tip opening angle required to reach the critical value, CTOAc. 
Thus, the condition 

  
Figure FAC-4.1.  Illustration of parameters used for CTOA definition. 

 
 

 
 

Figure FAC-4.2.  Illustration of crack growth in nonlinear elastic and elastic-plastic 
materials. 

 
CTOAa + CTOAb = CTOAc 

 
satisfies the fracture criterion for crack propagation, and the condition 
 

CTOAa = CTOAc 
 
indicates the occurrence of fracture instability for the analysis under load control. 
Another related factor for stable crack growth is the plastic wake effect caused by the 
residual plastic deformations [Newman 1984]. As the crack grows, the plastic zone 
behind the crack tip unloads to an elastic state leaving the appropriate plastic wake 
behind the advancing crack tip. This effect results in resistance to crack tip opening as 
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illustrated in Figure FAC-4.3. The dashed curves in the plastic wake region show what 
the crack opening profile would have been if residual plastic deformations had not been 
retained in the material behind the advancing crack tip. This phenomenon is also essential 
for simulating the initiation of stable crack growth associated with high fatigue stress 
prior to tearing [Dawicke 1994b]. 
 
Laboratory tests have been conducted on flat panels made of aluminum alloys to measure 
CTOAc values [Dawicke 1994a; Newman 1993]. Numerical simulations using these 
values have been conducted using two-dimensional [Newman, 1992, 1993; Dawicke 
1994b, 1995, 1997a], thin-shell [Chen 1996, 1997, 1998], and three-dimensional 
[Dawicke 1996, 1998, 1997b] finite element elastic-plastic crack growth analyses. These 
activities are first reviewed to highlight important findings.  The latest results are then 
used as a starting point for the example simulations. 
 

 
 
Figure FAC-4.3.  Illustration of plastic wake effect caused by crack growth. 

 
Review of Findings on CTOAc Criterion 
 
A series of fracture tests has been conducted using a 2024-T3 aluminum alloy for MT, 
CT, blunt notch, THCT and MSD specimens. Newman et al. [1992] conducted tests on 
0.05, 0.07, and 0.09 inch thick, 3.0 and 11.8 inch wide MT and blunt notch specimens as 
well as 0.09 inch thick, 10 inch wide THCT specimens. The blunt-notch specimen is 
similar to the MT specimen except that a small hole is drilled at both ends of the saw cut. 
It is intended to assess the suitability of elastic- plastic finite element analyses with the 
small-strain assumption to model large-scale plastic deformations. Good agreement 
between predicted and measured load versus notch-tip displacements substantiates the 
assumption. The critical values of CTOA were measured for the MT and THCT 
specimens to assert the specimen configuration independence of the fracture criterion. 
The THCT specimen had a stress intensity factor solution like that of a cracked, stiffened 
panel [Newman, 1995]. The measured CTOAc values showed higher angles at crack 
initiation, but reached the same constant value after a small transition period of crack 
growth. The agreement of CTOAc between MT and THCT specimens indicated that the 
CTOAc fracture criterion is independent of specimen configuration; this was further 
confirmed by a follow-up study with measurements from CT specimens [Dawicke 1995]. 
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A 2D elastic-plastic finite element code, ZIP2D [Newman1974], and a 6.1 degree 
CTOAc, computed at 0.01875 inch behind the crack tip, were used to simulate fracture 
behavior of the MT specimens [Newman 1992]. To model fatigue pre-cracking, cyclic 
loading simulation was conducted prior to stable tearing analyses. Experimental and 
predicted results showed that a higher applied stress during the fatigue tests increased the 
resistance to stable crack growth initiation. Predicted residual strengths under plane stress 
conditions were within 4% of experimental results for 3.0 and 11.8 inch wide MT 
specimens. However, the plane stress analyses over-predicted crack extension prior to 
limit load while the plane strain analyses under-predicted crack extensions.  
 
The above studies raised two important questions: 

1. What is the governing mechanism that causes higher CTOAc values during 
crack initiation? 
2. What is the governing mechanism that causes the discrepancy between 2D 
predictions and test results? 
 

Dawicke and Sutton [Dawicke 1994b] examined the higher values of measured CTOAc 
observed during crack initiation, i.e., question 1. Two independent techniques, optical 
microscopy (OM) and digital image correlation (DIC) were used to measure surface 
CTOAc during crack growth. The results of the two methods agreed very well. Fatigue 
marker loads and a scanning electron microscope were used to examine the fracture 
morphology and sequences of crack front profiles. For specimens under low magnitude 
of fatigue stress prior to tearing, crack surfaces underwent a transition from flat-to-slant 
crack growth. A schematic of the transition is shown in Figure FAC-4.4. During the 
transition period, the CTOAc values were high and significant tunneling occurred. After 
an amount of crack growth equal to about the specimen thickness, CTOAc reached a 
constant value. After crack growth equal to about twice the thickness, crack tunneling 
stabilized. For specimens that were pre-cracked under a high magnitude of fatigue stress, 
a 45-degree, slant, through-thickness initial crack was formed prior to tearing. During the 
crack initiation period, the CTOAc values of specimens with high fatigue stress were 
lower than the ones with low fatigue stress. But the same constant CTOAc value was 
observed after crack growth equal to about the specimen thickness. 
 
The discrepancy between 2D predictions and test results, i.e., question 2, was thought to 
be related to the 3D constraint effect. Although thin-sheet structures behave essentially in 
plane stress, the constraint due to the finite thickness of the specimens can cause the 
regions local to the crack tip to approach plane strain conditions [Hom 1990]. To 
investigate the constraint effect, 2D and 3D analyses were conducted. In the 2D analyses, 
a core of elements above and below the crack path were assigned as plane strain while all 
other elements were assigned as plane stress.  The plane strain core concept is illustrated 
in Figure FAC-4.5. 
 
In their first attempt, Dawicke et al. [Dawicke 1995; Newman 1993] used 2D finite 
element analyses with a 6.0 degree CTOAc computed at 0.02 inch behind the crack tip 
and a plane strain core height equal to 0.2 inch to simulate fracture behavior with the 
constraint effect. They showed that the use of a plane strain core was essential to 
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accurately model crack growth. The predicted residual strengths were within 2% for 3 
and 12 inch wide, 0.09 inch thick MT specimens and within 4% for 6 inch wide, 0.09 
inch CT specimens. For 20 inch wide, 0.04 inch thick MSD specimens, 2D analyses with 
a 5.1 degree CTOAc showed excellent agreement of link-up and residual strength 
between predictions [Newman 1993] and test results [Broek 1994]. 
 

 
Figure FAC-4.4.  Schematic of fracture surface indicating transition from a flat to a slant 
crack plane (after [Newman 1992]). 
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Figure FAC-4.5. Schematic of the plane strain core. 
 
Dawicke et al. [Dawicke1996, 1998] further studied the constraint effect using 3D finite 
element analyses with a 5.25 degree CTOAc computed at 0.04 inch behind the crack tip. 
The 3D analyses successfully simulated fracture behavior of 2.0, 4.0, 6.0, and 8.0 inch 
wide CT specimens, 1.2, 3.0, 6.0, 12.0, 24.0, and 60.0 inch wide MT specimens, and 12.0 
inch wide MSD specimens made of 0.09 inch thick, 2024-T3 aluminum alloy. A plane 
strain core height of 0.12 inch was required for 2D analyses to match the measured 
results and the 3D fracture predictions. 
 
Computational Models 
 
In the following examples, tests on MT and MSD specimens are simulated. The 
FRANC3D/STAGS system [www.cfg.cornell.edu] is used to simulate fracture behavior 
and to predict residual strength using the guidelines derived from the 2D and 3D studies 
just described. 
 
Fracture tests of MT specimens were conducted by the Mechanics of Materials Branch at 
NASA Langley Research Center [Dawicke 1994a, 1996,1998]. The test specimens were 
made of 0.09-inch thick 2024-T3 aluminum alloy. All specimens were fatigue 
pre-cracked in the L-T orientation with a low stress level that results in a stress intensity 
factor range of ∆K = 7 ksi √inch. For specimens with a single crack, different widths of 
panels equal to 3 inch, 12 inch, and 24 inch with a crack-length to width ratio equal to 1/3 
were tested, Figure FAC-4.6. For cases with multiple cracks, only the 12-inch wide 
specimens with two to five near collinear cracks as illustrated in Figure FAC-4.7 were 
tested. All tests were conducted under displacement control with guide plates to prevent 
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out-of-plane buckling. Both OM and DIC techniques were used to measure the CTOAc 
during stable crack growth [Dawicke 1994]. Experimental results for MT and CT 
specimens are shown in Figure FAC-4.8. The CTOAc rapidly reaches a constant value 
with a scatter band about ± 1 degree. 
 

Numerical Simulations of MT Specimens 
 
Fracture processes in the MT specimens are simulated first. To investigate panel size 
effects, numerical simulations of 60-inch wide panels with the same crack-length-to-
width ratio are also performed. Elastic-plastic finite element analyses based on 
incremental flow theory with the von Mises yield criterion and the small strain 
assumptions are used to capture the active plastic zone and the plastic wake during stable 
crack propagation. A piecewise linear representation is used for the uniaxial stress-strain 
curve for 2024-T3 aluminum, Figure FAC-4.9. The CTOAc used in this study was 5.25 
degrees measured 0.04 inch behind the crack tip. This particular value was provided by 
Dawicke and Newman [Dawicke 1996, 1998] based on 3D simulations of CT specimens. 
Upon satisfaction of the fracture criterion, nodal release and load (or displacement) 
relaxation techniques are employed to propagate the crack. Because of the double 
symmetry of the geometry and loading, only one-quarter of the specimen with imposed 
symmetry boundary conditions is modeled. Out-of-plane displacements are suppressed. 
Displacement-based, four-noded and five-noded quadrilateral shell elements having C1 
continuity are used [Rankin 1991]. These elements are intended to model thin shell 
structures for which transverse shear deformation is not important. Each node of the 
element has six degrees of freedom including three translations and three rotations. 

 
Figure FAC-4.6. Test configuration for MT specimens. 

 

FAC-4.8 



 
Figure FAC-4.7. Schematic of crack configurations for12- inch MT specimens. 

 

 
Figure FAC-4.8. Surface measurements of CTOAc [from Dawicke1998] 

 
A special five-noded shell element, formulated by combining two four-noded elements 
and using linear constraint along the edge to eliminate the dependent node, is used to 
transition from locally refined zones around the crack path to a coarse mesh away from 
the crack. 
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A convergence study was conducted to determine the sensitivity of the predicted residual 
strength to the element size along the crack extension path. Three meshes for the 24-inch 
wide panel were created with crack tip element sizes of 0.04-inch, 0.02-inch, and 0.01- 
inch. For all crack growth and residual strength analyses, the CTOA is evaluated at 0.04- 
inch behind the crack tip to be consistent with experimental measurements. A finite 
element mesh with 0.04-inch square crack tip elements for the 24-inch wide panel is 
shown in Figure FAC-4.10. Predicted crack growth results for cases with 0.04-inch and 
0.02-inch crack tip elements as well as predicted residual strengths for all three cases are 
shown in Figure FAC-4.11. Although some discrepancy is observed at the early stage of 
stable tearing, the predicted results exhibit little influence of mesh size after a relatively 
small amount of stable crack growth. More importantly, the predicted residual strength is 
very insensitive to crack tip element size. Thus, all the remaining meshes used in this 
example have 0.04 inch crack tip elements. 
 
Figure FAC-4.12 shows two predicted crack opening profiles for the 24-inch wide panel. 
The angles are computed immediately after propagation (i.e., CTOAa, see Figure FAC-
4.2) with relaxation procedures completed and before increasing the applied 
displacement. The two CTOAa values correspond to (1) the angle after the first increment 
of crack growth, and (2) the angle after the specimen reaches its residual strength. As 
shown in the figure, CTOAa is much smaller than the critical angle after the first crack 
growth increment. This clearly demonstrates the permanent plastic deformation effects on 
stable crack growth in the elastic-plastic material. As the crack propagates, CTOAa 
increases. Since the analyses are conducted under displacement control, the CTOAa at 
residual strength is less than, but approaching its critical value. 
 
Comparisons between numerical results and experimental measurements for the applied 
stress versus half crack extension are shown in Figure FAC-4.13. Results of predicted 
residual strength are comparable to experimental measurements, but as the width of the 
panel increases, the relative difference between experimental measurements and 
numerical predictions increases. Figure FAC-4.14 depicts the predicted plastic zone as 
the specimens reach their ultimate strength. 
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Figure FAC-4.9. Piecewise linear representation of uniaxial stress-strain relationship for 
2023-T3 aluminum alloy used in the present example. 

 

 
Figure FAC-4.10. Finite element mesh for 24- inch wide MT specimen and detail along 
crack path. 
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Figure FAC-4.11. Results from convergence study: predicted crack growth and predicted 
residual strength for 24- inch wide panel with different crack tip element sizes. 

 

 
 
Figure FAC-4.12. Crack opening profiles and CTOA a after the first crack growth 
increment and after reaching the residual strength for 24 inch wide panels. 
 

Two distinct phenomena are observed. For small specimens, plastic zones reach the free 
edge and the limit load is attained due to net section yielding. In contrast, for large 
specimens, plastic zones are well-confined by the elastic region and residual strength is 
reached near the fracture instability of the specimens. 
 

As shown in Figure FAC-4.13, the relative difference in residual strength between 
experimental and numerical results increases as the width of the panel increases. This 
discrepancy is believed to be due to the three-dimensional nature of the stresses around 
the crack tip, a result of constraint effects due to the finite thickness of the panels [Hom 
1990; Dawicke 1995]. Numerical results using plane strain, plane stress with a plane 
strain core height (see Figure FAC-4.5) equal to 0.12 inch, and three-dimensional finite 

FAC-4.12 



element analyses obtained from [Dawicke 1996, 1998] were studied to further 
demonstrate constraint effects on residual strength predictions. Predicted results shown in 
Table FAC-4.1 and Figure FAC-4.15 suggest that: 
 

• Thin shell finite element analysis, behaving essentially in plane stress, tends to 
over-predict the residual strength as the width of the panel increases; 

• Plane strain analysis over-predicts the residual strength of small specimens, but 
under-estimates it for large specimens; 

• 2D plane stress analysis with a plane strain core and 3D analysis properly account 
for constraint effects. The predicted results follow the trend of experimental 
measurements even for wide panels. 

 

 
 

Figure FAC-4.13. Comparisons between experimental measurements and numerical 
predictions of applied stress versus half crack extension for various sizes of specimens. 
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Figure FAC-4.14. Numerical predictions of plastic zone for various sizes of specimens 
reaching their residual strength. 

 

Table FAC-4.1 Comparisons of Residual Strength Predictions (ksi) for MT Specimens 

Plate 
Width 

Thin Shell Plane 
Strain 

Plane Strain 
Core 

3D Experiment 

3 in. 34.0 38 33.6 34.3 34.5 

12 in. 30.7 32.7 30.7 30.8 31.3 

24 in. 29.6 26.3 29.1 29.1 28.4 

60 in. 28.1 16.6 26.7 26.3 N/A 

 

The cross-over between plane stress and plane strain in predicting residual strength as the 
specimen size increases is an interesting topic. Based on the predicted plasticity 
distribution in Figure FAC-4.14, the net section yielding mechanism seems to dominate 
the residual strength prediction of small specimens. This may explain why the plane 
strain analysis predicts a higher residual strength for small specimens because the 
effective yield stress in plane strain is larger than that in plane stress. Thus, a further 
increase of remote stresses under plane strain conditions is needed for specimens to reach 
the point of net section yielding. For larger specimens, residual strength is governed by 
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stable crack growth and fracture. As one would expect from the thickness effects on Kc in 
LEFM, materials in plane stress have higher fracture toughness than materials in plane 
strain. Recent micromechanics-based, 3D analysis of ductile crack growth in a thin plate 
with a Gurson-type model also showed that, although the crack growth resistance at first 
increases with increasing plate thickness, the resistance to crack growth decreases after a 
small amount of crack extension [Mathur 1996]. For CTOA-driven ductile crack growth, 
stresses and strains under plane stress and plane strain conditions have not been studied in 
sufficient detail to clarify the issue. A possible cause of higher crack growth resistance in 
plane stress may be related to the residual plastic deformation effects. Based on 
asymptotic solutions for cracks growing in an incompressible elastic-perfectly plastic 
material under Mode I loading, larger residual plastic deformations would occur under 
plane stress than plane strain conditions leading to higher crack growth resistance. 
 

 
Figure FAC-4.15. Predicted results of thin shell, plane strain, plane stress with a plane 
strain core, and 3D analyses compared with experimental measurements. 
 

Numerical Simulations of Specimens with Multiple Cracks 
 
Numerical simulations of tests with multiple cracks using the CTOA fracture criterion are 
straightforward extensions of single crack specimen simulations. The same criterion 
(CTOAc = 5.25 degrees measured 0.04-inch behind the crack tip) is used to simulate 
stable crack growth and the link-up of multiple cracks, and to predict residual strength. 
No supplementary criterion is needed. Multiple crack test configurations as shown in 
Figure FAC-4.7 are modeled and the fracture processes are simulated. Note that the 
symmetry conditions along the vertical central line of the specimens are no longer valid 
due to the various lengths of fatigue pre-cracks; thus, at least one half of the specimen 
needs to be modeled. An example finite element mesh for test configuration b is shown in 
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Figure FAC-4.16. Mesh patterns around the multiple cracks are similar to those of the 
single crack models. 

 
 
Figure FAC-4.16. Finite element mesh for the test configuration b (12-inch wide 
specimen with two cracks). 

 

 
Figure FAC-4.17. Predicted applied stress versus crack extension for test configurations 
b and d. 
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Numerical results and experimental measurements for the applied stress versus half crack 
extension for test configuration b and d are shown in Figure FAC-4.17. Two distinct 
applied load versus crack growth history curves are predicted. For test configurations a, 
b, and c, link-up of cracks happens before the specimens reach their residual strength. For 
test configurations d and e, the limit load is attained before link-up. These numerical 
predictions agree with observations from the fracture tests. Again, plastic deformation 
plays an important role in the fracture process. Figure FAC-4.18 shows the plastic zone 
evolution of test configuration b during stable crack growth. The inherent residual plastic 
deformations during crack growth are clearly demonstrated through the deformed shapes.  
 
Figure FAC-4.19 summarizes the relative difference between predicted results and 
experimental measurements. The predicted residual strength of all five MSD simulations 
agrees very well (within 3%) with experimental data. The predicted link-up load is 
comparable to experimental measurements, but the difference is larger than that for the 
residual strength. Reasons for the discrepancy may be related to the difficulty in 
measuring link-up load during the fracture tests. It is of practical importance to 
characterize the reduction in residual strength caused by MSD. Figure FAC-4.20 plots 
numerical predictions of residual strength versus lead crack length for cases with and 
without small cracks. A loss of residual strength due to the presence of multiple small 
cracks is observed. 
 

 
 

Figure FAC-4.18. Crack opening profile(s) and plastic zone evolution of test 
configuration b during crack growth: (1) at the first increment, (2) before link-up, (3) 
after link-up, and (4) reaching residual strength. 

FAC-4.17 



 
Figure FAC-4.19. Relative difference of residual strength and link-up load between 
predicted results and experimental measurements for specimens with multiple cracks. 

 

 
Figure FAC-4.20. Loss of residual strength due to the presence of small cracks. 
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To illustrate the process of applying finite element and boundary element analyses to the 
determination of β-factors for crack growth simulations 

General Description: 

This problem focuses on the determination of β-factors for crack growth analysis of a longeron in 
the center wing area.  Both 2-D and 3-D numerical methods are applied in the analysis.  
FRANC2D/L, a 2-D finite element (FE) analysis program, is used for the β-factor determination of 
through cracks.  FRANC3D, a 3-D boundary element (BE) program is used to determine β-factors 
of a corner crack. 
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Critical Area 
 
This problem focuses on a critical area of an angle longeron in a center wing.  As shown in the 
finite element mesh below, the crack starts in, and grows across the horizontal leg of the angle 
longeron.  It begins as a corner crack in a fastener hole where the longeron and upper splice bar are 
attached.   
 
The dominant loading mode of the longeron is tension during banking and turning maneuvers, but 
due to the complex geometries and interactions of the components, the details of the stress state are 
more complicated than simple, uniform tension near the critical fastener.  The determination of β-
factors through analytical means can, therefore, introduce significant errors in the crack growth 
analysis.  Numerical methods such as finite and boundary element analysis provide a powerful 
alternative to the analytical solutions.   

Crack - in horizontal leg 
of angle longeron. 

AFT

INBRD
UP

Figure MERC-1.1.  Finite element mesh of center wing longeron and neighboring 
components.  The crack location in the horizontal leg of the longeron is indicated.

 
Crack Growth Phases and Modeling Approach 
 
As shown in Figure MERC-1.2 below, crack growth behavior can be divided into phases, usually 
alternating between "corner crack growth" and "through crack growth".  The odd- numbered 
phases are corner cracks, and the even-numbered phases are through cracks.   Also, it will be 
assumed here that the phases of crack growth take place sequentially.  Corner crack growth starts 
in Phase 1 and continues until it grows through the part's thickness, at which point, through crack 
growth begins in Phase 2.  Finally, Phase 3 does not begin until Phase 2 growth reaches the free 
edge of the longeron  (Analysis has shown that the crack reaches critical length during Phase 3, 
therefore analysis of subsequent phases is not necessary.). 
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The β-factors for each phase of crack growth will be determined somewhat differently, due to the 
increasing complexity of each phase.  Emphasis is placed on the numerical methods used for 
Phases 2 and 3. 

Figure MERC-1.2.  Different Phases of Crack Growth in the Longeron are Shown
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startin
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Through 
crack 
propagating

Section A-

 
 
Phase 1 - Corner Crack at Fastener Hole 
 
This represents a corner crack emanating from a loaded fastener hole that is offset from the 
center of the longeron leg.  AFGROW provides pre-programmed solutions of β-factors for this 
case.  Therefore, relatively little user expertise is required to obtain β-factors here, at least when 
compared to subsequent phases.  Figure MERC-1.3 shows the AFGROW input form for defining 
part geometry, including the crack, from which AFGROW automatically computes β-factors. 
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Figure MERC-1.3.  AFGROW input form for defining part geometry, including the crack, from 

which AFGROW automatically computes β-factors. 
 
 
Phase 2 - Through Crack Growing from Fastener Hole 
 
Part geometry and loading conditions introduce complexities into the second phase of crack 
growth that are not fully incorporated into existing β-factor solutions.  Therefore, numerical 
methods, i.e., finite elements, are used to estimate the β-factors.  Figure MERC-1.4 shows a 2-D 
FE model of the longeron's horizontal leg developed in FRANC2D/L.  FRANC2D/L is chosen 
because of its ability to automatically remesh while "growing" the crack.  The boundary 
conditions, tractions and fastener forces, are determined from the NASTRAN FE model shown 
in Figure MERC-1.1.  The crack path is also shown in Figure MERC-1.4.  Note that it passes 
nearby a fastener whose presence introduces additional stress concentrations that further 
complicate the problem.   
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Figure MERC-1.4. FRANC2D/L model 
showing principal stresses in  
horizontal leg of angle 
longeron   

FRANC2D/L computes K values versus crack length as it automatically propagates the crack 
and remeshes.  β-factors are determined by defining a reference stress, which is usually a remote 
tensile value, and solving for β in Eq. (1). 

aK ref πβσ=  (1) 

where K is the stress intensity factor, a is crack length, and σref is the reference stress, in this case 
6,800 psi.  Both K and β values are shown in the graph below. 
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Figure MERC-1.5.  β-factors and stress intensity values for Phase 2 of crack growth in 
the longeron.  Values determined by FRANC2D/L 
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Phase 3 - Corner Crack Growing from Opposite Side of Fastener Hole 
 
In Phase 3, a corner crack is assumed to grow from the opposite side of the fastener hole after the 
through crack reaches a free edge in Phase 2.  But unlike Phase 1, AFGROW does not provide β-
factor solutions for this situation.  It is necessary to compute them numerically as in Phase 2.  
The process is substantially more involved because the problem is 3-D, however, it does begin 
just as the Phase 2 case.  The NASTRAN and FRANC2D/L models are developed just as before, 
but the Phase 2 crack is present.  The FRANC2D/L model is shown in Figure MERC-1.6 below. 
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Figure MERC-1.6.  FRANC2D/L 
model showing principal 
stresses in horizontal leg of  
longeron with crack 
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The FRANC2D/L model results in Figure MERC-1.6 are used as boundary conditions for 
another, still more refined, numerical model.  It is a 3-D boundary element model, developed in 
FRANC3D, of a corner crack at the fastener hole.  This is shown in Figure MERC-1.7 below.  
FRANC3D reports K values along the corner crack front, and these are used to calculate β-
factors using Eq. (1) just as in Phase 2.   
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Note that a hole in the lower left 
corner of the FRANC3D model is 
intentionally neglected. 

FRANC2D/L Finite 
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Figure MERC-1.7.  FRANC3D model and principal stresses for Phase 3 corner crack 

 at fastener hole.  FRANC2D/L stresses serve as boundary conditions  
for the FRANC3D model 
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Several FRANC3D analyses are, in fact, necessary for each critical area in order to cover the 
possible combinations of thickness and surface lengths of the corner crack.  As an example, 
Figure MERC-1.8 illustrates nine (3x3) corner cracks of various lengths that are analyzed in 
order to provide sufficient β-factor information for corner crack growth studies. 

Surface Crack 
Lengths 

Through-Thickness 
Crack Lengths 

Figure MERC-1.8.  Various Corner Crack Geometries that are Analyzed with 
FRANC3D  

 
Tables MERC-1.1 and MERC-1.2 give β-factors for various corner crack geometries.  Two 
tables are required to determine crack growth through the part thickness and along the part 
surface.  Table MERC-1.1 gives β-factors that apply to crack growth through the part's thickness.  
Table MERC-1.2 corresponds to crack growth along the part's surface.  AFGROW uses this 
information to independently predict growth rates along the two directions.  Though 
independent, it is generally true that the growth rates produce a corner crack whose thickness 
length is approximately 50% greater than its surface length. 
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Table MERC-1.1.  Beta Factors – Thickness Direction 

Thickness Crack Length (in)  

0.05" 0.264" 0.488" 

0.05" 9.739 4.715 3.219 

0.200" 11.26 8.172 7.940 

Su
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ra

ck
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gt
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(in

) 

0.400" 11.30 11.48 14.62 

 

Table MERC-1.2.  Beta Factors – Surface Direction 

Thickness Crack Length (in)  

0.05" 0.264" 0.488" 

0.05" 7.590 12.88 14.03 

0.200" 1.381 6.824 11.25 

Su
rf

ac
e 

C
ra

ck
 

L
en

gt
hs

 
(in

) 

0.400" 1.211 3.813 10.57 
 
Predicting Crack Growth 
 
AFGROW is used to predict crack growth in the longeron using the β-factors presented here.  
The crack is assumed to start as a 0.05" radius corner crack at the fastener hole and grow 
according to the discussion above.  Only surface crack length is plotted.  Details of the stress 
spectra and material da/dN data are not presented.  Note that Willenborg retardation is applied. 
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Figure MERC-1.9.  Predicted crack growth versus flight hours for 
a crack growing across the horizontal leg of the longeron.  

Willenborg retardation is applied to the simulation 
 

MERC-1.11 



PROBLEM NO. MERC-2 
Title: Damage Tolerance Analysis of Critical Area on Windshield Doubler 

Objective: 
To illustrate the process of estimating crack growth behavior, which is necessary for setting 
inspection intervals. 

General Description: 

This problem focuses on a damage tolerance analysis of the windshield doubler at the intersection 
of the upper windowsill and post of an airplane.  The analysis goal is to estimate the crack growth 
behavior of the windshield doubler.  A finite element model is developed, with extensive 
refinement in the window area, to determine stresses in the part.  A stress spectrum and β-factors 
are used with AFGROW to predict crack length versus flight hours. 

Topics Covered: Damage tolerance analysis, finite element analysis, crack growth analysis 

Type of Structure:  windows, windshield doubler 
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Critical Area 
This problem focuses on a critical area of the windshield doubler at the intersection of the upper 
window sill and window post #3.  The doubler is shown in Figure MERC-2.1, with the expected 
crack path marked.  It is fabricated from 0.091" thick 7075-T6 aluminum and is 1.5" wide at the 
crack location.  The windows are fastened to the doubler in such a way that they "float", which 
means that the windows transfer only bearing loads to it.  The fasteners do not exert tangential 
loads on the windshield doubler. 

 

 

Figure MERC-2.1.  Sketch of the Forward Fuselage and Windshield Doubler 

 

Structural Finite Element Model 
Geometry and Finite Element Mesh 

A NASTRAN finite element model (FEM) of the forward fuselage was developed and is shown 
in Figure MERC-2.2.  It is made up primarily of shell and beam elements.  In general, joints are 
modeled by shared-nodes; fasteners are not explicitly modeled.  However, fasteners that attach 
the windshield doubler to airframe structure and skin are explicitly modeled with beam elements.  
Rigid elements are used occasionally, such as to simulate floating windows that transfer only 
bearing loads to the windshield doubler.   
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Figure MERC-2.2.  Structural Finite Element Model of Forward Fuselage of 

the Aircraft With Mesh Refinement In Front Window Area 

 

Loading Conditions and Stresses 

Internal pressurization effects are the dominant cause of stresses in the window area.  Loads due 
to maneuvers, landings, wind gusts, etc. are negligible in comparison.  Internal pressurization 
actually refers to the case where the cabin is maintained at sea level pressure while flying at 
altitudes where atmospheric pressure is substantially less.  The pressure differential is applied to 
the model as an internal pressure.  Note that a release valve(s) in the plane prevents the pressure 
differential from exceeding 7.5 psi. 
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Figure MERC-2.3.  Internal pressure versus altitude.  A release valve prevents 
the pressure from exceeding 7.5 psi. 

 

Mission profile data are combined with the pressurization information in Figure MERC-2.3 to 
give the frequency and amplitude of internal pressurization cycles that the plane will experience.  
Mission profile data consist of flight altitude data versus time.  Figure MERC-2.4 shows a 
typical segment consisting of missions at several altitudes ranging from 1,000 ft to 25,000 ft.  
Combining the information in Figures MERC-2.3 and MERC-2.4 gives the internal 
pressurization cycles shown in Figure MERC-2.5. 
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Figure MERC-2.4.  Typical missions showing altitude versus time.  Time 

spent at each altitude is not shown. 
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Figure MERC-2.5.  Internal pressurization versus time for missions shown in 

Figure MERC-2.4. 
 

 

Stresses in the forward fuselage and doubler for 1 psi pressurization are shown in Figure MERC-
2.6 below.  Stresses in the doubler are assumed to scale linearly with the imposed pressure.  For 
example, the stress at any point in the doubler under 7.5 psi internal pressurization will be 7.5 
times greater than its value in Figure MERC-2.6. 
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Figure MERC-2.6.  Maximum principal stress in forward fuselage and 
window doubler due to 1 si pressurization of the fuselage.  Typical crack 

location is shown. 

 

Figure MERC-2.7 shows cycles of average tensile stress in the lower leg of the doubler.  The 
values are the result of multiplying the pressure cycle data in Figure MERC-2.5 by the average 
tensile stress in the lower leg of the doubler predicted by the finite element analysis for 1 psi 
pressurization. 
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Figure MERC-2.7.  Cycles of average tensile stress in lower leg of doubler.  
Stress cycles in the doubler are directly proportional to the pressurization cycles

 in Figure MERC-2.5. 
 

 
 
Crack Growth Prediction 
 
Critical Crack Length 
 
Failure is defined as the time when the crack reaches a length, acrit, such that further growth 
would be unstable under maximum loading conditions.  This occurs when the stress intensity 
factor of the crack reaches its critical value, Kc.  This value is 71 ksi√in for 0.091" thick Al 7075-
T6.  The tensile stress in the doubler at maximum loading conditions is σlimit= 22.4 ksi.  The 
critical crack length is determined by solving 

critlimitc aK πβσ=  (1) 

for acrit.  This must be solved iteratively because β is a function of crack length, a.  Solving the 
equation gives acrit=0.7".  Note that β-factors for this analysis were taken from the AFGROW 
library.  
 
Predicting the Crack Growth 
 
AFGROW was used to predict crack growth in the doubler due to the fuselage pressurization 
cycles.  The crack is assumed to start as a 0.05" radius corner crack at a fastener hole, grow to a 
through crack, and then grow across the doubler until failure.  Stress cycles (see Figure MERC-
2.7), β-factors from AFGROW, and material da/dN data are combined to give the crack growth 
prediction in Figure MERC-2.8 below.  Note that Willenborg retardation is applied. 
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Figure MERC-2.8.  Predicted crack growth versus flight hours for a crack 
growing across the lower leg of the doubler.  Willenborg retardation is applied 

to the simulation. 
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Introduction 
 

Damage tolerance analyses (DTA) of structures are often challenging and time consuming 
endeavors because of the types of data required and the sophistication of the techniques 
necessary to obtain it.  Examples of required data include stress states in parts so complex 
that finite element (FE) analyses are necessary to obtain them.  The fatigue crack growth 
behavior of materials may require lengthy experimental characterization. 

The high demands of time and expertise can easily exceed the resources available.  In such 
cases, it becomes necessary to prioritize the efforts devoted to obtaining various pieces of 
information according to each one’s level of importance to the final analysis.  Critical 
factors should receive large resources to enable their accurate determination.  On the other 
hand, quick approximations may prove satisfactory for factors of secondary importance.  
But the question arises, “Which factors are critical, and which are secondary?”  This 
example problem aims to address that question. 

 

Mathematical Background:  Sensitivity Analysis 
Before one can determine what factors are and are not important in a DTA, one must 
choose a method of quantifying the qualitative term, important.  Here, we have chosen to 
use a sensitivity analysis approach.  It relates the percentage change in a system’s input to 
the resulting percentage change in the system’s output, the ratio of the two being the 
sensitivity parameter.  As an example, consider the following equation 

nAxy =  (1) 

where x is the input, y is the output, and A and n are constants.  The sensitivity of y with 
respect to x is therefore the ratio of the percentage change in y resulting from a given 
percentage change in x.  The percentage change in the output y would be expressed as 








 ∆
y
y%100  (2) 

and likewise for the input variable x.  Defining the sensitivity parameter, Sy/x, as the ratio of 
the percentage changes gives 

)x/x( %100
)y/y( %100S x/y ∆

∆
≡  (3) 

and taking the limit as  gives the analytical definition of Sy/x. 0x →∆

 
y
x

dx
dyS x/y ⋅≡  (4) 

Applying Eq. (4) to Eq. (1) gives the result 
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 nS x/y =  (5) 

which states that the percentage change in y is simply n times the percentage change in x 
regardless of the values of A and x.  So if n=3 and x is increased by 10%, then y would 
increase 30%.  This is a very useful result because of its simplicity.  It will be used 
extensively in the following applications of damage tolerance analysis.  Of course many 
equations exist that are not in the form of Eq. (1).  In these cases, Eq. (4) must be applied 
on an individual basis. 

 

Applications to Damage Tolerance Analysis 
Stress Intensity Factor 
One of the most fundamental steps of any DTA is calculation of the stress intensity factor, 
K, using Eq. (6) 

aK πβσ=  (6) 

where β is the geometry factor, σ is stress, and a is crack length.  The sensitivity of K to the 
various parameters is then 

1S /K =β  1S /K =σ  2
1a/KS =  (7) 

indicating that accurate values of β and σ are equally important to the calculation of K, and 
that the sensitivity to crack length is less. 

Crack Growth Rates 

The situation becomes more interesting when crack growth rates are analyzed.  A Paris 
Law dependence on ∆K will be assumed as follows 

2
n

)a()( C)K( C
dN
da nn πσ∆β=∆=  (8) 

where N is the number of cycles, and C and n are Paris Law constants.  Note that C and n 
are material properties with associated measurement uncertainties.  Since the sensitivity of 
crack growth rate to the β-factor and stress is equal to n in both cases, it is worth reviewing 
typical values.  Figure MERC-3.1 shows crack growth data for Al 7075-T6.  The Paris Law 
forms a straight line on the logarithmic graph with n equal to the slope and C equal to 
da/dN at ∆K=1.  It is seen that in this case, n=3.6.  (3 ≤ n ≤ for most materials)  This value 
has critical implications on the accuracy of crack growth predictions.  It means that a 10% 
error in the estimate of the β-factor results in a 36% error in the prediction of da/dN.  The 
same sensitivity applies to the stress as well.  It is this high sensitivity of da/dN to ∆K, 
reflected in the value of n, which presents a major challenge to the accurate prediction of 
crack growth rates.   
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What of the sensitivities to the Paris Law constants?  The sensitivity to C is unity since that 
is its exponent in Eq. (8).  It is necessary to apply Eq. (4) to Eq. (8) to determine the 
sensitivity to the exponent, n.  Doing so gives  

)Kln( nS ndN
da ∆=  (9) 

Since ln(∆K) is usually greater than one in engineering analyses, it is clear that the 
sensitivity of predicted crack growth rates to the accurate determination of the slope of the 
da/dN–∆K data in Figure MERC-3.1 is even greater than to β-factors and stresses.  In 
summary, the results are as follows 

nS  dN
da =β  nS

dN
da =σ  2

n
adN

daS =

1S CdN
da =   )Kln( nS ndN

da ∆=  
(10) 

n)K(C
dN
da

∆=

C = 2.5*10-9

n = 3.6 

Figure MERC-3.1. da/dN – DK data for 7075-T6 Al and Paris Law 
curve fit. 
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Service Life – Cycles to Failure 

The quantity of primary interest in a DTA is the service life of a component, measured in 
cycles to failure, NLife.  An analytical expression for NLife can be obtained if one neglects 
crack retardation and assumes that the β-factor and stress range are both constant 
throughout a component’s life.  Integrating Eq. (8) and solving for NLife gives 

( )2
nn

1
o

1
f

Life
-1  ) ( C

aa
N

2
n

2
n

πσ∆β

−
=

−−

 (11) 

where ao is initial crack length, and af is final crack length at which point failure takes 
place.  From Eq. (11), it is seen that the sensitivity of NLife to certain parameters is simply 
negative of the crack growth rate’s sensitivity to them. 

1S CNLife
−=  nS

LifeN −=β nS
LifeN −=σ (12) 

So a 10% increase in the β-factor or stress would produce a 36% decrease in service life 
assuming n=3.6.  Eq. (4) must be applied to Eq. (11) to determine the sensitivity of NLife to 
initial and final crack lengths.  Doing so gives 
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and 

2
nfLife 1
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−
=  

(14) 

 

Eqs.(13) and (14) are plotted versus ao/af in Figure MERC-3.2 for three values of n.  The 
sensitivity to initial crack length depends on both n and af, but is approximately –1 for 
common values of these factors.  So a 10% increase in initial crack length results in a 10% 
reduction in predicted fatigue life.  On the other hand, predicted life is relatively insensitive 
to final crack length, showing only ~10% sensitivity.  So a 10% increase in af produces 
only ~1% increase in predicted life.  Since af is usually chosen to equal the critical crack 
length, acrit, this demonstrates that variations in acrit have a small impact on NLife estimates. 
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Figure MERC-3.2. Sensitivity of NLife to initial and final crack 
lengths for three values of the Paris exponent, n.  Paris law
material behavior and constant β-factor and stress range are 
assumed. 
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Variable β-Factors – Numerical Example 

The final example demonstrates that fatigue life sensitivity to a β-factor can depend on its 
relative value, with lower values being more critical than larger values.  This analysis will 
be performed numerically rather than analytically because of the complexities of 
integrating non-constant β-factors.  The horizontal leg of an aircraft longeron will be 
chosen for this example.  A finite element model of it is shown in Figure MERC-3.3.  
The part is subjected to tension, bending, and fastener forces.  The crack begins at the 
fastener hole and proceeds to the part edge as shown in the Figure.  The β-factor is 
plotted in Figure MERC-3.4.   
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Figure MERC-3.3. Finite element model of horizontal leg of longeron.  
Crack originates at fastener hole and follows path shown.  
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Figure MERC-3.4. β-factor versus crack length for crack starting at 
fastener hole in Figure MERC-3.3 and proceeding across part.  

Figure MERC-3.4 shows that the β-factor is approximately three at short crack lengths 
because of the stress concentration at the fastener hole.  The β-factor then decreases to 
approximately one with increasing crack length and then increases again as the crack 
approaches the free surface.  The predicted life using the β-factor in Figure MERC-3.4 
will be compared to two others having the following modifications. 

Case 1. Large values of the β-factor increased.  β values ≥3 were increased by 10%, β 
values ≤1 were not changed, intermediate values were scaled proportionately, 
i.e., β values = 2 were increased by 5%. 

MERC-3.7 



Case 2. Small values of the β-factor increased.  β values ≤1 were increased by 10%, β 
values ≥3 were not changed, intermediate values were scaled proportionately, 
i.e., β values = 2 were increased by 5%. 

AFGROW was used to predict the fatigue life of the part using the three different β-
factor cases.  Other inputs include: (1) ∆σ=10ksi with R=0, (2) a0=0.05 in. and af=1.25 
in., (3) material da/dN–∆K data taken from Figure MERC-3.1.  Results are shown in 
Figure MERC-3.5. 

0 

0.5 

1.5 

10,00 20,00 30,00 40,00 50,00
Cycle

C
ra

ck
 L

en
gt

h 

0

1.0 

Reference 
Case 

Small β-values 
increased by 10%

Large β-values 
increased by 10% 

47
,4

0
45

,5
0

35
,8

0

Cycle

Figure MERC-3.5. Effects of β-factor variations on predicted
fatigue life.  Fatigue life is more sensitive to variations in
small β-values than larger ones. 

 
The 10% increase in small β-values produced a 25% decrease in predicted fatigue life, 
yielding a sensitivity of -2.5.  The sensitivity to the increase in large β-values is -0.4.  
This demonstrates that fatigue life can be more sensitive to variations in small β-values 
than larger ones.  It can therefore be more important to accurately determine small β-
factor values than larger ones.  This is a potentially counter-intuitive result since most 
analyses focus on large parameter values rather than small ones.  This situation exists 
because cracks spend the majority of their life growing slowly at lengths with 
corresponding small β-factors. 

Summary 
A sensitivity analysis of factors affecting fatigue life predictions has been presented.  It 
was demonstrated that certain factors have a large impact on predicted life, while others 
do not.  Important factors include stress and β-factors.  In most cases, a 10% increase in 
either one leads to ~35% decrease in predicted life.  This high sensitivity is directly 
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related the high sensitivity of da/dN to ∆K, which is a material property.  On the other 
hand, factors having a relatively small impact on predicted life are critical crack length 
and large β-values that occur when a crack approaches a free surface. 
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Introduction 
This example problem investigates the effects of two popular retardation models, 
Willenborg and Wheeler, on fatigue crack growth predictions.  The part in question is a 
windshield doubler at the intersection of the upper windowsill and post of an airplane.  The 
predicted crack growth rates are also compared to a reference case in which no retardation 
is applied.  The retardation models will be briefly reviewed, followed by an example 
application to the windshield doubler.  Stresses are obtained from a finite element model 
(FEM) of the forward fuselage and AFGROW is used to make the crack growth 
predictions. 

 

Retardation Models 
Retardation models address the case of reduced fatigue crack growth rates observed under 
variable amplitude loading conditions.  They are important because fatigue crack growth 
measurements performed under variable amplitude loading can differ substantially from 
those under constant amplitude loading.  During variable amplitude loading, a large loading 
cycle creates a large plastic zone that completely envelops the crack tip and surrounding 
region during subsequent smaller amplitude cycles.  Retardation results from compressive 
residual stresses acting on the crack tip.  It has been observed experimentally that crack 
growth is retarded as long as the plastic zone from the prior overload exceeds the plastic 
zone of current loading cycles.  This is illustrated in Figure MERC-4.1. 
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Figure MERC-4.1.  Plastic zone size parameters used in crack growth 
retardation models. 

 

 

The plastic zone size is given in Eq. (1) 
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where α=2  for plane stress and  α=6 for plane strain, K is the stress intensity factor, and  
σy  is the yield stress. 

 

Willenborg Retardation Model 

The Willenborg retardation model is based on the assumption that crack growth 
retardation is caused by compressive residual stresses acting on the crack tip.  They are 
represented by a single stress value, σcmp  , which is subtracted from both σmax   and σmin   
to give corresponding effective values,  and eff

maxσ eff
minσ .   

compmax
eff
max σ−σ=σ  (2a) 

compmin
eff
min σ−σ=σ  (2b) 

Either effective value is set equal to zero if it is negative.  The compressive stress is defined 
as the difference between σmax  and the stress required to create a plastic zone extending to 
the edge of a plastic zone due to a prior overload.  Equation (1) is used to calculate plastic 
zone size.   

The effective stresses are used to calculate an effective stress intensity factor range  

( ) aK eff
min

eff
max

eff πσ−σβ=∆  (3) 

and an effective stress ratio 

eff
max

eff
mineffR

σ

σ
=  (4) 

that are then used in the crack growth calculations.   

 

Wheeler Retardation Model 

The Wheeler model assumes that the retardation in the crack growth rate following an 
overload can be obtained by scaling the constant stress amplitude growth rate according 
to plastic zone size.  The scaling parameter, Cp is defined as 

p

p

y
p aa

r
C 











−
=  (5) 
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where p is an empirically determined constant and all other variables are defined in 
Figure MERC-4.1.   

 

Fatigue Crack Growth Analysis 
 

Critical Area 

The retardation models will be applied to a fatigue crack growth analysis of the 
windshield doubler at the intersection of the upper windowsill and window post.  The 
doubler is shown in the finite element models in Figures MERC-4.2 and MERC-4.3.  It is 
fabricated from 0.091" thick 7075-T6 aluminum and is 1.5" wide at the crack location.   

 

Finite Element Mesh 

A NASTRAN finite element model (FEM) of the forward fuselage was developed and is 
shown in Figures MERC-4.2 and MERC-4.3.  It is made up primarily of shell and beam 
elements.  In general, joints are modeled by shared-nodes; fasteners are not explicitly 
modeled.  However, fasteners that attach the windshield doubler to airframe structure and 
skin are explicitly modeled with beam elements 

Crack 
Location 

Figure MERC-4.2. Structural finite element model of forward fuselage of the 
aircraft with mesh refinement in front window area. 
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Figure MERC-4.3. Detail of structural finite element model showing mesh
refinement in lower windowsill, post, and doubler.  Windows are not
shown.  Crack occurs in doubler.  View from inside of aircraft. 
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Stress Spectra 

Internal pressurization effects are the dominant cause of stresses in the window area.  
Loads due to maneuvers, landings, wind gusts, etc. are negligible in comparison.  Internal 
pressurization actually refers to the case where the cabin is maintained at sea level 
pressure while flying at altitudes where atmospheric pressure is substantially less.   

Figure MERC-4.4 shows cycles of average tensile stress in the lower leg of the doubler.  
High stress cycles correspond to flights at high altitudes where large pressure differentials 
exist between the interior of the plane and the external atmosphere.  Low amplitude stress 
cycles correspond to low altitude flights.   

Figure MERC-4.4.  Cycles of average tensile stress in lower leg of doubler. 
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Crack Growth Predictions and Retardation 

The stress cycles in Figure MERC-4.4 are clearly not constant in amplitude.  Therefore, 
crack growth retardation mechanisms are expected to be important and significantly 
affect the crack growth rates.   

AFGROW was used to predict the crack growth in the doubler due to fuselage 
pressurization cycles.  The crack is assumed to start as a 0.05" radius corner crack at a 
fastener hole, grow to a through crack, and then grow across the doubler until failure 
occurs.  Stress cycles, β-factors from AFGROW and FRANC2D/3D, and material da/dN 
data are combined to give the crack growth predictions in Figure MERC-4.5 below. 

Three predictions are shown on the graph.  They correspond to the cases of (1) no 
retardation, (2) Willenborg retardation model, and (3) Wheeler retardation model with 
p=1.0.  The Willenborg retardation model increases the predicted life by approximately 
8% over the reference no-retardation case.  The Wheeler retardation model yields an 
additional 8% predicted increase in fatigue life of the doubler.  The retardation models do 
not appear to drastically alter the fundamental nature of the crack growth predictions.  All 
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indicate that crack growth accelerates dramatically once the crack reaches approximately 
0.3 inches in length. 

 

Figure MERC-4.5. Predicted crack growth versus flight hours for a crack
growing across a lower portion of the windshield doubler.  Effects
of the Willenborg and Wheeler retardation models are compared to
the reference case with no retardation. 
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Summary 
This example problem focused on a damage tolerance analysis of the windshield doubler at 
the intersection of the lower windowsill and post of an airplane.  The crack growth 
behavior of the doubler was predicted using two popular crack growth retardation models, 
Willenborg and Wheeler.  The predicted crack growth rates were compared to a reference 
case in which no retardation is applied.  Stresses were obtained from a finite element model 
and AFGROW was used to make the crack growth predictions. 
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Overview of Problem Description 
This problem focuses on one of the critical areas in transport aircraft, lap joints, which 
can be of various designs usually consisting of two or more layers of material with two or 
three rows of rivets, Figure NRC-1.1.  These joints are known to be susceptible to crevice 
corrosion, which is a form of attack that occurs when a corrosive liquid gains access to 
crevices in, or between components.  Studies have shown that the corrosion products 
which form in lap joints fabricated from clad 2024-T3 aluminum material have a 
molecular volume of approximately 6.5 times greater than the aluminum alloy from 
which it originated (Bellinger et al., 1994).  This increase in volume causes the skins 
between the rivets to bulge, an effect referred to as pillowing, Figure NRC-1.2, and is 
often used by inspectors to identify areas in lap joints affected by corrosion. 

 

Figure NRC-1.1.  Typical Fuselage Lap Joint 
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a) Rivet spacing ratio of 1.0

b) Rivet spacing of 1.50
c) Rivet spacing ratio of 2.0

 
Figure NRC-1.2.  Effect Of Rivet Spacing on Pillowing in Lap Joints 

 

Damage Characterization of Faying Surface 
Damage characterization studies that were carried out on naturally corroded lap joints 
have shown the presence of corrosion pits, exfoliation, intergranular corrosion and 
environmentally assisted cracking, which occurred in the presence of a sustained stress 
caused by corrosion pillowing, Figure NRC-1.3 (Bellinger et al., 1999).  It should be 
noted that very few “large” pits were found in the lap joints that were studied although 
some areas had an average thickness loss of 20% or higher.  Those large pits that were 
found occurred in an area that contained very little corrosion damage other than the pit.  
The presence of intergranular corrosion and exfoliation may explain why there were very 
few large pits given the high thickness loss.  As the intergranular corrosion or exfoliation 
progressed causing pits to link-up to other edges, the material between the pits could be 
removed by way of flaking or dissolution decreasing the existing pit depths.  This, in turn 
would cause the remaining damage to appear less severe although the average thickness 
loss would be higher. 
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

 
Figure NRC-1.3.  Examples of damage present in corroded lap joints; (a), (b) pitting, 

(c) exfoliation along faying surface, (d) intergranular corrosion and 
(e), (f) environmentally assisted cracking that occurred near the rivet holes 

 

Determination of ECD Values 
ECD values can be determined either by examining failed corroded lap joints or by 
conducting tests on coupons fabricated from corroded lap joints taken from in-service or 
retired aircraft.  Ideally, the tests should be carried out using stress levels similar to that 
experienced by lap joints in service.  Prefabricated lap joints artificially corroded in a salt 
fog chamber may also be used if the resulting ECD values are similar to those determined 
from naturally corroded joints (that is the damage produced by the artificial process is 
similar to those produced by the natural process).  This example addresses this issue 
(Bellinger et al., TBP; Bellinger et al., 1999a). 

Artificial Process 

Since ECD values are material dependent, any lap joint configuration can be used in the 
artificial process.  However, it should be emphasized that only lap joints should be used 
and not just single sheets of material since crevice corrosion results in a more severe 
attack than just pitting corrosion.  The fabricated joints were placed in a salt fog chamber 
and subjected to a modified copper assisted salt spray (CASS) process.  The joints were 
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periodically removed and inspected using the enhanced optical inspection technique, D 
SightTM and multi-frequency eddy current techniques to estimate the average thickness 
loss (Komorowski et al., 1991; Forsyth et al., 2000).  Once the desired thickness loss was 
achieved, the joints were removed from the chamber, disassembled and the corrosion 
products removed using a chemical/ultrasonic process.  Studies have shown that the 
damage produced by the artificial process was similar to that produced by the natural one 
(Eastaugh et al., 1999). 

Test Coupon Design and Fabrication 

One of the main problems in generating ECD values is the design of the test coupon since 
the majority of the lap joints consist of 2024-T3 clad aluminum material, 1.27 mm (0.05 
inch) thick.  The ASTM E466-96 standard was used to design a coupon since it did not 
place any restriction on the specimen dimensions.  The coupons were machined such that 
the loading axis was perpendicular to the material rolling direction as shown in Figure 
NRC-1.4.  

Rolling

Direction

 

Figure NRC-1.4.  Schematic Showing Test Coupon Configuration And Photograph 
Showing Orientation In Lap Joint Used For This Problem. 

 
Using thickness maps developed from radiographs of the coupons, the thickness in the 
gauge length of each coupon was determined.  Based on these results, ten coupons from 
the naturally corroded skins and twenty from the artificially corroded ones were 
machined such that the average thickness loss in the gauge length was approximately 2%.  
Coupons were also machined from both the naturally and artificially corroded skins so 
that the average thickness loss within the gauge length was 5%.  Figure NRC-1.5 shows 
the x-ray thickness maps for the coupons fabricated from the naturally corroded lap 
joints. 

 

NRC-1.5 



 

Figure NRC-1.5.  X-Ray Thickness Maps Of Naturally Corroded Coupons 
 
Experimental Procedures 

All tests were carried out under load control in a servo-hydraulic load frame with 
hydraulic grips.  Given the effect that humidity has on the fatigue life of aluminum 
alloys, the relative humidity was recorded throughout the duration of the test.  Each 
coupon was subjected to cyclic loading until failure with a load ratio of 0.02 and a test 
frequency of 10 Hz.  The maximum load was adjusted for each coupon to maintain a 
maximum stress level of 207 MPa (30 ksi) in the gauge length area. This stress was the 
approximate value that the lap joints experience in the vicinity of the critical rivet hole 
where multi-site damage occurs.  To prevent premature failure at the corners, the edges of 
each coupon in the gauge length were ‘broken’ using a machinist sanding stone. 

Experimental Results 

The average number of cycles to failure and the standard deviation for each set of results 
is shown in Table NRC-1.1.  The combined average number of cycles to failure for the 
5% corroded test coupons is shown in this table along with the average value for the 
artificially and naturally corroded 5% results.  The total number of coupons tested for 
each condition is also given. 

To determine the ECD values for the different test condition, the majority of the fracture 
surfaces for the 2% artificial and natural coupons were examined with the aid of a 
scanning electron microscope (SEM) while values for the 5% coupons were determined 
by back-calculations.  All the nucleation sites found using the SEM were semi-elliptical 
in shape and the majority of the sites were located along the corroded surface (faying 
surface of the joint).  It should be pointed out that the coupons did not always fail at the 
thinnest area of the gauge length or at the maximum pit depth as shown in Figure NRC-
1.5 by the black lines, which indicated where the coupons failed.  For those coupons that 
did not have a single nucleation site, different scenarios were used to obtain the ECD 
value.  The average semi-elliptical ECD values that were measured with the aid of a 
scanning electron microscope for the 2% artificial and natural coupons and the calculated 
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average semi-circular ECD value for the 5% combined coupons are shown in Table 
NRC-1.2. 

Table NRC-1.1.  Experimental Results Showing Average Number of Cycles To Failure 
Percent Thickness Loss 

[number of coupons] 
Average Number of 

Cycles to Failure 
Standard 
Deviation 

Artificial   2%               [20] 237,679 25,734 

Natural   2%                   [8] 231,086 30,729 

Combine 5%                 [13] 212,248 21,998 

Natural                [4] 212,454 18,578 

Artificial           [9] 212,156 24,241 

 

Table NRC-1.2.  Experimental and Calculated ECD Values 
Experiment ECD Values 

(mm) Coupon 
2c a 

Equivalent Radius 
(mm) 

2% Artificial 0.1024 0.00610 0.05512 

2% Natural 0.1215 0.05801  

5% Combine   0.06736 
 

The resulting ECD numbers can then be used to predict the residual life of corroded lap 
joints, which is demonstrated in a separate example. 
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Overview of Problem Description 
This problem focuses on the impact that corrosion has on the residual strength of 
transport fuselage lap joints, Figure NRC-2.1, as well as the techniques that can be used 
to determine this impact.  This example will concentrate on using the Equivalent Initial 
Flaw Size (EIFS) approach to predict the fatigue lives of pre-corroded lap joint 
specimens that were subjected to constant amplitude loading.  To differentiate the use of 
the EIFS approach in a corrosion fatigue situation, the phrase ‘Equivalent Corrosion 
Damage’ (ECD) is used.  A new procedure, known as the holistic life assessment 
approach, currently being developed for implementation by the United States Air Force, 
will also be discussed. 

The corrosion products contained in aircraft lap joints fabricated from 2024-T3 clad 
aluminum were analyzed and found to contain a mix of oxides, primarily aluminum oxide 
trihydrate.  This type of oxide had a molecular volume ratio to the alloy from which it 
originated of 6.45 (Bellinger et al., 1994).  It was this high molecular volume ratio that is 
responsible for the deformation of the riveted skins in a joint resulting in the appearance 
commonly referred to as “corrosion pillowing”, Figure NRC-2.2. 

 

Figure NRC-2.1.  Lap joint consisting of two skins and a stringer.  All dimensions are in 
inches (1 inch=25.4 mm) 
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Figure NRC-2.2.  D SightTM Image Showing Pillowing Caused By Corrosion Product 
Accumulation 

 

Analytical Predictions Using Experimental ECD Values 
Experiments have been carried out at NRC Canada on lap joint specimens, Figure NRC-
2.3, to determine the effect that corrosion has on the fatigue life.  Three levels of 
corrosion were studied: 0%, 2% and 5% average material loss.  The results from these 
tests, which will be used to verify the capability of the ECD concept to predict the effect 
that corrosion has on the residual life of corrosion lap joints are present elsewhere 
(Eastaugh et al., 1998a), (Eastaugh et al., 1998b), (Eastaugh et al., 2000).  The majority 
of the crack nucleation sites for the specimens were located away from the rivet hole 
along the faying surface.  The cracks were semi-elliptical in shape.   

 

Figure NRC-2.3.  Schematic of Lap Joint Specimen 
 

Equivalent Corrosion Damage Values 
The procedures to determine the equivalent corrosion damage from corroded (artificial 
and natural) lap joints are shown in another example problem within this Damage 
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Tolerance Design Handbook.  In this example, coupons were machined from pristine and 
artificially and naturally corroded lap joints and tested to failure.  The corroded lap joints 
contained different levels of material thinning, 2% and 5% thickness loss.  Using 
scanning electron microscopy and back-calculations, ECD values were determined for 
the different corrosion levels.  All the fatigue nucleation sites were semi-elliptical in 
shape. 

As the cracking scenario that was present in the lap joint specimens (i.e. elliptical crack 
located away from the hole edge) is not present in crack growth rate programs, it was 
decided to calculate a semi-circular crack length with an equivalent area to the ECD 
values.  These calculated crack lengths are plotted against the number of cycles to failure 
in Figure NRC-2.4. 
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Figure NRC-2.4.  Equivalent Circular Radius Versus Number of Cycles to Failure for 
Pristine, 2% Artificial and Natural and 5% Combined Coupons 

 
Since the version of AFGROW that was used for this example was not capable of 
predicting a multi-site damage scenario, it was decided to concentrate on predicting the 
number of cycles to the first observed crack as well as the number of cycles to reach a 
specified crack length.  This length was chosen to be small enough as to not be 
influenced by other cracks at the other rivets. 

Finite Element Analysis 

The critical rivet holes in fuselage lap joints are subjected to a complex stress state that is 
a result of different loading conditions.  One load that has a strong influence on the stress 
state is the secondary bending, which is caused by the eccentric loading in the lap joints.  
Another one is the pre-stress that results from the rivet installation, which has a 
significant effect on the crack growth under the rivet head (Liao et al., TBP).  Finally, for 
corroded joints, the out-of-plane displacements, or pillowing, have a very strong 
influence on the stress state along the faying surface of the lap joint. 
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Since the AFGROW program could not determine this complex stress state, stress 
correction curves had to be generated to take into account the different test conditions, 
0%, 2% and 5% thickness loss as well as entered into the program.  To generate such 
curves, three finite element models of the lap joint specimens were generated using the 
commercial finite element package MSC Patran/Nastran (Bellinger et al., 1994; Bellinger 
et al., 1997).  Each model was generated consisting of two 1.02 mm (0.04 inch) skins 
joined together with three 100o countersink rivets as shown in Figure NRC-2.5. 

 

 

Figure NRC-2.5.  Finite Element Mesh of MSD Specimen 
 
All finite element models were generated with first-order brick elements to model the 
skins and rivets while nonlinear gap elements were used to model the skin/rivet interface.  
Symmetrical boundary conditions were applied along the edges of the joint and clamped 
boundary conditions were applied along one or both short edges, depending on the load 
case being modeled. 

 

In the first model, the prestress caused by the rivet clamping force was simulated by 
applying a pressure to each rivet head.  All the nodes were merged in this particular 
model to prevent the surfaces from overlapping.  In the second model, a fixed 
displacement was applied along a skin edge to simulate the hoop stress while the 
opposing edge was fixed in all directions.  The skins directly under the rivet heads were 
assumed to transfer some of the load, which was simulated by merging the nodes in these 
areas. 

 

To simplify the third model (corrosion), it was assumed that the material loss due to 
corrosion was constant throughout the entire joint (Bellinger et al., 1994).  An initial 
finite element run was carried out in which a pressure of 6.89 kPa (1 psi) was applied to 
the faying surfaces.  The volume under the resulting deformed shape, Vfem, was 
determined using methods available in the Patran software.  The actual volume required,  
Vreq, to accommodate the corrosion products given a specific material loss was then 
calculated using: 

( )[ ]12/ −= mrloreq
VabtV  (1) 

where, Vmr is the molecular volume ratio, 6.454 for 2024-T3 clad aluminum, and a and b 
are the rivet spacing. On the basis of the results from the chemical analysis, the corrosion 
products were considered to be incompressible (i.e. Young’s modulus of the products was 
significantly higher than that of aluminum).  Therefore, a linear relationship was assumed 
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to be present, and thus the pressure-to-volume ratios for the 6.89 kPa and the actual 
models were set equal: 

( ) ( )femfemreqreq VPVP // =  (2) 

From this equation, the pressure necessary to obtain the required volume was determined, 
which was then reapplied to the faying surfaces in the corrosion model and the corrosion 
finite element analysis was re-run.  D Sight images of fuselage lap joints have shown that 
only a small amount of pillowing occurs at the free edges compared to the area between 
the rivets.  D Sight is an enhanced visual inspection technique that is very sensitive to 
out-of-plane displacements (Komorowski et al., 1996).  To accommodate this smaller 
volume, the pressure was progressively decreased from the rivets to the free edges in the 
finite element model (Bellinger et al., 1997). 
 
To determine the resultant stress that would occur from a combination of the three load 
cases, the elemental stress values were combined (added together) within the Patran 
program. 
 
To determine the effect that skin thickness loss has on the stress in a joint, four conditions 
were studied: 1) no corrosion, 2) corrosion simulated by decreasing skin thickness, 3) 
corrosion simulated by pillowing and 4) corrosion simulated by pillowing with effective 
skin thickness reduction.  A 10% thickness loss was assumed to be present in all the 
corrosion models.  For the effective thickness loss models, only the outer skin thickness 
was reduced.  The resulting maximum principal stress was non-dimensionalized with 
respect to the remote stress and plotted in Figure NRC-2.6 for the critical river row (in 
terms of potential for cracking).  As shown in this figure, pillowing has a greater 
influence on the stress as compared to the effective thickness loss alone and thus needs to 
be included in a residual life assessment analysis. 
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Figure NRC-2.6.  Effect On Stress Caused by Reduction of Outer Skin Thickness as 
Compared to Pillowing (10% Thickness Loss) 

 
The resulting stress plots for the outer faying surface at the critical rivet row area for the 
2% thickness loss is shown in Figure NRC-2.7.  As can be seen from this figure, the 
maximum stress in these joints did not occur at the location 90 degrees to the loading 
direction.  To take this change into account, the stress values were determined along the 
two lines shown in this figure.  These values were then non-dimensionalized with respect 
to the remote stress of 98.5 MPa (14.3 ksi) and the resulting stress correction curves are 
plotted in Figure NRC-2.8. 

 

Figure NRC-2.7.  Stress plot of maximum principal stress at critical rivet hole in 2% 
corroded specimen. The blue lines show the location where the stress 
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results were taken to obtain the stress correction factors that were used 
in the AFGROW program. 
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Figure NRC-2.8.  Stress Correction Factors Used in AFGROW Program to Correct for 
Secondary Bending and Corrosion Pillowing Effects 

 
Residual Life Predictions 
A single corner crack located at a straight hole was used to predict the lap joint test 
results in addition to a constant amplitude loading with a load ratio of 0.02 and a 
maximum stress of 98.5 MPa (14.3 ksi).  Short and long crack growth rate curves were 
used in the AFGROW program to predict the test results.  For the 2% and 5% cases, the 
maximum stress was increased by the appropriate amount to take into account the stress 
increase caused by material thinning.  The appropriate stress correction factors shown in 
Figure NRC-2.8 for the different test cases were used in the AFGROW program to take 
into account the secondary bending, rivet pre-load and corrosion pillowing.  The results 
for the different test cases are presented in Table NRC-2.1 along with the average ECD 
value, the final crack length and the percent difference in the predicted versus observed 
cycles. 

Table NRC-2.1.  Predicted versus experimental cycles to failure 

% 
Corrosion 

ECD 

(mm) 

Final 
Crack 
(mm) 

Predicted  

# of Cycles 
Experimental 

Results 
% 

Diff 

1.422 359600 332800 -8.1 
Pristine 0.05303 

10.16 395700 375356 -5.4 
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4.313 172300 160770 -7.2 2% 
Artificial 0.05512 

10.16 190600 171500 -11.1 

8.974 104400 104107 -0.3 5% 
Combined 0.06736 

12.70 106800 115409 7.5 

-ve % differences indicate the predicted values over-estimated the number of cycles. 

 

The final crack length shown in Table NRC-2.1 is the crack length at which the particular 
analysis was stopped.  The smallest number presents the average first observed crack 
length.  The other number gives the specified crack length that was chosen to prevent 
interaction with other cracks in the lap joint specimens.  The experimental results are an 
average value of all the tests carried out at the specified average thickness loss.  As can 
be seen from Table NRC-2.1, the majority of the predicted values give non-conservative 
results (over-estimate), which suggests that some of the areas near the critical rivet row 
had higher levels of corrosion than was first assumed.  It should also be noted that the 
experimental results for the 5% case was based on only one test result.  The remainder of 
the tests had either failed outside of the critical rivet hole at a large corrosion pit or a 
number of rivets had failed resulting in a stress redistribution that was not included in the 
finite element results. 

Holistic Life Assessment Approach 
In the lap joint specimens, corrosion and fatigue acted sequentially and thus were easier 
to model.  Therefore it is no surprising that the calculated results were very close to the 
experimental ones.  What was unexpected was that all the assumptions that were made 
(constant thickness loss, corner crack, etc.) did not appear to have a significant effect on 
the predicted results.  It must be emphasized, however, that this particular sequence 
(corrosion then fatigue) would not be expected to occur in aircraft structures.  Since in-
service corrosion and its associated metrics, which include material thinning, surface 
topography (such as pits and intergranular attack) and pillowing, evolve, this implies that 
the ECD value would also change over time.  Therefore this ECD approach could be only 
used to provide a quick assessment of the impact of corrosion on the remaining life of a 
particular component.  Back-calculations could be carried out on failed components, or 
on samples fabricated from similarly damaged components and fatigue tested to failure, 
to estimate the ECD value.  These calculated values could then be used to calculate the 
remaining life of the other components to determine if it could remain in-service until the 
next inspection interval. 

 

The major disadvantage in the ECD approach is that it cannot take into account the fact 
that corrosion and fatigue act simultaneously in lap joints and also it is very test intensive.  
Another procedure known as the holistic life assessment approach, which is capable of 
predicting the progress of a discontinuity state in a material from cradle-to-grave 
(holistic) could be used to carry out a “corrosion damage tolerance” assessment of critical 
structural components.  This approach allows for an evaluation of a change in state 
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during any time-slice in the holistic model.  The terms that have been established to 
reflect these states include the Initial Discontinuity States (IDS) as well as the Modified 
Discontinuity States (MDS).  IDS is a material characteristic that is related to the intrinsic 
material discontinuities or the intrinsic manufacturing and joining discontinuities that are 
present in pristine structures.  However, once age degradation is considered then the 
effect time has on the discontinuity state must be taken into effect.  Although IDS itself 
does not change over time, both cyclic and time domain mechanisms continue to evolve 
discontinuities. 

 

IDS is used in the analysis to determine the effect that corrosion and cyclic loading has 
on a structure from the ‘As-Built’ to ‘To-Be’ condition.  The ‘To-Be’ condition is the 
predicted state of the strucutre after a predetermined amount of time.  MDS on the other 
hand is used in the analysis to determine the effect that corrosion and cyclic loading has 
from an ‘As-Is’ to ‘To-Be’ condition.  For this time interval, nondestructive inspection 
techniques would be used to determine the damage state present in the structure and the 
results would then be used in the analysis to modify the stress state. 

 

Once IDS data and verified holistic life models become available, this approach will be 
the preferred method of residual life assessment. 
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This problem focuses on: (1) the methods that can be used to investigate the statistical 
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Overview of Problem Description 
A new corrosion management approach has been proposed with the intent of anticipating, 
planning, and managing corrosion, which stands in sharp contrast to the present ‘find and fix’ 
philosophy (Peeler, 2000).  This new philosophy uses the holistic (‘cradle-to-grave’) life 
assessment approach to address time and cyclic load issues (Brooks et al., 2000), and the 
cornerstone of this approach is the discontinuity state (DS) concept, which was described in 
detail in (Hoeppner, 1981).  To characterize the different discontinuity states present in pristine 
(initial discontinuity state, IDS) and corroded (modified discontinuity state, MDS) fuselage lap 
joints, sections need to be taken from representative samples of the material, polished and the 
different discontinuity states that are present documented.  Such a study was carried out on 
corroded fuselage lap joints to document the different modified discontinuity states present.  The 
results from this study are presented in Example NRC-1 in this handbook.  Experiments are also 
required in order to determine which of the different discontinuity states strain-energy fields 
(load spectrum) influence.  Results from such tests are presented in Example NRC-1  in this 
handbook.   

Due to the random nature of the different DS values, such as micro-porosity and inclusions 
(examples of IDS) and pit depth, intergranular cracks, exfoliation and environmentally assisted 
cracks (examples of MDS), a statistical analysis will be described in which a test for 
homogeneity and a goodness-of-fit test will be carried out.  Using the results from the statistical 
analysis, the effect that the DS distribution has on a risk assessment of fuselage lap joints will be 
examined. 

Coupon Test and Experimental DS values 
As mentioned earlier, the experiments required to generate the DS data that will be influenced by 
strain-energy fields are described in Example NRC-1  in this handbook.  To carry out these tests, 
coupons were machined from pristine, artificially and naturally corroded lap joints containing 
three levels of material thinning, 0%, 2% and 5% thickness loss.  The holistic life approach 
recognizes four distinct phases of component life (nucleation, short crack, long crack, and final 
instability (Hoeppner and Chandrasekaran, 1998)), and requires physical discontinuity 
measurements and life modeling in the nucleation phase.  

To determine the DS values for the different corrosion levels, the majority of the fracture 
surfaces from the pristine, 2% artificial and 2% natural coupons were examined with the aid of a 
scanning electron microscope (SEM).  For the pristine coupons the nucleation sites were located 
along the non-machined edge while for the corroded coupons, they were located along the 
corroded faying surface edge.  Although all the nucleation sites were semi-elliptical in shape, a 
semi-circular crack was used to describe the DS with an equivalent area to the initial semi-
elliptical crack.  It should be pointed out that the equivalent corrosion damage (ECD) defined in 
Example NRC-1  of this handbook corresponds to the MDS values in the holistic life assessment 
approach. 

To verify the ability of the DS concept to predict the life of each coupon, the AFGROW crack 
growth program was used to predict the number of cycles to failure, which were then compared 
to the particular experimental result of the corresponding coupon (Bellinger et al., 2001).  The 
results showed that all the predicted cycles to failure were within 10% of the experimental results 
(the largest error occurred when multiple nucleation sites were present in the coupons).  This 
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good correlation indicated that the DS values could be back calculated from the number of cycles 
to failure of the coupons using the AFGROW program.  Therefore, the DS data for the 5% 
corroded coupons, were determined by back calculations. 

To compare the different DS data without knowing the best-fit distribution, each set of DS 
samples was ranked and their empirical distribution functions (EDFs) plotted as shown in Figure 
NRC-3.1.  As can be seen from this figure, there is distinct difference between the EDFs of the 
2% and 5% corrosion DS samples while for the pristine and 2% corrosion, the difference is 
relatively small.  The mean and standard deviations of all the DS samples are presented in Table 
NRC-3.1. 
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Figure NRC-3.1. Empirical distribution function (EDF) of DS data, ( ) denotes sample size. 
 

Table NRC-3.1. IDS and MDS values. 

 
IDS 

Pristine 
(inch) 

Artificial 
MDS    

2% (inch)

Natural 
MDS    

2% (inch)

Combined 
MDS      

2% (inch)

Artificial 
MDS     

5% (inch) 

Natural 
MDS     

5% (inch) 

Combined 
MDS      

5% (inch)
 Mean 0.002103 0.002194 0.002314 0.002229 0.002659 0.002638 0.002652

 Std. dev. 0.0003265 0.0003322 0.0004291 0.0003584 0.0003479 0.0002959 0.0003204
 Coefficient of variation 15.52% 15.14% 18.54% 16.08% 13.08% 11.22% 12.08% 

 Sample size 20 20 8 28 9 4 13 

 

Statistical Characteristics of DS data 
Test for homogeneity of artificial and natural MDS samples  
Although the sample size is small for each set of DS data generated, combining the natural and 
artificial results could increase it.  However, before this can be accomplished, a test for 
homogeneity based on the k-sample Anderson-Darling statistic, which is recommended in MIL-
HDBK-17 and 5 (Department of Defense, 1997, 1998) must first be carried out.  This test is used 
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to determine whether a significant difference exists between two samples (in this case artificial 
and natural corrosion MDS samples) so that they could be pooled together to get a larger sample. 

Table NRC-3.2 presents the k-sample Anderson-Darling test results for the artificial and natural 
MDS samples for the 2% and 5% corrosion levels.  This table shows that the hypothesis that the 
artificial and natural MDS samples, either for the 2% or 5% corrosion, are from the same 
population was not rejected at a significance level (SL) of 5%.  In addition, a previous study 
(Eastaugh et al., 2000) has shown that the physical appearance and microscopic topography of 
the damage from artificially and naturally corroded lap splices were similar.  Based on these 
results, it was concluded that there was no significant difference in the damage resulting from the 
accelerated corrosion process as compared to the damage associated with the natural process.  
Therefore, the two MDS samples were combined, and the mean and standard deviation of the 
combined MDS data are also presented in Table NRC-3.1.  Figure NRC-3.1 also shows the EDF 
of the combined MDS data for the 2% and 5% corrosion.   

Table NRC-3.2. k-sample Anderson-darling test results. 
Sample data Homogeneity 

hypothesis 
ADK 

(MIL-HDBK-17, 5) 
Critical value of 

ADK Conclusion 

2% artificial and 
natural MDS samples 

Two samples are from the 
same population 0.66 2.40 can not reject at 

SL=5% 
5% artificial and 
natural MDS samples 

Two samples are from the 
same population 0.49 2.30 can not reject at 

SL=5% 
 

Best-fit distributions of DS data  
Except for the 5% corrosion MDS data, the majority of the DS data were measured from the 
fracture surfaces with the aid of a SEM.  Generally, in a material degradation process, failure 
may depend on the strength of the weakest element, or it may depend on the largest crack-like 
discontinuity present in the material.  Therefore, it is reasonable to assume that the DS values 
used in this example are the largest values among all discontinuities.  Based on the physical 
behavior of the DS, the mathematical simplicity as well as the usability in engineering (Liao et 
al., 2001b), six continuous distributions, presented in Table NRC-3.3, were selected as 
alternative (candidate) distributions to describe the DS data. 

Table NRC-3.3. Alternative distributions. 
No Distribution form Distribution function Domain of 

variable 
1 Normal ]/)[()( σµ−Φ= xxF  ),( +∞−∞∈x  
2 Lognormal ]/)[(ln)( σµ−Φ= xxF  ),0( +∞∈x  

3 Weibull ])/(exp[1)( βαxxF −−=  ),0[ +∞∈x  

4 Type-I extreme value distribution 
(EVD) of smallest values 

]}/)exp[(exp{1)( baxxF −−−=  ),( +∞−∞∈x  

5 Gumbel (Type-I EVD of largest values) ]}/)(exp[exp{)( baxxF −−−=  ),( +∞−∞∈x  

6 Frechet (Type-II EVD of largest values) ])/(exp[)( βα xxF −=  ),0[ +∞∈x  

 

In this example, all the alternative distributions were tested to fit the pristine, combined 2%, and 
combined 5% corrosion MDS data.  Anderson-Darling goodness-of fit (A-D GOF) test 
(Department of Defense, 1997, 1998) was used to quantitatively examine which distribution 
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could provide the best fit to the DS data.  All the parameters for the six alternative distributions 
were estimated using the maximum likelihood estimators (MLEs) (Liao et al., 2001b).  The 
results showed that: 

1. For the pristine IDS data, the Gumbel, Lognormal, Frechet, and Normal distributions 
were highly acceptable (significance level, SL>20%), the Weibull distribution was 
acceptable (5%<SL<20%), and only the Type-I EVD of smallest values was 
unacceptable (SL<5%); 

2. For the combined 2% MDS data, the Frechet and Gumbel distributions were highly 
acceptable, and the other alternative distributions were all unacceptable; 

3. For the combined 5% MDS data, Type-I EVD of smallest values, Weibull, and Normal 
distributions were highly acceptable, the Gumbel distribution was acceptable, and only 
the Frechet was unacceptable; 

4. Only the Gumbel distribution was acceptable for all the DS data sets. 

Another method to determine which distribution describes the data best is to plot the different 
distributions on a probability paper.  This example plotted the six alternative distributions and 
the DS data on Normal probability papers, and the results are shown in Figures NRC-3.2 to 
NRC-3.4 for the pristine, combined 2%, and combined 5%, respectively.  The symmetrical ranks 
(Shimokawa and Liao, 1999); i.e., pi=(i-0.5)/n, were used as the plotting positions for the DS 
data.  After carefully examining these plots, the same conclusions from the A-D GOF test could 
be drawn.  It should be emphasized that the goodness-of-fit test and the probability plot are 
complementary to each other and both should be used to determine the best-fit distribution. 
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Figure NRC-3.2. Pristine IDS 
data plot on Normal 
probability paper 

Figure NRC-3.3. Combined 
2% MDS data plot on Normal 
probability paper. 

Figure NRC-3.4. Combined 
5% MDS data plot on Normal 
probability paper. 

 

Risk Analysis of Fuselage Lap Joints 
MSD corrosion/fatigue test 
Tests were carried out on multi-site damage (MSD) lap splice specimens to determine the effect 
that corrosion has on the fatigue life of a longitudinal fuselage lap joint (Eastaugh et al., 2000).  
Figure NRC-3.5 shows a schematic of the specimen, which was constructed of two 1.0 mm 
(0.040 inch) sheets of 2024-T3 clad aluminum with three rows of 4 mm (5/32 inch) 2117-T4 
countersink rivets. Specimens were pre-corroded using an accelerated corrosion process.  Three 
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corrosion levels were examined: 0%, 2%, and 5% average material loss.  Fatigue tests were then 
performed by applying a constant amplitude loading such that the stress approximately one inch 
away from the critical rivet row was 98.5 MPa (14.3 Ksi) with a stress ratio of 0.02 and a 
frequency of 8 Hz.  

 

 

Figure NRC-3.5. Schematic of the MSD specimen. 
 
Examinations of the failed specimens revealed that the majority of the crack nucleation sites 
were located away from the rivet hole along the faying surface and were semi-elliptical in shape.   
Although different MSD scenarios were observed in the pristine and corroded MSD tests, the 
onset of MSD, that is life to visible cracks, occupied over 80% of the total life and thus was used 
as the failure criteria for the risk analysis.  The probability of failure (POF) for the onset of MSD 
in both the pristine and corroded specimens was predicted using the computer code, PROF 
(PRobability Of Fracture) (Berens et al., 1991) (Hovey et al., 1998).  PROF has been used for 
quantifying risk and cost associated with inspection, replacement, and retirement of aging 
aircraft.  The input data was found to play a key role in obtaining accurate POF predictions (Liao 
and Xiong, 2001a) (Liao and Xiong, 2000). 

 

Input data preparation for PROF 

Initial crack size distribution (ICSD) – To investigate the influence of the DS distributions on the 
POF predictions, all the acceptable distributions were used as ICSD in the risk analysis.  Since 
PROF required a tabular format for the ICSD input, i.e., (ai, F(ai)), 1000 points of (ai, F(ai)) data 
were generated based on the distribution function and estimated parameters (Liao et al., 2001b). 

Median crack growth curve – The crack growth analysis of pristine and corroded lap joints was 
accomplished earlier using the classic model of a corner crack at a straight hole in AFGROW 
(Bellinger et al., 2001).  Stress correction factors, generated using a three dimensional finite 
element analysis, were used to take into account the bending, bearing, and corrosion pillowing 
that occur in non-corroded and corroded lap joints.  Material thinning for the corroded joints was 
also taken into account by increasing the remote stress by the appropriate amount.  Using the 
methods of (Bellinger et al., 2001), the median crack growth (a-N) curves for pristine and 
corroded lap joints were obtained, which are shown in Figure NRC-3.6.  One hundred points of 
tabular (ai, Ni) data were used in PROF. 
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Figure NRC-3.6. Calculated a-N curves for pristine and corroded MSD specimens. 
 

Critical crack length – In this example, a visible crack length of 2.54 mm (0.1 inch), i.e., the 
onset of MSD, was taken as the critical crack length for both the pristine and corroded 
specimens.  This crack length was measured from the edge of the hole as it emerged beyond the 
rivet head on the outer skin of the specimen and was chosen because it was small enough not to 
be influenced by an adjacent crack.  

Fracture toughness distribution and geometry factor – For the 1.0 mm (0.04 inch) sheet of 2024-
T3 clad aluminum, the fracture toughness distribution was assumed to follow a normal 
distribution with a mean and standard deviation of 151.6 MPa√m (138.0 Ksi√in) and 5.5 MPa√m 
(5.0 Ksi√in), respectively (The Boeing Company, 1998).  Since this analysis defined a small 
critical crack length, the fracture toughness criterion had no influence on the risk analysis.  The 
input of the fracture toughness distribution was needed to run the software.  For the same reason, 
the geometry factors were also arbitrarily set to be small values so that the fracture toughness 
criterion would not affect the calculated results.  

Maximum stress distribution – The Gumble distributions with a mean at the constant amplitude 
level in the test and a small standard deviation were used for the maximum stress distribution.  
Using the method of (The Boeing Company, 1998), the Gumble parameters for the pristine and 
corroded specimens were calculated by taking into account the material loss due to corrosion.  
Since the critical crack length criterion was applied in this example, the maximum stress 
distribution had an insignificant effect on the risk analysis.  

Probability of detection, POD(a), and repaired crack size distribution (RCSD) – Since this risk 
analysis does not involve any inspection or repair activities, arbitrary but reasonable data were 
used to define the POD(a), and the RCSD.  
 
Comparison of analytical and test results 
Figures NRC-3.7 and NRC-3.8 show the results from the POF predictions for the pristine and 
corroded specimens.  The experimental results, which were ranked and also plotted in these 
figures, used the symmetrical ranks as the plotting positions.  The experimental results, which as 
mentioned earlier was the number of cycles to visible cracks, were observed from the central 
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four holes of the top rivet row and resulted in a sample size of 18, 7, and 1 for the pristine, 2%, 
and 5% corroded specimens, respectively.  
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Figure NRC-3.7. POF predictions for pristine and corroded MSD specimens using the highly 

acceptable DS distributions. 
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Figure NRC-3.8. POF predictions for pristine and corroded MSD specimens using the 
acceptable DS distributions. 

 
Figure NRC-3.7 presents the POF predictions for the pristine and corroded specimens using 
different highly acceptable (best-fit) DS distributions.  The results from Figure NRC-3.7 indicate 
that:  

For the pristine and 2% corroded specimens, predictions are close to the test results.  Again 
A-D GOF tests (distribution free GOF test (Lawless, 1982)) were carried out and indicated 
that the predictions fit the test results very well (all SL>15%).  All best-fit DS distributions 
produced close POF results to each other, especially for the corroded specimens; 

• 
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For the 5% corroded specimens, the prediction can’t be compared to the test result since there 
is only one test datum available, however, the predicted mean life is close to this test datum; 

• 

The POF results for the 2% corroded specimens are much higher than those for the pristine 
specimens, that is, corrosion in lap joints, even at low thickness loss levels, can result in a 
great increase of the POF.  From the predictions, the POF difference between 2% and 5% is 
less than that between the pristine and 2%.  This is consistent with the finding that the 
corroded surface topography at 5% may be “smoother” than that at 2% (Bellinger et al., 
2000).  

• 

Figure NRC-3.8 presents the POF predictions for the pristine and corroded specimens using the 
acceptable DS distributions and is shown in logarithmic scale to more easily distinguish the 
results in the low probability zone (<0.1).  Although the test data did not have a large enough 
sample size to verify the predictions in the low probability zone, Figure NRC-3.8 does reveal the 
following: 

For the pristine specimens, the different DS distributions produced significantly different 
POF predictions in the low probability zone.  Assuming that 10-7 is an acceptable risk level 
for maintenance scheduling (Lincoln, 2000), the Frechet DS distribution gave the shortest 
time while the Weibull DS distribution gave the longest time and the time difference was 
about 130,000 cycles.  

• 

• For the 2% corroded specimens, the different MDS distributions also produced different POF 
predictions in the low probability zone, though the difference was not as significant as in the 
pristine case.  However, the maintenance schedule could be significantly shortened due to 
prior corrosion even at this low thickness loss level.  In this example, at a risk level of 10-7, 
the time difference between the pristine and 2% corrosion cases was about 9,000 cycles, 
according to the POF predictions produced by the Gumbel DS distribution. 

Figure NRC-3.8 also shows that the POF curves for the corroded specimens in the low 
probability zones are “steeper” than the curve for the pristine results, given the same type of DS 
distribution, for example the Gumbel distribution.  This steeper curve would have a profound 
effect on the probability of failure if corrosion was missed during routine inspections.  Figure 
NRC-3.9 illustrates an example, in which a risk assessment was carried out to maintain a POF 
level under 10-7 using the Gumbel DS distribution for both the pristine and corroded specimens 
and a log-logistic distribution (Berens et al., 1991) was assumed for the POD(a) with µ=0.01 and 
σ=0.1.  To maintain the acceptable POF level for the pristine specimens, the first inspection 
would have to be carried out at 170,000 cycles, while the second inspection would be required at 
about 236,000 cycles.  If during the first inspection, 5% corrosion was missed, this would 
significantly increase the POF at the second inspection interval by three orders of magnitude (10-

4).  Figure NRC-3.9 also shows that a risk assessment can aid in scheduling the maintenance 
associated with corrosion.  This assessment could allow a corroded lap joint to remain in service 
until the next scheduled maintenance while maintaining the acceptable POF level. 
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Figure NRC-3.9. Corrosion risk assessment example: what-if scenario predictions. 
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Overview of Problem Description 
This problem focuses on the main cargo surround doubler attachment to the existing 
fuselage skin at stringers 2R and 26L.  The skin is considered to be a single load path 
structure under the total hoop stress before the doubler attachment.  The critical location 
is in the skin at the first row of fasteners because the skin sees both bypass and bearing 
stresses at this row, where as, at the other fastener rows the load is in both the doubler 
and the skin with each row having lower load transfer.   

The fuselage skin was fabricated from 2024-T3 aluminum.  The fasteners are 0.188 in 
diameter, and join the skin and surround doubler.   

The specific area is shown in View A of Figure SIE-1.1, with the specific details and 
MSD crack path shown in Figure SIE-1.3.  Note that the skin at this first row of fasteners 
is a single load path as shown in Figure SIE-1.2. 

 

 
Figure SIE-1.1.  Main Cargo Door Doubler Installation  
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Figure SIE-1.2.  Structural Detail for Critical Area 

 

 
Figure SIE-1.3.  Detail Geometry of Critical Location, View A. 

 

Model Geometry Description 
The crack growth analysis is based on the Fatigue Crack Growth Computer Program 
NASGRO3.0.  This computer program calculates crack growth for a single crack for 
several standard crack cases.  Crack growth rate calculations use the “NASGRO” 
equation with elements developed by Forman, Newman, de Koning, and Henriksen (see 
NASGRO reference manual).  This is a modified Paris equation to account for fatigue 
crack closure, stress ratio effects, and upper and lower fatigue crack growth rate 
asymptotes for threshold and critical crack growth.   

The analysis uses the NASGRO3.0 material libraries for the crack growth rate equation 
constants.  Non-interaction of loads and constants for the Forman crack growth rate 
equation are used. 

Since the standard crack models in NASGRO3.0 are for crack growth of single cracks, no 
influence of one crack upon another is calculated in NASGRO3.0 for these standard 
cases.  MSD scenarios involve fatigue damage at multiple locations.  This causes the 
potential of crack interactions.  The analysis presented here includes these crack 
interaction effects by iterating though a series of NASGRO3.0 computer runs tracking the 
growth of multiple cracks and modifying the stress intensity factors appropriately.  The 
increased stress intensity factors are based on the crack sizes of the interacting cracks 
from the previous iteration and correction factors based on the compounding of analytical 
stress intensity solutions. 
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This iteration procedure is accomplished in an Excel Spreadsheet utilizing Visual Basic 
Programming to submit a NASGRO3.0 computer run for each crack at each iteration.  
The spreadsheet reads the NASGRO3.0 output files for cycles and current crack lengths.  
Based on these crack lengths, correction factors are calculated and input into the 
NASGRO3.0 input file for the next iteration, which is automatically submitted by the 
spreadsheet.   

The correction factors are accounted for by increasing the stress scaling factors input into 
NASGRO3.0.  These correction factors for crack interaction account for the condition of 
interactions of cracks in parts that are analyzed for multiple site damage.  These increased 
stress scaling factors can be input based on the following:  

CF

'
,
 Beta for the standard NASGRO crack model
 Beta calculated from the correction factor

'  increased stress scaling factor input into NASGRO

CF N N

N

CF

K S a S a
where

S S

β β π β π

β
β

β

= =

=
=

= =

 

The correction factors for crack interaction are based on compounding of analytical stress 
intensity solutions.  Two correction factors are used in this analysis.  The first correction 
factor is termed “Bowie” and is for equal length cracks growing from opposite sides of a 
hole.  The second correction factor is termed “Periodic” and is used for equal length 
cracks emanating from holes approaching one another.   

Compounding of the first and second correction factors is done, and is termed “Bo + Bp’.  
This product of the “Bowie” and the “Periodic” correction factors is what is used for 
typical MSD situations where there are multiple fastener holes in a row and assumed 
imperfection flaws equal in size growing from opposite sides of each hole towards one 
another. 

 
Figure SIE-1.4. Bowie Correction Factor 
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Figure SIE-1.5. Periodic Correction Factor 

 

 
Figure SIE-1.6. Bowie + Periodic Correction Factor 

 

These correction factors are based on through the thickness cracks.  They are used for 
part through cracks when defined with an equivalent crack length.  The equivalent crack 
length is based on equating the area of a part through crack as a quarter ellipse to that of 
an equivalent through crack as a rectangular area with thickness, t: 

4 4pc eq eq eq
ac acA A a t a

t
π π

= = = ⇒ =  

Note the correction factors are used in conjunction with standard crack models in 
NASGRO3.0.  Therefore, to obtain a correction factor, the ratio of an analytical solution 
for a specific crack problem to a solution approximating the standard crack model is 
calculated.  The analytical solutions used in deriving these correction factors are taken 
from H. Tada, P Paris, and G. Irwin, “The Stress Analysis of Cracks Handbook”, Third 
Edition. 

The “Bowie” correction factor is derived by comparing Bowie’s solution for equal length 
cracks from both sides of a hole to the solution of a single crack from one side of a hole.  
The ratio of these solutions, from pages 19.1 and 19.2 of the Handbook, respectively 
yield the “Bowie” correction factor: 
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The “Periodic” correction factor is derived from the ratio of the beta factor for a periodic 
array of cracks from page 7.1 of the Handbook to the solution of a crack in an infinite 
width plate.  Note the solution for a periodic array of cracks is an exact solution.  
Including the diameter of the hole in the crack length and defining the pitch of the hole 
spacing to be the pitch of the crack spacing yields the “Periodic” correction factor: 

7.1

7.1 7.1

7.1

/ 2

( / 2 )tan tan
( / 2 )periodic

a D a
W pitch P

K aW P
a W D a Pa
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Note the periodic correction factor is based on the solution of an infinite width plate, 
while the standard crack model in NASGRO3.0 is for a finite width plate.  The use of this 
correction factor is conservative based on the following calculations. 

A comparison of the stress intensity factor calculated for a finite width plate with that of a 
periodic array of cracks in an infinite plate is made to estimate the effects on crack 
growth as cracks approach one another.  Note that the cracks are analyzed with a finite 
width plate using the width equal to the pitch of the fastener spacing.  Solutions for both 
problems are taken from H. Tada, P Paris, and G. Irwin, “The Stress Analysis of Cracks 
Handbook”, Third Edition. 

Koiter found the exact limit for the beta factor for the finite width plate at a/b=1 as: 

2

2 1
1 /4

fw a b
β

π
=

−−
 

For the periodic array of cracks in an infinite plate, the beta factor is: 

2 tan
2P

b a
a b

πβ
π

=  

Using the following expansion on the tan(x) , taking the limit of a/b →1 and representing 
the second and higher terms of the series as the constant C1: 
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Comparing the beta factors for both solutions as a/b →1 and noting that the constant term 
is multiplied by zero: 
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Based on this comparison, it is conservative to approximate the beta factor of a periodic 
array of cracks in an infinite plate with that of a finite width plate of the same dimension.  
Note that this comparison is at the limit as a/b →1.  This ratio increases to 1.0 as a/b →0. 

Therefore, the crack growth model for the main cargo door surround doubler attachment 
to the fuselage skin at stringer 2R employs the NASGRO3.0 corner crack from a hole 
centered in a plate, CC02, with the correction factors for both the influence of cracks 
growing from opposite sides of a hole , “Bowie”, and the influence of a periodic array of 
cracks approaching one another, “Periodic”. 

These correction factors are used along with the NASGRO3.0 standard crack growth 
model CC02.  The following dimensional values are used for the CC02 crack growth 
model.   
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Figure SIE-1.7.  NASGRO3.0 Crack Model, CC02. 

Two identical NASGRO files are created for the multiple site damage cracks and 
submitted to the Excel interaction spreadsheet.  The spreadsheet accesses NASGRO and 
grows both cracks for 100 flights.  The β correction factors are calculated for the crack 
lengths at that time and the resulting increased stress scaling factors are plugged back into 
the NASGRO files.  The interaction spreadsheet grows the two cracks until there is a 
10% change in crack length (this could also be done in increments of flights), recalculates 
the β correction and stress scaling factors, and continues to grow the cracks until they 
become critical or the edge of the plate is reached, whichever occurs first. 

Inspection Capabilities and Crack Limits 
The holes in the fuselage skin at the attachment of the first row of the surround doubler 
attachment at 2R (and 26L) are directly accessible from the inside.  Therefore, these areas 
are inspected by HFEC surface probe.  With a HFEC inspection, the minimum detectable 
crack size in the field is assumed to be a 0.0625 inch crack past the fastener head. 

Structural Loading and Stress History Description 
The stress spectrum is considered to have a remote stress due to cabin pressurization.  
Cabin pressurization primarily causes hoop tension in the fuselage.  The GAG 
pressurization load is based on FAR25.571. The pressure condition is comprised of a 7.8 
psi normal operating differential pressure and an additional 0.5 psi external aerodynamic 

SIE-1.8 



pressure.  A factor of 1.1 is only applied to the normal operating pressure for residual 
strength. 

7.8 0.5 8.3
74 . (radius of fuselage)

8.3(74) 17.061
0.036r

skin

P psi
R in

PRS k
t

= + =
=
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The bypass and bearing load at the critical fastener row is calculated using a displacement 
compatibility analysis as described by Swift (“Repairs to Damage Tolerant Aircraft,” 
presented to the International Symposium on Structural Integrity of Aging Airplanes, 
Atlanta, Georgia, USA, 1990).  Layer “a” is the fuselage skin and an existing bonded 
doubler.  Layer “b” is the main cargo door surround doubler.  The surround doubler 
becomes fully effective after the first three rows.  This analysis shows the most critical 
fastener location is the first row of fasteners. 

Table SIE-1.1.  Fastener Transfer Calculations. 

 

0 0.30
477492 0.1

DISPLACEMENT COMPATIBILITY ANALYSIS USING SWIFT'S FASTENER STIFFNESSES
(Note: If there are n fastener rows, there are n+1 segments.
However, stiffnesses of last segment do not affect solution)

INPUT See bottom for sketch (expand view for clarity)

SEGMENT 1 2 3 4 5 6 7 8 9 10
FASTENER

STEEL? 1=yes, 0 = no 0 0 0 0 0 0 0 0 0
ALUMINUM? 1= yes, 0= no 1 1 1 1 1 1 1 1 1

D 0.188 0.188 0.188 0.188 0.188 0.188 0.188 0.188 0.188
ta 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072
tb 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Esheet 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000
PLATES

L 1 1 1 9.5 9.5 9.5 9.5 9.5 9.5
Aa 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072
Ea 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000
Ab 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Eb 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000

CALCULATIONS
Ca 1.389E-06 1.389E-06 1.319E-05 1.319E-05 1.319E-05 1.319E-05 1.319E-05 1.319E-05
Cb 0.000001 0.000001 0.000001 0.0000095 0.0000095 0.0000095 0.0000095 0.0000095 0.0000095
Cf 4.5707E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06

Cf*Pf 7.322E-07 4.541E-07 6.663E-08 1.001E-08 3.067E-09 1.136E-08 7.605E-08 5.183E-07
Pa 1 0.6952251 0.5350271 0.4356777 0.4210997 0.4189104 0.4182393 0.4157542 0.3991162 0.285714
Pb 47749 0.4649729 0.5643223 0.5789003 0.5810896 0.5817607 0.5842458 0.6008838 0.714286
Pf 0.30 60198 0.0993494 0.014578 0.0021893 0.0006711 0.0024851 0.016638 0.1134022

Cumulative load transfer a to b 0.30477492 0.4649729 0.5643223 0.5789003 0.5810896 0.5817607 0.5842458 0.6008838 0.714286 0.714286
% Pf load transfer of segment 1 Pa 30.48% 16.02% 9.93% 1.46% 0.22% 0.07% 0.25% 1.66% 11.34% 0.00%

Copy last two columns for additional fastener rows

P1a

1 2 3 4

P5a

P1b P5b

Based on these results, 30% of the load is taken through bearing in the first row of 
fasteners.  This first row of fasteners therefore has 30% as a bearing load and the 
remaining 70% as a bypass load. 
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The axial stress and bearing stress acting on this section are: 
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The limit stress used for residual strength purposes in this scenario is calculated as stated 
earlier according to FAR25.571. 

1.1*7.8 0.5 9.1
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The residual strength axial stress and bearing stress acting on this section are: 
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Material Property Description 
The outer skin and doubler are made from 2024-T3 IAW QQ-A-250/5.  The material 
properties from the NASGRO3.0 libraries are used for the fracture toughness and the 
crack growth rate properties.  The material properties used are for 2024-T3; Clad, Plate 
and Sheet; T-L; LA & HHA NASGRO material code M2EA12AB1. 

Table SIE-1.2.  Material Properties and Growth Rate Data. 
                                                                                 
          MATL 1: 2024-T3                                                        
                  Clad Plt & Sht; L-T; LA & HHA                                  
                                                                                 
          Material Properties:                                                   
                                                                                 
          :Matl:  UTS :  YS  :  K1e :  K1c :  Ak :  Bk :  Thk  :  Kc  : Keac :   
          : No.:      :      :      :      :     :     :       :      :      :   
          :----:------:------:------:------:-----:-----:-------:------:------:   
          :  1 :  66.0:  53.0:  46.0:  33.0: 1.00: 1.00:  0.036:  66.0:      :   
                                                                                 
          :Matl:--------------- Crack Growth Eqn Constants -------------------:  
          : No.:    C    :  n  :  p :  q :  DKo : Cth+ :Cth- : Rcl:Alpha:Smax/:  
          :    :         :     :    :    :      :      :     :    :     :SIGo :  
          :----:---------:-----:----:----:------:------:-----:----:-----:-----:  
          :  1 :0.829D-08:3.284:0.50:1.00:  2.90:  1.50: 0.10:0.70: 1.50: 0.30:  

 

Solution Technique 
This type of problem is conveniently solved using NASGRO3.0 with the crack growth 
interactions previously discussed.  The input files for the equal length cracks growing 
from opposites sides of a hole are identical for the NASGRO3.0 analysis shown in Table 
SIE-1.3.  The spectrum is included as a constant amplitude GAG cycle with 100 flights 
per block, with a single block applied per schedule. 
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Table SIE-1.3.  NASGRO Input File for Problem SIE-1. 
Data Description 

71fc1-2cout Output file name 
1 1=US units 
D D=direct 
71fc1-2 skin at upper and lower 
doubler edges Problem name 
CC Crack model type 
2 Crack model no. 
0.036 Thk, t 
5 W 
0.188 D 
2.5 Hole center to edge 
0.33 Poisson's Ratio 
U U=User defined crack 
0.005 Initial a 
1 Initial a/c 
1 Number of materials 
N Non Interaction 
1 Matl input choice 
w File input choice 
M Material Category 
2 Material type 
EA Material alloy 
1 Material heat treat information 
Stress on skin at upper/lower 
edged Spectrum name 
N Flag for identifying steps 
100000 No. times to apply schedule 
1 No. distinct blocks 
N Don't display spec blocks 
1 Num steps/block 
3 Schedule option 
1 Load step number 
100 Number of cycles 
0 FMIN(1) t1 S0 
11.857 FMAX(1) t2 S0 
0 FMIN(2) t1 S1 
0 FMAX(2) t2 S1 
0 FMIN(3) t1 S3 
26.018 FMAX(3) t2 S3 
0 End manual input 
1 Scaling Factor S0 
1 Scaling Factor S1 
1 Scaling Factor S3 
Y Reference stress input 
13 REFACT(1,1,1) S0 
2 Ref Stress at t2 
0 REFACT(2,1,1) S1 
2 Ref Stress at t2 
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28.527 REFACT(4,1,1) S3 
2 Ref Stress at t2 
N Do not enter schedule from file 
1 Sblock case 
1 Number of times to apply 
0 End Spectrum input 

 
 

Results  
Critical crack size/Residual Strength 

This case is considered to address an MSD case where 0.005 inch cracks are grown from 
both sides of a fastener hole over an effective width to represent multiple fastener holes 
with cracks growing from both sides.  There is potential for these crack to link prior to 
failure.  The following calculations estimate this potential. 

The half distance between the edges of adjacent holes is: 

0.94 0.188 0.376 .
2 2

H De i− −
= = = n  

The plastic zone size of the MSD type cracks is estimated to be: 

2 21 1 30( ) ( ) 0.049 .
2 2 54

I
p

ys

Kr i
π σ π

= = = n

n

 

If fast fracture failure does not occur first, the two MSD type cracks approaching one 
another will link at a crack length of: 

0.376 0.049 0.327 .L Pc e r i= − = − =  

 

Life:    

Based on the calculations for growing the crack in NASGRO and the MSD crack growth 
interactions, the life from initial crack size to failure is determined to be 52,161 flights.  
The results of crack length and crack depth versus life are shown in Figure SIE-1.8.  The 
life is given in numbers of flights. 
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MCD Surround Doubler Attacment to Fuselage Skin, Multi-site Damage at 2R/26L
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Figure SIE-1.8.  Crack Growth Life for Problem SIE-1. 

 

 
Inspection Intervals 
The threshold and repeat intervals are calculated using the life reduction factors shown 
below.   

Life Reduction Factors:  
K1 = 2.0 
K2 = 3.0, MSD crack scenario 

Detectable crack length (HFEC around fastener head):  
( ) ( )

det det

0.3016 0.188
0.0625 0.0625 0.1193 .

2 2
headD D

c a i
− −

= = + = + = n  

Number of flights @ detectable crack length, Ndet = 44,085 flights 

Critical crack length: c = 0.327 in. 
Number of flights @ critical crack length, Ncrit = 52,161 flights 
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52161Threshold Interval 26,081flights
2.01

52161 44085detRepeat Interval 2,692 flights
3.02

Ncrit
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Overview of Problem Description 
This problem focuses on the ability of a wing main spar to carry residual strength with the center 
web cracked at the stringer cutouts.  The geometry of the main wing spar in the area between 
W.S. 8.5 and W.S. 27 is a built-up structure consisting of a center web, upper cap, lower cap, and 
a pressure plate fore and aft. The center web and pressure plates are connected via steel angles 
that are fastened to the upper and lower caps and a 'zee', both fore and aft, that is fastened 
directly to the web and pressure plates at W.S. 17.5.  The specific area is shown in Figures SIE-
2.1 and SIE-2.2 with the expected crack path marked.  Note that Figure SIE-2.2 shows the crack 
trajectory as calculated by Franc2DL. 

 
Figure SIE-2.1.  Main Spar Assembly  
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Crack 

 
Figure SIE-2.2.  Cracked Center Web as Calculated by Franc2DL. 

 

Structural Model 
Franc2DL models two-dimensional geometries with multiple layers fastened together.  
Therefore, the geometry of the Franc2DL finite element model involves the creation of multiple 
layers, each with equivalents areas as that of the structure being modeled. These layers and 
geometry are created in a meshing program, 'Casca', which are then incorporated via a 
conversion program, 'Casca to Franc', into Franc2DL.  

Franc2DL limits the user to ten layers so a complex geometry such as this wing spar must be 
simplified in order to fit within that parameter. The final model has nine layers as shown in 
Figure SIE-2.3.  These layers include a fore and aft pressure plate, a fore and aft, upper and 
lower steel 'reverse' angle which incorporate the adjacent straps, a center web which incorporate 
the steel angles along with the upper cap and lower cap and straps and a fore and aft 'Zee'.  

The material properties for each element within a layer are defined individually to account for 
changes in material type and thickness. Layers are fastened together via rivets, which are actually 
finite element springs for which the user must define the stiffness. 

Note that Franc2DL is used to propagate the crack(s) to obtain ‘K’ vs. ‘a’ values and fastener 
loads.  This is input as tabulated data into NASGRO3.0 to compute crack growth life. 
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Idealized Franc2DL Finite Element Geometry 

 

Figure SIE-2.3.  Detail Geometry of Critical Location Shown in Figure 2.1. 

 

Model Geometry Description 
The crack growth analysis is based on the Fatigue Crack Growth Computer Program 
NASGRO3.0.  This computer program calculates crack growth for a single crack for several 
standard crack cases.  Crack growth rate calculations use the “NASGRO” equation.  This is a 
modified Forman equation to account for stress ratio effects, and upper and lower fatigue crack 
growth rate asymptotes.  The NASGRO3.0 material libraries are used for the material data in the 
analysis. 

Stress intensity factors, K, and corresponding crack lengths are taken from the Franc2DL model 
and are used for the calculation of crack growth life.  The K values from Franc2DL are converted 
into α values via the equation: 

K a

K a
K

a

βθ π
α βθ

α π

α
π

=
=

=

=

 

The α and crack length values are input into NASGRO3.0 using the data tables option for a one-
dimensional data table for through cracks, DT01, with a unit stress.  Table SIE-2.1 shows the 
crack lengths, corresponding K values, and calculated α values for the outboard crack. 
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Table SIE-2.1.  NASGRO Input Values for DT01. 
a, in. K, ksi√in. α 

0.05 11.45 28.89 

0.1194 20.13 32.87 

0.3194 21.48 21.44 

0.5194 20.99 16.43 

0.7194 22.03 14.65 

0.9194 22.23 13.08 

1.0194 22.94 12.82 

1.2194 23.62 12.07 

1.4194 24.47 11.59 

1.6194 24.66 10.93 

1.8194 25.91 10.84 

2.0194 26.52 10.53 

2.2194 27.14 10.28 

2.5194 28.73 10.21 

2.7194 28.26 9.67 

3.0194 29.55 9.59 

3.2194 29.95 9.42 

3.5194 30.92 9.30 

3.7194 31.65 9.26 

4.0194 32.07 9.02 

4.2194 32.77 9.00 

4.4194 32.88 8.82 

4.6194 33.41 8.77 

4.8194 32.94 8.47 

5.0194 34.41 8.67 

 

Inspection Capabilities and Crack Limits 
The wings will be inspected for cracking using visual techniques.  To maintain a generous 
margin on the residual strength requirement, as well as avoiding the potential for alternate load 
path concurrent damage, crack lengths of two (2) inches or less were prudently selected to define 
tolerable limits.  At the fastest crack growth rate, the proposed limitation of a 370 hrs/550 flights 
would allow for further propagation to a length of 2.5 inches.  The proposed limitations 
furthermore require five intervals of repetitive crack monitoring inspections during this interval.   
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Structural Loading and Stress History Description 
Initial loads reflect loads at W.S. 27 and 1.5g's for use in this analysis.  The 1.5g loads represent 
an initial estimate at the simplified equivalent ground-air-ground flight spectrum for every flight. 
The 1.5g loads were then converted into shear stress using V/A and bending stress using the 
flexure formula Mc/I.  The shear stresses were applied to layers 1,5, and 9 (layers with webs) 
while the bending stresses were applied to all layers except layer 4 and 6 (Zee's).     

All loads were applied at W.S. 27.  Subsequent tuning of these loads to bound the fatigue test 
crack growth rates in the 2-3 inch crack length regime led to factoring them up to 1.5g x 1.05 = 
1.575g's or approximately 1.6g values. 

An additional factor of 1.433 was applied to account for the apparent increase in the service 
spectrum severity beyond that of the test.  This factor was derived by applying a fourth power 
law to the maximum difference between the test-to-field crack life.  The calculation may be 
found in the Verification of Life Analysis Section.   

The final GAG cycle used was then 1.433 x 1.575g = 2.26g's per flight.  Since the K versus a 
data from the Franc2DL runs were already at 1.5g's, the combined total bump factor of 1.505 
(1.505 x 1.5 = 2.26) was implemented via the stress scaling factor in the NASGRO runs.   

In order to avoid operation at crack lengths promoting significant load redistribution and 
therefore possible concurrent damage or overloading of the secondary load paths, fastener 
transfer loads were monitored throughout the analysis.  The change in fastener transfer loads was 
shown to be minimal, especially in tolerable crack length regime of less than or equal to 3.0 
inches.   

It is noted that the critical fasteners (lower spar cap tensile field) are somewhat relieved until the 
long crack lengths are generated.  The subordinate fasteners (upper cap compressive field), 
which do feel the immediate detrimental effect of the cracking, are still well within their shear 
allowable at ultimate load; and furthermore, they transfer their load into the structure which is in 
overwhelming compression. 

Material Property Description 
In Franc2DL, materials can be assigned to each element individually.  Material properties that 
are user defined for the models in this analysis are as follows; Young's modulus, Poisson's Ratio, 
and thickness.  The values used are shown below for the various Young’s modulus and Poisson’s 
ratio. 

 

Table SIE-2.2.  Material Properties and Growth Rate Data. 
Material Young’s Modulus Poisson’s Ratio 

2024-T3 Aluminum 10.3E+06 0.35 

Steel 29.0E+06 0.30 

Titanium 17.4E+06 0.36 
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The material properties from the NASGRO3.0 libraries are used for the fracture toughness and 
the crack growth rate properties for the crack growth life determination.  The material properties 
used are for 2024-T3; Clad, Plate and Sheet; T-L; LA & HHA NASGRO material code 
M2EA12AB1. 

 
Table SIE-2.3.  Material Properties and Growth Rate Data. 

                                                                                 
          MATL 1: 2024-T3                                                        
                  Clad Plt & Sht; L-T; LA & HHA                                  
                                                                                 
          Material Properties:                                                   
                                                                                 
          :Matl:  UTS :  YS  :  K1e :  K1c :  Ak :  Bk :  Thk  :  Kc  : Keac :   
          : No.:      :      :      :      :     :     :       :      :      :   
          :----:------:------:------:------:-----:-----:-------:------:------:   
          :  1 :  66.0:  53.0:  46.0:  33.0: 1.00: 1.00:  0.050:  65.9:      :   
                                                                                 
          :Matl:--------------- Crack Growth Eqn Constants -------------------:  
          : No.:    C    :  n  :  p :  q :  DKo : Cth+ :Cth- : Rcl:Alpha:Smax/:  
          :    :         :     :    :    :      :      :     :    :     :SIGo :  
          :----:---------:-----:----:----:------:------:-----:----:-----:-----:  
          :  1 :0.829D-08:3.284:0.50:1.00:  2.90:  1.50: 0.10:0.70: 1.50: 0.30:  

 

Solution Technique 
This type of problem is conveniently solved using Franc2DL and NASGRO3.0 as previously 
discussed.  The cycles for the crack growth life will be converted into hours with the assumption 
of 0.67 hours per GAG cycle. 

 

Results  
Critical crack size/Residual Strength 

The crack lives calculated by NASGRO were found to be 8,539 cycles (5,721 Hours) for the 
outboard crack. These lives correspond to initial crack lengths of 0.05 inches propagating to 5.03 
inches.  The maximum applied stress intensity was found to be 51.77 ksi√in.  The fracture 
toughness, Kc for the material was computed to be in the range of 115 ksi√in.  This is a typical 
value for wide panel data.  Since the stress corresponding to 2.26g developed these applied stress 
intensities, the residual strength at ultimate load is verified.  To maintain a generous margin on 
the residual strength requirement, the tolerable crack length regime of less than or equal to 3.0 
inches was established. 

Residual strength at ultimate load has been shown for the 3.0 inch crack length by superimposing 
the crack growth resistance (‘R’) curve for the 2024-T3 web onto the 4.5g ultimate crack curve 
anchored at the 3.0 inch crack length.  It can be seen that the applied K curve is well below the 
crack growth resistance curve for cracks larger than 3.0 inches.  Thus, no crack will run 
catastrophically and cause failure under the ultimate load. 
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4.5g vs. 'R' Curve
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Figure SIE-2.4.  Crack Growth vs. Resistance Curve. 

 

Life:    

Based on the calculations for growing the crack in NASGRO the life from initial crack size to 
failure is determined to be 8,539 cycles (5,721 Hours).  The results are shown in Figure SIE-2.5.  
The life is given in numbers of cycles and hours. 

SIE-2.8 



Crack Growth in Main Wing Spar @ 2.26g GAG Cycle
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Figure SIE-2.5.  Crack Growth Life for Problem SIE-2. 
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Verification of the Life Analysis 
As mentioned previously, the following 4th power law calculation is used to derive a correlation 
factor between the fatigue test data and the field observations. The worst case (largest numerical 
correlation factor) is then used to scale the stress intensity factors input into NASGRO. 

Table SIE-2.4.  Test Data. 
 

        SWACO Test to Service Data Correlation Factor Derivation

226 Field Data Field data SWACO Test to Service Field data SWACO Test to Service Field data SWACO Test to Service Field data SWACO
crack size test cycles to correlation crack size test cycles to correlation crack size test cycles to correlation crack size test cycles to

hrs cycles R  IB field crack size factor R  OB field crack size factor L  IB field crack size factor L  OB field crack size
TC 300 29769 46355 0.75 no data 4.00 130453 1.295 1.00 no data 4.25 74303

TC 358 23165 37219 1.75 63113 1.141 1.5 76184 1.196 2.5 68224 1.164 2.5 47276

TC 280 23577 30976 3.5 78362 1.261 4 130453 1.433 3.5 83749 1.282 4 66409

sample calculation of 4th power law correlation factor derivation:

test cycles/(field once-per-flt-stress/test once-per-flt-stress)^4 = field cycles

or (test cycles/field cycles) = (field once-per-flt-stress/test once-per-flt-stress)^4

or (130453/30976) .̂25 = 1.433 for the worst case.

 
Worst Case : 1.433 (R. Outboard Crack from test and Outboard Crack from TC 280) 

 

Inspection Intervals 
A scatter factor of two (2) will be applied to all safe flight limits.  The 2.0 inch crack would 
reach 3.0 inches in 740 hours/ 1100 flights; applying this scatter factor results in flight limits of 
370 hours/ 550 flights (whichever occurs first).  The repeat inspection intervals are determined 
according to the established limitation requiring five intervals of repetitive crack monitoring 
inspections.  The repeat inspection intervals are calculated at 75 hours/110 flights, whichever 
occurs first. 
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Overview of Problem Description 
This problem focuses on the main cargo surround doubler attachment to the existing 
fuselage skin at stringers 2R and 26L.  The skin is considered to be a single load path 
structure under the total hoop stress before the doubler attachment.  The critical location 
is in the skin at the first row of fasteners because the skin sees both bypass and bearing 
stresses at this row, where as, at the other fastener rows the load is in both the doubler 
and the skin with each row having lower load transfer.   

The fuselage skin was fabricated from 2024-T3 aluminum.  The fasteners are 0.188 in 
diameter, and join the skin and surround doubler.   

The specific area is shown in View A of Figure SIE-3.1, with the specific details and the 
primary and continuing damage cracks shown in Figure SIE-3.3.  Note that the skin at 
this first row of fasteners is a single load path as shown in Figure SIE-3.2. 

 

 
Figure SIE-3.1.  Main Cargo Door Doubler Installation  
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Figure SIE-3.2.  Structural Detail for Critical Area 

 

 
Figure SIE-3.3.  Detail Geometry of Critical Location, View A. 

 

Model Geometry Description 
The crack growth analysis is based on the Fatigue Crack Growth Computer Program 
NASGRO3.0.  This computer program calculates crack growth for a single crack for 
several standard crack cases.  Crack growth rate calculations use the “NASGRO” 
equation with elements developed by Forman, Newman, de Koning, and Henriksen (see 
NASGRO reference manual).  This is a modified Paris equation to account for fatigue 
crack closure, stress ratio effects, and upper and lower fatigue crack growth rate 
asymptotes for threshold and critical crack growth.   

The analysis uses the NASGRO3.0 material libraries for the crack growth rate equation 
constants.  Non-interaction of loads and constants for the Forman crack growth rate 
equation are used. 

Since the standard crack models in NASGRO3.0 are for crack growth of single cracks, no 
influence of one crack upon another is calculated in NASGRO3.0 for these standard 
cases.  The analysis presented here includes crack interaction effects between the primary 
damage crack and the continuing damage crack.  This is accomplished by iterating 
though a series of NASGRO3.0 computer runs tracking the growth of both cracks and 
modifying the stress intensity factors appropriately.  The increased stress intensity factors 
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are based on the crack sizes of the interacting cracks from the previous iteration and 
correction factors based on the compounding of analytical stress intensity solutions. 

This iteration procedure is accomplished in an Excel Spreadsheet utilizing Visual Basic 
Programming to submit a NASGRO3.0 computer run for each crack at each iteration.  
The spreadsheet reads the NASGRO3.0 output files for cycles and current crack lengths.  
Based on these crack lengths, correction factors are calculated and input into the 
NASGRO3.0 input file for the next iteration, which is automatically submitted by the 
spreadsheet.   

The correction factors are accounted for by increasing the stress scaling factors input into 
NASGRO3.0.  These increased stress scaling factors can be input based on the following:  

CF

'
,
 Beta for the standard NASGRO crack model
 Beta calculated from the correction factor

'  increased stress scaling factor input into NASGRO

CF N N

N

CF

K S a S a
where

S S

β β π β π

β
β

β

= =

=
=

= =

 

These correction factors for crack interaction account for interactions between the 
primary damage crack (rogue flaw) and the continuing damage crack.  This is done 
assuming both cracks are in the same part.  

Note that interactions between the rogue flaw and the continuing damage crack have 
historically not been done in crack growth analysis.  This method of including these 
interactions from the onset of the crack growth of the rogue flaw is conservative since it 
does not account for any fatigue life due to the nucleation of the continuing damage 
crack. 

As previously discussed, the correction factors for crack interaction are based on 
comparison of analytical stress intensity solutions.  The correction factor for this analysis 
is termed “INT”, and is used for unequal length cracks growing from opposite sides of a 
hole. 

 
Figure SIE-3.4. INT correction factor 
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These correction factors are based on through the thickness cracks.  They are used for 
part through cracks when defined with an equivalent crack length.  The equivalent crack 
length is based on equating the area of a part through crack as a quarter ellipse to that of 
an equivalent through crack as a rectangular area with thickness, t: 

4 4pc eq eq eq
ac acA A a t a

t
π π

= = = ⇒ =  

The “INT” correction factor is derived based on comparing the stress intensity solution of 
a center cracked panel for two different crack lengths, a1 and a2.  Including the diameter 
of the hole, D, in the total crack lengths, yields: 

1

2

11 1

2 22

1

opp

opp opp

a D a a
a D a

D a a aaK aINT
K a D a D aa

σ π
σ π

= + +

= +

+ +
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+ +

 

The crack growth model for the main cargo door surround doubler attachment to the 
fuselage skin at stringer 2R employs the NASGRO3.0 corner crack from a hole centered 
in a plate, CC02, with the correction factors for the influence of unequal length cracks 
growing from opposites sides of a hole.  When the initial crack reaches the edge of the 
plate, the crack growth is continued in the opposite direction as a through crack from the 
edge of a plate, TC02. 

The crack growth model CC02 was used with the following dimensional values.   
0.036 .

220.0 .
0.188 .
0.5 .
0.050 .,  primary damage crack
0.005 .,  continuing damage crack

a

a

A

B

t in
W in
D in
B in
a in
a in

=
=
=
=
=
=

 

.   
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Figure SIE-3.5.  NASGRO3.0 Crack Model, CC02. 

Two NASGRO files are created for the primary damage crack and the continuing damage 
crack and submitted to the Excel interaction spreadsheet.  The spreadsheet accesses 
NASGRO and grows both cracks for 100 flights.  The β correction factors are calculated 
for the crack lengths at that time and the resulting increased stress scaling factors are 
plugged back into the NASGRO files.  The interaction spreadsheet grows the two cracks 
until there is a 10% change in the primary damage crack length (this could also be done 
in increments of flights), recalculates the β correction and stress scaling factors, and 
continues to grow the cracks until the primary damage crack reaches the edge of the 
plate. 

Once the primary damage crack reaches the edge and transitions into an edge crack 
growing in the opposite direction, the crack growth model TC02 was used with the 
following dimensional values. 

0.036 .
220.0 .

0.5 .094 0.1729 0.7669 .
2

where, c surface length of continuing damage crack when primary damage crack reaches the edge.

a B

B

t in
W in

Dc B c in

=
=

= + + = + + =

=
 

 
Figure SIE-3.6. NASGRO3.0 Crack Model, TC02 

Inspection Capabilities and Crack Limits 
The holes in the fuselage skin at the attachment of the first row of the surround doubler 
attachment at 2R (and 26L) are directly accessible from the inside.  Therefore, these areas 
are inspected by HFEC surface probe.  With a HFEC inspection, the minimum detectable 
crack size in the field is assumed to be a 0.0625 inch crack past the fastener head. 
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Structural Loading and Stress History Description 
The stress spectrum is considered to have a remote stress due to cabin pressurization.  
Cabin pressurization primarily causes hoop tension in the fuselage.  The GAG 
pressurization load is based on FAR25.571. The pressure condition is comprised of a 7.8 
psi normal operating differential pressure and an additional 0.5 psi external aerodynamic 
pressure.  A factor of 1.1 is only applied to the normal operating pressure for residual 
strength. 

7.8 0.5 8.3
74 . (radius of fuselage)

8.3(74) 17.061
0.036r

skin

P psi
R in

PRS k
t

= + =
=

= = = si

 

The bypass and bearing load at the critical fastener row is calculated using a displacement 
compatibility analysis as described by Swift (“Repairs to Damage Tolerant Aircraft,” 
presented to the International Symposium on Structural Integrity of Aging Airplanes, 
Atlanta, Georgia, USA, 1990).  Layer “a” is the fuselage skin and an existing bonded 
doubler.  Layer “b” is the main cargo surround doubler.  The surround doubler becomes 
fully effective after the first three rows.  This analysis shows the most critical fastener 
location is the first row of fasteners. 
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Table SIE-3.1.  Fastener Transfer Calculations. 
DISPLACEMENT COMPATIBILITY ANALYSIS USING SWIFT'S FASTENER STIFFNESSES

(Note: If there are n fastener rows, there are n+1 segments.
However, stiffnesses of last segment do not affect solution)

INPUT See bottom for sketch (expand view for clarity)

SEGMENT 1 2 3 4 5 6 7 8 9
FASTENER

STEEL? 1=yes, 0 = no 0 0 0 0 0 0 0 0 0
ALUMINUM? 1= yes, 0= no 1 1 1 1 1 1 1 1 1

D 0.188 0.188 0.188 0.188 0.188 0.188 0.188 0.188 0.188
ta 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072
tb 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

Esheet 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000
PLATES

L 1 1 1 9.5 9.5 9.5 9.5 9.5 9.5
Aa 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072 0.072
Ea 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000
Ab 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Eb 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000 10000000

CALCULATIONS
Ca 1.389E-06 1.389E-06 1.319E-05 1.319E-05 1.319E-05 1.319E-05 1.319E-05 1.319E-05
Cb 0.000001 0.000001 0.000001 0.0000095 0.0000095 0.0000095 0.0000095 0.0000095 0.0000095
Cf 4.57069E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06 4.571E-06

Cf*Pf 7.322E-07 4.541E-07 6.663E-08 1.001E-08 3.067E-09 1.136E-08 7.605E-08 5.183E-07
Pa 1 0.6952251 0.5350271 0.4356777 0.4210997 0.4189104 0.4182393 0.4157542 0.3991162 0.285714
Pb 0 0.3047749 0.4649729 0.5643223 0.5789003 0.5810896 0.5817607 0.5842458 0.6008838 0.714286
Pf 0.304774916 0.160198 0.0993494 0.014578 0.0021893 0.0006711 0.0024851 0.016638 0.1134022

Cumulative load transfer a to b 0.304774916 0.4649729 0.5643223 0.5789003 0.5810896 0.5817607 0.5842458 0.6008838 0.714286 0.714286
% Pf load transfer of segment 1 Pa 30.48% 16.02% 9.93% 1.46% 0.22% 0.07% 0.25% 1.66% 11.34% 0.00%

P1a

1 2 3 4

P5a

P1b P5b

 

Copy last two columns for additional fastener rows
10

Based on these results, 30% of the load is taken through bearing in the first row of 
fasteners.  This first row of fasteners therefore has 30% as a bearing load and the 
remaining 70% as a bypass load. 

The axial stress and bearing stress acting on this section are: 

0

3

(1 0.305) 0.695 0.695(17.061) 11.857

0.305 0.305 0.305(17.061)0.94 26.018
.188

bypass r r

r r
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S S S ksi

P S Wt S WS k
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The limit stress used for residual strength purposes in this scenario is calculated, as stated 
earlier, according to FAR25.571. 

1.1*7.8 0.5 9.1
74 .

9.1(74) 18.706
0.036r

P p
R in

PRS k
t

= + =
=

= = =

si

si

 

The residual strength axial stress and bearing stress acting on this section are: 
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Material Property Description 
The outer skin and doubler are made from 2024-T3 IAW QQ-A-250/5.  The material 
properties from the NASGRO3.0 libraries are used for the fracture toughness and the 
crack growth rate properties.  The material properties used are for 2024-T3; Clad, Plate 
and Sheet; T-L; LA & HHA NASGRO material code M2EA12AB1. 

Table SIE-3.2.  Material Properties and Growth Rate Data. 
                                                                                 
          MATL 1: 2024-T3                                                        
                  Clad Plt & Sht; L-T; LA & HHA                                  
                                                                                 
          Material Properties:                                                   
                                                                                 
          :Matl:  UTS :  YS  :  K1e :  K1c :  Ak :  Bk :  Thk  :  Kc  : Keac :   
          : No.:      :      :      :      :     :     :       :      :      :   
          :----:------:------:------:------:-----:-----:-------:------:------:   
          :  1 :  66.0:  53.0:  46.0:  33.0: 1.00: 1.00:  0.036:  66.0:      :   
                                                                                 
          :Matl:--------------- Crack Growth Eqn Constants -------------------:  
          : No.:    C    :  n  :  p :  q :  DKo : Cth+ :Cth- : Rcl:Alpha:Smax/:  
          :    :         :     :    :    :      :      :     :    :     :SIGo :  
          :----:---------:-----:----:----:------:------:-----:----:-----:-----:  
          :  1 :0.829D-08:3.284:0.50:1.00:  2.90:  1.50: 0.10:0.70: 1.50: 0.30:  

 

Solution Technique 
This type of problem is conveniently solved using NASGRO3.0 with the crack growth 
interactions previously discussed.  The input files for the equal length cracks growing 
from opposites sides of a hole are identical for the NASGRO3.0 analysis shown in Table 
SIE-3.3.  The spectrum is included as a constant amplitude GAG cycle with 100 flights 
per block, with a single block applied per schedule. 

 

Table SIE-3.3.  NASGRO Input File for Problem SIE-3. 
Data Description 

71fc1-2cout Output file name 
1 1=US units 
D D=direct 
71fc1-2 skin at upper and lower 
doubler edges Problem name 
CC Crack model type 
2 Crack model no. 
0.036 Thk, t 
220 W 
0.188 D 
0.5 Hole center to edge 
0.33 Poisson's Ratio 
U U=User defined crack 
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0.05 Initial a 
1 Initial a/c 
1 Number of materials 
N Non Interaction 
1 Matl input choice 
w File input choice 
M Material Category 
2 Material type 
EA Material alloy 
1 Material heat treat information 
Stress on skin at upper/lower 
edged Spectrum name 
N Flag for identifying steps 
100000 No. times to apply schedule 
1 No. distinct blocks 
N Don't display spec blocks 
1 Num steps/block 
3 Schedule option 
1 Load step number 
100 Number of cycles 
0 FMIN(1) t1 S0 
11.857 FMAX(1) t2 S0 
0 FMIN(2) t1 S1 
0 FMAX(2) t2 S1 
0 FMIN(3) t1 S3 
26.018 FMAX(3) t2 S3 
0 End manual input 
1 Scaling Factor S0 
1 Scaling Factor S1 
1 Scaling Factor S3 
Y Reference stress input 
13 REFACT(1,1,1) S0 
2 Ref Stress at t2 
0 REFACT(2,1,1) S1 
2 Ref Stress at t2 
28.527 REFACT(4,1,1) S3 
2 Ref Stress at t2 
N Do not enter schedule from file 
1 Sblock case 
1 Number of times to apply 
0 End Spectrum input 
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Results  
Critical crack size/Residual Strength 

The primary damage crack, crack A, is assumed to grow from a hole to the edge, during 
which the continuing damage crack, crack B, is growing from the opposite side of the 
hole towards an adjacent hole.  Once crack A reaches the edge it transitions into an edge 
crack with the crack tip at the tip of crack B. 

 

Life:    

Based on the calculations for growing the crack in NASGRO and the crack growth 
interactions, the life from initial crack size to failure is determined to be 41,412 flights.  
The results of crack length versus life are shown in Figure SIE-3.7.  The life is given in 
numbers of flights. 
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Figure SIE-3.7.  Crack Growth Life for Problem SIE-3. 

 
Inspection Intervals 
The threshold and repeat intervals are calculated using the life reduction factors shown 
below.   
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Life Reduction Factors:  
K1 = 2.0 
K2 = 3.0 

 

Detectable crack length (HFEC around fastener head):  
( ) ( )

det det

0.3016 0.188
0.0625 0.0625 0.1193 .

2 2
headD D

c a i
− −

= = + = + = n  

Number of flights @ detectable crack length, Ndet = 13,758 flights 

Critical crack length (distance to next adjacent hole):  
0.1880.5 0.94 1.346 .

2 2crit a
Dc B p i= + − = + − = n  

Number of flights @ critical crack length, Ncrit = 41,412 flights 

 

41412Threshold Interval 20,706flights
2.01

41412 13758detRepeat Interval 9, 218 flights
3.02

Ncrit
K

N Ncrit
K

= = =

− −
= = =
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PROBLEM NO. SIE-4 
Title:  Damage Tolerance Analysis of Rear Wing Spar Considering the 

Reinforcing Effect of the Wing Skin  

Objective: 

To illustrate the process of estimating crack growth behavior in a structure with 
reinforcement in order to set inspection limits. 

General Description: 

This problem focuses on a damage tolerance assessment of a rear wing spar.  The 
methodology used to analyze this problem utilized a finite element model with cracked 
elements to generate stress intensity factors.  This approach was used to account for the 
reinforcing effect of the wing skin.  The analysis also utilized an in-house crack growth 
program to generate the crack growth life.   

Topics Covered: Damage tolerance assessment, cracked finite element, crack 
growth analysis, load spectrum development, inspection intervals  

Type of Structure:  wing rear spar and skin 

Relevant Sections of Handbook:  Section 2, 5, 11  

Author:    Lesley Camblin 

Company Name:  Structural Integrity Engineering 
 9525 Vassar 
 Chatsworth, CA  91311 
 818-718-2195 
 www.sieinc.com 

Contact Point:  Matthew Creager 
Phone: 818-718-2195 
e-Mail:  mcreager@sieinc.com 
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Overview of Problem Description 
This problem focuses on the crack growth life of a rear wing spar accounting for the 
reinforcing effect of the wing skins.  The rear spar is C shaped.  The dimensions of the 
vertical web, top and bottom flanges, as well as the thickness change along the span of 
the spar are accounted for.  The bottom flange is connected to the wing skin with two 
staggered rows of rivets.  It is assumed that a crack will initiate from one of these 
attachments, since the specified loading spectrum causes this flange to be under the 
highest tension stress. 

 

BL 35.8 BL 0.0 

 
Figure SIE-4.1.  Rear Wing Spar  

 
Figure SIE-4.2.  Wing Lower Skin at Critical Location on Rear Wing Spar. 
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Figure SIE-4.3.  View Looking Up at the Cracked Rear Spar. 

 

Structural Model 
The wing skins provide reinforcement to the assembly affecting the overall load transfer 
as the crack propagates.  Where the overall load transfer is greatly affected by the crack, 
an established finite element approach is available.  It is important to note that in these 
crack configuration cases, the crack will always be a through the thickness crack and thus 
a two dimensional model of the crack tip vicinity is appropriate.   

The finite element approach that is used in this example employs a special cracked finite 
element that contains the crack tip singularity within it.  A cracked finite element can be 
found in MSC/NASTRAN or other similar programs.  The stress intensity factor is 
automatically generated and is uniquely defined.  The overall mesh requirements are not 
demanding; relatively crude meshes give excellent results utilizing this element. 

The proper singular behavior of stress and strain distributions from the near field 
solutions of linear fracture mechanics are embedded into the shape functions of the 
cracked element.  The inter-element compatibility conditions of displacement and 
tractions are maintained through the use of Langrangian multiplier techniques.  
Consequently, the stress intensity factors are solved directly as unknowns in the final 
algebraic system of equations along with the nodal displacements.  It has been shown that 
by using only 20 to 50 degrees of freedom, the stress intensity factor can be computed 
using the cracked element with accuracy of one percent or better. 

Although this example uses a specific cracked element, the intent of this problem is to 
show how to incorporate these types of elements into a damage tolerance analysis.  This 
is why the derivations of the specific element are not presented here.  

SIE-4.3 



 

Figure SIE-4.4. Example of a Finite Element Mesh with a Cracked Element. 

 

Model Geometry Description 
For an initial crack at the rear spar to skin attachment, the fatigue crack propagation life 
is divided into two phases.  The first phase, Phase 1, consists of a through the thickness 
crack starting from a rivet hole in the rear spar bottom flange in the row farthest from the 
web, and growing towards the edge of the flange.  This is simulated as a crack emanating 
from an eccentric hole in a plate, as wide as the lower flange, subject to constant uniform 
stresses (W = 2.443 in., t = 0.25 in., D = 0.312 in.).  In this first phase, the wing skin has 
negligible effects, and the crack growth analysis is performed using standard stress 
intensity solutions. 

The second phase, Phase 2, occurs after the crack in Phase 1 reaches the edge of the 
flange.  In this second phase, the crack becomes an edge crack growing towards the web 
of the spar.  Phase 2 is analyzed as an edge crack in a semi-infinite plate subject to 
uniform stresses that change with crack length.  This change in stress with crack length is 
due to the reinforcing effect of the wing skins. 

This phase of crack growth in the rear spar was studied using the aforementioned finite 
element analysis with a cracked element to determine the stress intensity factor versus 
crack length.   
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 Figure SIE-4.5.  Initial, Phase 1, Crack Growth Model. 

 
Figure SIE-4.6.  Phase 2 Crack Growth Model. 

In Phase 2, ten different finite element models representing the rear spar at BL35.8, each 
with a different crack length, were generated.  The following figures show respectively 
the mesh for the case where the crack is partially along the flange and where the flange is 
fully cracked with the crack tip on the beam web. 
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These models utilize symmetry through the crack place and model the structure on one 
side of the crack with the appropriate boundary conditions along the crack plane. 
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Flange

 

Figure SIE-4.7.  Partially Cracked Flange. 

 

Figure SIE-4.8.  Fully Cracked Flange. 
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The upper and lower skins were modeled as intact.  It is appropriate to model these skins 
as intact as long as fatigue cracks will not be generated in the skins as the crack grows in 
the rear spar.  The effect of the crack-stopper attached to the web was conservatively 
ignored.  The applied load for the stress intensity factor analysis consisted of a unit 
moment applied at a distance of 24 inches from the crack.  Table SIE-4.1 contains the 
obtained stress intensity factors for various crack lengths. 

Table SIE-4.1.  Stress Intensity Factors for Skin Intact. 

 
Figures SIE-4.9 and SIE-4.10 show the variation of β and K/σ with length.  Note the 
reduction in K/σ as the crack progresses through the spar flange and then increases after 
it gets near the spar web. 
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Figure SIE-4.9.  Crack Length vs β. 

 
Figure SIE-4.10.  Crack Length vs K/σ. 
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Inspection Capabilities and Crack Limits 
The crack growth analysis was driven by the simple criteria that any fatigue damage is 
required to be discoverable prior to the failure of a critical element that could lead to the 
loss of the airplane.  The goal of this analysis was to show that the rear wing spar and 
skin would have a crack growth life, with an initial through the thickness crack, greater 
than the design life of 20,000 hours and that the threshold inspection would be based on 
past experience and practice.   

Structural Loading and Stress History Description 
The design lifetime for the aircraft is 20,000 hours.  Based on the Airplane flight profile 
combined with gust maneuver exceedance curves, and the stress profiles on the assembly, 
a stress spectrum is developed.  This spectrum is defined in blocks for the analysis. 

The spectrum block that was used for crack growth analysis is 500 hours long and 
repeated 40 times in a lifetime, so that the frequency of the highest load is 40 per lifetime.  
This is a conservative clipping level for the high loads, since less frequently applied loads 
would cause more crack growth retardation.   

Based on a truncation study described below, a stress range truncation level of 1.6 ksi 
was used for the low loads.  Due to the large number of cycles occurring in this spectrum 
block, first the cycles representing 100 flight hours were generated and then the 100 hour 
block was repeated five times with proper intermediate overloads to form the 500 
spectrum block. 

A truncation study was conducted for two locations located on the rear spar.  Table SIE-
4.2 shows the growth lives as a function of the spectrum truncation level. 

Table SIE-4.2.  Truncation Level. 
Location Truncation Level (ksi) Life in Hours 

1 0.8 28,000 

1 0.85 29,000 

1 0.9 30,000 

1 1.0 34,000 

2 0.7 746,000 

2 0.8 782,000 

2 0.9 953,500 
 

For both locations, the growth lives stabilized at an amplitude stress level truncation 
value of 0.8 ksi.  This corresponds to a stress range truncation value of 1.6 ksi.  This 
truncation level was used for spectrum generation of the critical location. 

There are four flight types in the mission mix.  The following table shows the airplane 
life profile.  For each flight, the duration and sequence of segments are indicated.  The 
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last column represents the percentages of design life for each segment of a flight.  There 
are twenty different segment types. 

Table SIE-4.3.  Airplane Flight Profile. 

 
Detailed exceedance curves for the take-off segment were not generated because it was 
simpler to use a slightly conservative ground load for all flights.  Therefore, a total of 19 
gust stress exceedance curves, 19 maneuver exceedance curves, and 19 1G stresses were 
supplied for the critical location. 

The steps in generation of the 100 hour spectrum block are described below.  In steps a 
and b, peak and valley stresses are generated without consideration of their sequence in 
the spectrum block.  Step h describes the inclusion of fuselage pressure. 

a. For each segment type (i.e. climb, cruise, descent, and approach and landing) 
the total number of excursions of positive and negative gusts and maneuvers 
in a spectrum block of 100 hours is determined.  The total number of 
excursions is the product of the exceedances per flight hour at the stress 
truncation level and the number of blocks. 

b. There are separate exceedance curves for maneuver peaks and valleys.  Gust 
peaks and valleys are related in that their exceedances have the same absolute 
values but opposite signs.  For each segment type, all gust peaks and 
maneuver peaks and valleys are picked from respective exceedance curves on 
a random basis and without replacement.  The total number of excursions to 
be picked for each exceedance curve was generated in step a.  Three files of 
stress values are generated for each of the nineteen segments. 

c. The number of flights of each type (there are a total of four types) in the 
spectrum block is determined using their percentages of occurrence; their 
sequence is determined on a random basis. 
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d. For each segment of a flight, the numbers of cycles of gusts and maneuvers 
are determined from the duration of the segment within a flight (as compared 
to the total time in that segment in the design life). 

e. For each segment of a flight, gust peaks are picked from the information 
generated in step b and in the order appearing there.  The cycles for gust are 
formed by coupling each peak with its opposite value as a valley.  The 
segment 1G stress is then added to the peaks and valleys.  The stress cycles 
within the same segment for two flights of the same type are in general 
different. 

f. For each segment of a flight, maneuver peaks and valleys are picked 
separately from the respective information generated in step b and in the order 
appearing there.  The segment 1G stress is then added to the peaks and 
valleys.  The gust cycles for a segment are placed before those of maneuver. 

g. A ground stress (compression for the lower wing) is placed between each 
flight. 

h. For reasons of simplicity, the stresses due to fuselage pressure for various 
flight conditions are taken to be equal to that of the most critical pressure 
condition (9.0 psi).  It is added to all the spectrum peaks and valleys except to 
the ground stresses.  In general, the net effect is to increase the mean stress by 
this stress value. 

i. The highest peak in the block is then identified and the portion of the 
spectrum above it is moved to the end of the spectrum so that in the re-
sequenced spectrum, the highest peak is at the beginning.  In addition, the 
values in the spectrum not defining a peak or valley are eliminated.  The re-
sequencing is done to enable cycle pairing to be performed using the Rainflow 
method (this was accomplished with an in-house program).  The cycle pairing 
is important to define the representative stress cycles for the crack growth 
analysis. 

As discussed previously, a conservative clipping level is defined for the highest load.  To 
calculate this, the combined exceedance curve of all 19 segments of gust and maneuver 
was generated and used to assemble a 500 hour block from the 100 hour block.  The 
clipping level at a frequency of 40 per lifetime corresponds to the highest stress S500 
occurring in a 500 hour spectrum; S500 is determined from the composite exceedance 
curve.   

Composite exceedance curves were obtained by combining the 19 gust exceedance data, 
maneuver exceedance data, and 1G stress values for the 19 segment types using their 
associated percentage of occurrence.  The composite exceedance curve was used to 
determine the stress level occurring 40 times in a lifetime.  This was then used as the 
clipping level.  The composite exceedance curve for the wing rear spar is shown below. 
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Figure SIE-4.11.  Exceedance Curve for Wing Rear Spar. 

S100 is the highest stress occurring in a 100 hour block; it can be determined either from 
the composite exceedance curve or from the 100 hour spectrum block.  Four overloads, 
all larger than S100, are used to extend the 100 hour block to a 500 hour block.  The 
largest of these overloads is S500.  The other three overloads are determined by picking 
three equally distant values on logarithmic scale between S500 and S100.  The 500 hour 
block is formed by the following sequence: 

S1+S5+S3+S5+S2+S5+S4+S5 

Where S1 through S4 are the four overloads in decreasing order and S5 is the 100 hour 
spectrum block. 

 

Material Property Description 
The material properties for the rear spar, 7075-T7351LS (long/short transverse), are 
given below.  The in-house crack growth program used the modified Willenborg 
retardation model and the Chang acceleration option.  For the alloys used in the wing, 
these models have been shown to be a reasonable representation of the crack growth 
retardation and acceleration that occurs due to the interaction of high and low loads in the 
loading spectrum.  The bislope representation of the crack growth rate versus ∆K was 
opted for the aluminum alloys.  The crack growth program uses a Walker stress ratio 
effect model. 

Table SIE-4.4.  Material Properties and Growth Rate Data. 
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Parameter ∆K<12.1 ∆K>12.1 

C 5.044 x 10-9 2.584 x 10-7 

n 3.189 1.608 

m 0.4 0.4 

q 1.0 1.0 

da/dn 1.42 x 10-5 1.42 x 10-5 

KC 61.5 61.5 

KIC 29.4 29.4 

Fty 58 58 

∆Kth 0.01 0.01 
 

Solution Technique 
Although the crack growth analysis for this problem was solved using an in-house 
computer program, NASGRO3.0 could be also be used.  Using standard stress intensity 
factors for Phase 1 and the stress intensity factor versus crack length chart developed with 
the cracked finite element for Phase 2, the crack growth analysis for this type of problem 
is conveniently solved using NASGRO3.0.  This would require a separate crack growth 
run for each phase.  Note that for Phase 2, the stress intensity factors versus crack length 
can be input into NASGRO3.0 as a table.  In this example, the cycles for crack growth 
life will be converted into hours with the assumption of 0.67 hours per ground-air-ground 
(GAG) cycle. 

 
Results  
Life:    

Using the relationships for b, the crack growth rate data for 7075-T7351LS, and the 
appropriate stress spectrum, it was found that the total crack growth duration of parts 1 
and 2 up to the crack stopper on the flange is 60,000 hours corresponding to three design 
lifetimes. Based upon this, the initial inspection should be based upon past experience 
and practice and is not impacted by the damage tolerance analysis. 
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Figure SIE-4.12.  Crack Growth Life for Problem SIE-4. 
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PROBLEM NO. SIE-5 
Title:  Crack Growth and Residual Strength Analyses of Cracks Under 

and Beyond a Main Cargo Surround Doubler at a Lap Joint  

Objective: 

To illustrate the process of estimating crack growth behavior to set inspection limits. 

General Description: 

This problem focuses on a damage tolerance assessment of skin lap joints underneath a 
main cargo door surround doubler for the purpose of determining multiple crack link up 
and establishing inspection intervals for a long crack growing from underneath the doubler.  
The critical area includes the main cargo door surround doubler and the existing fuselage 
skin.  The stresses acting at the doubler attachments to the lap splices are derived from a 
conservative loading spectrum based on pressure loading.  The critical area was modeled 
using Franc2DL for the long crack case to propagate the crack to obtain ‘K’ vs. ‘a’ values 
and NASGRO3.0 to compute the life of the cracked structure for both cases.   

Topics Covered: Damage tolerance assessment, stress intensity solutions using finite 
element analysis, crack growth analysis, residual strength 
calculation, inspection intervals  

Type of Structure:  fuselage skin 

Relevant Sections of Handbook:  Section 2, 4, 5, 11 

Author:    Lesley Camblin 

Company Name:  Structural Integrity Engineering 
 9525 Vassar 
 Chatsworth, CA  91311 
 818-718-2195 
 www.sieinc.com 

Contact Point:  Matthew Creager 

Phone: 818-718-2195 

e-Mail:  mcreager@sieinc.com 
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Overview of Problem Description 
This problem focuses on the fuselage skin lap joints in transport aircraft when a main cargo 
door surround doubler is present.  The doubler covers parts of the lap splices adjacent to 
the main cargo door cutout.  The lap splices that are covered are 4L, 10L, 14L, and 19L.  
The doublers consist of patches of rectangular sheets butt spliced together.  This problem 
addresses the potential for skin crack initiation at multiple locations and crack growth 
underneath the doubler.   

 

 
Figure SIE-5.1.  Main Cargo Door Doubler Installation 
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Figure SIE-5.2.  Multiple Crack Linking Case. 
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Figure SIE-5.3.  Long Crack Case. 

Structural Model 
Franc2DL models two-dimensional geometries with multiple layers fastened together.  
Therefore, the geometry of the Franc2DL finite element model involves the creation of 
multiple layers, each with equivalent areas as that of the structure being modeled. These 
layers and geometry are created in a meshing program, 'Casca', which are then 
incorporated via a conversion program, 'Casca to Franc', into Franc2DL.  
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The basic model is as shown in Figure SIE-5.4.  The layers include the 0.04 inch skin, 
0.07 inch surround doubler, 0.05 inch tear strap, 0.07 inch doubler splice back up plate, 
and 0.07 inch skin circumferential splice.  The fastener pitch in a row is 1.0 inch. The 
skin residual strength stress was used in the models. 

 

 
Figure SIE-5.4. Close Up View of Aft Doubler Edge 
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Figure SIE-5.5. Basic Franc2DL Model. 

The material properties for each element within a layer are defined individually to 
account for changes in material type and thickness. Layers are fastened together with 
rivets, which are treated as finite element springs for which the user must define the 
stiffness. 

If the skin cracks at the upper row of fasteners in a lap joint link underneath the doubler, 
a long crack completely covered by the doubler could be formed.  Since the crack is 
covered, it is necessary to determine if the doubler can help maintain the residual strength 
of the skin lap splices.  This is done by using a cracked element in Franc2DL as shown 
below. 
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Figure SIE-5.6. Franc2DL Cracked Element. 

 

The most critical location for a long crack is a crack growing from the edge of the door 
cutout towards the adjacent doubler edge (FS650-FS700).  At lap splices 10L and 14L, a 
crack is located within one row of fasteners from the doubler edge. 

 

Crack 

 
Figure SIE-5.7. Long Crack Model. 

Note that Franc2DL is used to propagate the crack(s) to obtain ‘K’ vs. ‘a’ values.  This is 
input as tabulated data into NASGRO3.0 to compute crack growth life. 
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Model Geometry Description 
It is conceivable that cracks could have been present at most fastener holes in the top row 
of the lap splice at the time of the surround doubler installation.  Since there were no 
inspections for cracks at the existing fastener holes prior to installation, it is necessary to 
establish the maximum crack size that could have been present.  The largest multiple 
cracks that could have been present would have had crack lengths not quite long enough 
to cause failure under the standard operating loads.  An ultimate strength failure criterion 
will be used for the ligament between two cracks emanating from adjacent holes and 
approaching each other (the applied K for the resulting crack size will be much smaller 
than the Kc for 2024-T3 thin sheet).  For an applied cyclic stress of 16.8 ksi and a 
nominal ultimate strength of 66 ksi for 2024-T3, this will create a crack configuration as 
shown in Figure SIE-5.8 (Li = (1-16.8/66)/2 = 0.373 in.).   

 
Figure SIE-5.8. Initial MSD Crack Length. 

The cyclic stress for fatigue crack propagation after the 0.07 inch doubler installation on 
the 0.04 inch skin is (0.04/0.11)*16.8 = 6.11 ksi.  For a 3/16 inch diameter hole, the 
initial crack length for crack growth is ai = 0.373-3/32 = 0.279 inches.  Note that this 
method of establishing the possible crack size of any cracks present is conservative since 
it assumes that the largest possible crack is present at all holes simultaneously.  

The stress intensity factors for the case of cracks at adjacent holes, as shown in Figure 
SIE-5.9, were derived by combining several existing standard solutions. 
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Case 1

 

Figure SIE-5.9. Multi-Site Damage Crack Growth. 

 

 

Case 2 

 
Figure SIE-5.10. Equally Spaced Cracks, Tada Case 7.1. 

 

 Case 3
 

Figure SIE-5.11.  Single Crack Solution, Tada case 5.1. 
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Case 4 

 
Figure SIE-5.12. Two Equal Cracks from a Hole, Tada case 19.1. 

Combining the solutions and solving for K1 gives: 
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After obtaining K1, the crack growth analysis can be performed using the NASGRO3.0 
data table option for a one-dimensional data table for through cracks, DT01, with a unit 
stress.  The crack lengths and corresponding β values are shown below. 

1K
a

β
π

=  
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Table SIE-5.1. NASGRO Input Values for MSD DT01. 
a (in.) K2 K3 K4 K1 β 

0.05 0.6964 0.6720 0.7068 0.7325 1.8481
0.1 0.8348 0.7802 0.7941 0.8498 1.5161
0.2 1.1494 0.9606 0.9563 1.1442 1.4434

0.25 1.3678 1.0392 1.0325 1.3589 1.5334
0.275 1.5120 1.0763 1.0690 1.5018 1.6157

0.28 1.5452 1.0836 1.0762 1.5347 1.6363
0.285 1.5802 1.0908 1.0834 1.5694 1.6586

0.29 1.6172 1.0980 1.0905 1.6062 1.6827
0.295 1.6564 1.1051 1.0976 1.6451 1.7089

0.3 1.6982 1.1122 1.1046 1.6866 1.7373
0.305 1.7427 1.1192 1.1116 1.7308 1.7682

0.31 1.7904 1.1262 1.1186 1.7783 1.8019
0.315 1.8418 1.1332 1.1255 1.8293 1.8389

0.32 1.8973 1.1401 1.1324 1.8845 1.8795
0.325 1.9576 1.1470 1.1392 1.9444 1.9243

0.33 2.0235 1.1538 1.1461 2.0099 1.9740
0.335 2.0959 1.1606 1.1528 2.0819 2.0293

0.34 2.1760 1.1673 1.1596 2.1616 2.0915
0.345 2.2655 1.1740 1.1663 2.2505 2.1617

0.35 2.3664 1.1807 1.1730 2.3508 2.2419
0.355 2.4814 1.1873 1.1796 2.4652 2.3343

0.36 2.6142 1.1939 1.1862 2.5972 2.4422
0.37 2.9569 1.2070 1.1993 2.9379 2.7250
0.38 3.4783 1.2200 1.2123 3.4564 3.1634

0.4 7.1360 1.2455 1.2379 7.0925 6.3270
 

The stress intensity factors, K, and corresponding crack lengths for the long crack case 
are taken from the Franc2DL model.  This model was run with the skin residual strength 
stress of 18.426 ksi.  The K values are converted into betas for a unit stress using the 
equation: 

18.246

K
aπβ

 
 
 =  

The β and crack length values are input into NASGRO3.0 using the same data table 
option as for the MSD case.  Table SIE-5.2 shows the crack lengths, K values, and 
calculated β values for the long crack case. 

SIE-5.10 



Table SIE-5.2. NASGRO Input Values for Long Crack DT01. 
a (in.) K β 

48.066 35.49 0.1567
53.066 44.58 0.1874
58.066 58.57 0.2353
63.066 71.35 0.2751
68.066 81.82 0.3037
73.066 88.29 0.3163
78.066 93.84 0.3252
83.066 105.2 0.3534

 

Inspection Capabilities and Crack Limits 
The long crack will be detectable once it grows out from underneath the surround 
doubler.  The crack will be directly accessible externally and inspected for by using either 
HFEC or detailed visual techniques.  With a HFEC inspection, the minimum detectable 
crack size in the field is assumed to be a 0.125 inch crack away from a fastener hole.  
With a detailed visual inspection, the minimum detectable crack size in the field is 
assumed to be a 3.0 inch uncovered crack. 

Structural Loading and Stress History Description 
The stress spectrum is considered to have a remote stress due to cabin pressurization.  
Cabin pressurization primarily causes hoop tension in the fuselage.  The GAG 
pressurization load is based on FAR25.571. The pressure condition is comprised of a 8.6 
psi normal operating differential pressure and an additional 0.5 psi external aerodynamic 
pressure.  A factor of 1.1 is only applied to the normal operating pressure for residual 
strength. 

8.6 0.5 9.1
74 . (radius of fuselage)

9.1(74) 16.835
0.04r

skin

P psi
R in

PRS k
t

= + =
=

= = = si

 

The limit stress used for residual strength purposes in this scenario is calculated as stated 
earlier according to FAR25.571. 

1.1*8.6 0.5 9.96
74 .

9.96(74) 18.426
0.04r

skin

P p
R in

PRS k
t

= + =
=

= = =

si

si

 

Material Property Description 
In Franc2DL, materials can be assigned to each element individually.  Material properties 
that are user defined for the models in this analysis are as follows; Young's modulus, 
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Poisson's Ratio, and thickness.  The values used for the long crack case are shown in 
Table SIE-5.3. 

Table SIE-5.3.  Material Properties and Growth Rate Data. 
Material Young’s Modulus Poisson’s Ratio 

2024-T3 Aluminum 10.3E+06 0.35 
 

The outer skin and doubler are made from 2024-T3 IAW QQ-A-250/5.  The material 
properties from the NASGRO3.0 libraries are used for the crack growth rate properties.  
The material properties used are for 2024-T3; Clad, Plate and Sheet; T-L; LA & HHA 
NASGRO3.0 material code M2EA12AB1. 

 

Table SIE-5.4.  Material Properties and Growth Rate Data. 
                                                                                 
          MATL 1: 2024-T3                                                        
                  Clad Plt & Sht; L-T; LA & HHA                                  
                                                                                 
          Material Properties:                                                   
                                                                                 
          :Matl:  UTS :  YS  :  K1e :  K1c :  Ak :  Bk :  Thk  :  Kc  : Keac :   
          : No.:      :      :      :      :     :     :       :      :      :   
          :----:------:------:------:------:-----:-----:-------:------:------:   
          :  1 :  66.0:  53.0:  46.0:  33.0: 1.00: 1.00:  0.036:  66.0:      :   
                                                                                 
          :Matl:--------------- Crack Growth Eqn Constants -------------------:  
          : No.:    C    :  n  :  p :  q :  DKo : Cth+ :Cth- : Rcl:Alpha:Smax/:  
          :    :         :     :    :    :      :      :     :    :     :SIGo :  
          :----:---------:-----:----:----:------:------:-----:----:-----:-----:  
          :  1 :0.829D-08:3.284:0.50:1.00:  2.90:  1.50: 0.10:0.70: 1.50: 0.30:  

 

The Kc value is conservative for the long crack case.  This value was changed to 108.9 
ksi√in. (Department of Defense Damage Tolerant Design Handbook) in order to better 
calculate the actual crack growth in a large panel. 

Solution Technique 
The multiple cracks case is conveniently solved using NASGRO3.0 with the crack 
growth interactions previously discussed, while the long crack case is solved using 
Franc2DL and NASGRO3.0.  The spectrum is the same for both cases and is included as 
a constant amplitude GAG cycle with 100 flights per block, with a single block applied 
per schedule. 

 

Results  
Critical crack size/Residual Strength 

The residual strength stress for the multiple cracks is (0.04/0.11)*18.4 = 6.7 ksi.  This 
stress results in a critical crack geometry as shown in Figure SIE-5.13 (Lf = (1-6.7/66)/2 
= 0.449 in.).  The final crack length is af = 0.449-3/32 = 0.355 inches. 
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Figure SIE-5.13. MSD Critical Crack Length. 

 

Life:    

Based on the calculations for growing the crack in NASGRO3.0 and the MSD crack 
growth interactions, the life from initial crack size to failure is determined to be 16,868 
flights.  The results of crack length and crack depth versus life are shown in Figure SIE-
5.14.  The life is given in numbers of flights.  These results show that there is ample time 
before multiple cracks present at the time of the surround doubler installation link up and 
become critical. 
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Figure SIE-5.14.  Crack Growth Life for MSD Case. 
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Based on the calculations for growing the crack in NASGRO3.0 for the long crack case, 
the life from initial crack size to failure is determined to be 65,554 flights.  The results of 
crack length and crack depth versus life are shown in Figure SIE-5.15.   
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Figure SIE-5.15.  Crack Growth Life for Long Crack Case. 

 
Inspection Intervals 
The threshold and repeat intervals for the long crack case are calculated using the life 
reduction factors shown below.   

Life Reduction Factors:  
K1 = 2.0 
K2 = 2.0, Multiple load path structure 

Detectable crack length (HFEC at edge of doubler):  
det 0.125 700 650 1.75 0.125 51.75 0.125 51.875 .dblrc c FS FS in= + = − + + = + =  

Number of flights @ detectable crack length, Ndet = 17,400 flights 

Detectable crack length (Detailed visual at edge of doubler):  
det 3.0 700 650 1.75 3.0 51.75 3.0 54.75 .dblrc c FS FS in= + = − + + = + =  

Number of flights @ detectable crack length, Ndet = 35,200 flights 

Critical crack length: c = 83.3659 in. 
Number of flights @ critical crack length, Ncrit = 65,554 flights 
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PROBLEM NO. UDRI-1 
Title:  Crack Growth Analysis of Critical Area in Front Wing Spar and 

Verification of Model 

Objective: 

To illustrate the process of estimating crack growth behavior to set inspection limits and the 
process used to verify the analytical results. 

General Description: 

This problem focuses on a damage tolerance assessment of a critical area on a wing front spar 
for the purpose of establishing inspection intervals.  The critical area includes both the spar 
cap and the wing skin.  An airplane finite element model was developed to determine the 
stresses and the critical area was modeled using a standard AFGROW stress intensity factor 
solution.  Verification testing was conducted to validate the life prediction model. 
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Overview of Problem Description 
This problem focuses on a critical area on a wing front spar, shown in Figure UD-1.1 
(photograph), and further described by the drawings of Figures UD-1.2 - UD-1.4.  The 
critical area includes both the spar cap and the wing skin.  The spar cap was fabricated from 
2024-T3511 aluminum and the skin from 2024-T3 aluminum.  The fasteners are 0.25 in 
diameter, and join the cap, skin and fitting.  The specific area is shown in Figure UD-1.4, 
with the expected crack path marked. 

 
 

Critical Area 

 

Figure UD-1.1.  Photograph of Critical Area from Outside Wing. 

 

UDRI-1.2 



 
 

Critical 
Area 

Lower 
Wing Skin

 

Figure UD-1.2.  General Location of Critical Area. 
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Figure UD-1.3.  Structural Detail for Critical Area from Bottom of Wing 
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Figure UD-1.4.  Detail Geometry of Critical Location Shown in Figure UD-1.3. 

 
Structural Model 
A finite element model was used for determining the level of stresses in the critical area.  The 
loading for this geometry is tension. 

Structural Model Details 

If the details of the FE model are important to the problem, the model should be described 
here, using drawings to illustrate the model. 

Model Geometry Description 
The critical crack geometry was modeled as a corner crack from an off-centered hole, with 
the crack growing toward the short side.  The corresponding AFGROW crack geometry 
model is called a single corner crack at a hole, as shown in Figure UD-1.5.  A width (W) of 
2.5 inches was assumed as representative of the distance from the plate edge to the next hole.  
The edge distance (B) is 0.61, thickness (t) is 0.125 and hole radius (D/2) is 0.125 inches.  

Figure UD-1.6 describes the length direction beta factor (K/σ) for several a/c ratios. 
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Model Assumptions 

Some assumptions were made for this analysis.  Most of these assumptions are conservative, 
resulting in a shorter predicted life.  These assumptions include: straight shank hole, open 
hole, no load transfer, no local residual stresses due to cold working, and no retardation.   

 

W = 2.45  in. 
B = 0.61 in. 

 

Figure UD-1.5.  Crack Geometry Model for Stress Intensity Factor. 

 

  

a/c ratio 

Figure UD-1.6.  Surface Length Beta (K/σ) Factor for Corner Crack from a Hole for Several 
Different Crack Aspect Ratios (a/c). 
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Inspection Capabilities and Crack Limits 
The holes in the flange and skin are covered by the wing-fuselage attachment fitting.  With 
the fasteners removed, only the inside of the holes are visible.  Therefore, these areas are 
inspected by X-ray.  With X-ray inspection, the minimum detectable crack size in the field is 
0.5 inch crack. 

Structural Loading and Stress History Description 
The stress spectrum is given in Table UD-1.1 where the flight history is presented as a 
fraction of the maximum spectrum stress (10.7 ksi).  There are 1590 cycles in the spectrum, 
and this represents ten flights.  Each flight is one hour. 

 
Table UD-1.1.  Flight History Data For Problem UDRI-1. 

Step No. Maximum Stress Minimum Stress Cycles 
1 0.45 0.125 333 
2 0.55 0.125 234 
3 0.65 0.125 158 
4 0.85 0.125 52 
5 0.95 0.125 11 
6 1.05 0.125 5 
7 1.15 0.125 1 
8 1.25 0.125 1 
9 0.45 0.125 333 
10 0.55 0.125 234 
11 0.65 0.125 158 
12 0.85 0.125 52 
13 0.95 0.125 11 
14 1.05 0.125 5 
15 1.15 0.125 2 

 
Material Property Description 
The parameters for the Walker equation for the two aluminum alloys are given in Table UD-
1.2, along with other material parameters.  A detailed description as to how Walker constants 
were developed is presented in Section 5. 

Table UD-1.2.  Material Properties and Growth Rate Data. 
Parameter 2024-T3 2024-T3511 
Walker C 9.57 x 10-10 9.57 x 10-10 
Walker n 3.7 3.7 
Walker m 0.32 0.32 
KC 92.0 92.0 
KIC 35.0 46.0 
σY 48.0 54.0 
∆Kth 0.0 2.5 
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Solution Technique 
This type of problem is conveniently solved using AFGROW.  The input file for the 
AFGROW analysis is shown in Table UD-1.3.   

 

Table UD-1.3.  AFGROW Input File for Problem UDRI-1. 
Data Description 

FAF012 
Example Problem 

 

~{Example problem using Walker equation and 
crack at off-centered hole  } 

Description of Problem 

1030 0  
0.05 
0.05 0 
0.05 0 
0.125 
2.5 
1 0 0 0 
0.25 
-1 

Geometry data 

1 0.61  
10500  
0.33  
1.25e-005  
NOENVS  
NORETARD  
1  
1  
NOKMOD  
NOKRES  
WALKER_NEW  
2024-T3 example 
1 
9.57e-010 3.7 0.32 
92 2 
35 -0.3 0.99 48 
0 
NO_INITIATION 

Material Data 

10.7  
0 
SPFILE 
spectrum.sp3 

Spectrum data 
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The spectrum is contained in a separate file named spectrum.sp3, and is shown in Table UD-
1.4.  Each repeat of the defined segment represents ten flights, and each flight represents one 
hour. 

Using AFGROW terminology, the spectrum is entered as a blocked spectrum with one sub-
spectrum.  In this case, the sub-spectrum is the block of stresses given in  
Table UD-1.1. 

 

Table UD-1.4.  AFGROW Sub-Spectrum File for Problem UDRI-1. 
Data Description 

1  15 Sub-spectrum number, number of levels 
0.45 0.125    333 
0.55   0.125    234 
0.75   0.125    158 
0.85   0.125     52 
0.95   0.125     11 
1.05   0.125      5 
1.15   0.125      1 
1.25   0.125      1 
0.45   0.125    333 
0.55   0.125    234 
0.75   0.125    158 
0.85   0.125     52 
0.95   0.125     11 
1.05   0.125      5 
1.15   0.125      2 

Maximum stress, minimum stress, 
number of cycles 

 
 

Results  
Critical crack size/Residual Strength 

Using the Irwin Criterion for fracture, i.e., 

 inksiKcK Ic 92max === πσβ  

This criterion is imbedded in the AFGROW code and is used to determine the critical thru-
thickness crack size (c) = 0.458 inches.  The corner crack transitions into a thru-thickness 
crack at about one-half of the life. 

Life:    

Based on the calculations for growing the crack in AFGROW, the life from initial crack size 
to failure is determined to be 3100 hours.  The results of crack length versus life and crack 
depth versus life are shown in Figures UD-1.7 and UD-1.8, respectively.  The life is given in 
flight hours. 
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Figure UD-1.7.  Crack Length versus Life for Problem UDRI-1. 
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Figure UD-1.8.  Crack Depth versus Life for Problem UDRI-1. 
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Verification of the Life Analysis 
To verify the analysis procedure, four specimens were tested under the operational stress 
spectrum, and these results were compared to the analytical results.  The test specimens were 
designed to represent the localized features that match the actual aircraft structure, seen in 
Figure UD-1.10.  The operational spectrum is given in Table UD-1.1.  The test results are 
summarized in Table UD-1.8. 

The AFGROW program was used to predict the specimen lives.  The results of the analysis 
are also shown in Table UD-1.8.  The predicted results are compared to the analytical results 
with the ratio of predicted life divided by actual life (NP/NA). 

 

 
Figure UD-1.10.  Test Specimen.   

UDRI-1.11 



Table UD-1.8.  Test Results for 2024-T351 C(T) Specimens. 

Specimen 
ID 

Width 
 (in) 

Thickness 
(in) 

Hole 
Diameter

(in) 

Precrack 
Length 

(in) 

Test 
Flights to 
Failure 

(NA) 

Predicted 
Flights to 

Failure (NP) 

N  P 
NA 

5 1.220 0.123 0.250 0.050 2072 1616 0.78 
8 1.221 0.124 0.249 0.050 1844 1697 0.92 

11 1.220 0.124 0.250 0.049 1004 1626 1.62 
12 1.220 0.125 0.250 0.048 2042 1736 0.85 

 

Discussion of NP/NA 

If the NP/NA ratio is equal to 1, then the analysis predicts the actual test results.  If the NP/NA 
ratio is greater than 1, the analysis is unconservative.  If the predicted life is less than the 
actual (NP/NA <1), the analysis is conservative.   

If the ratio is too high or low, i.e. NP/NA=2 or NP/NA=0.5, then the analysis method and 
assumptions should be reviewed to rectify the differences between the experiment and 
analysis 

For these tests, the NP/NA ratios show a good correlation between the test results and 
analysis.  Three of the four tests show that the analysis is conservative. 

Inspection Intervals 
The initial inspection interval is at one-half of the life.  For the predicted life of 3100 hours, 
the first inspection is set at 1550 hours.   

Subsequent inspections are one half the life from NDI field detectable crack size to the 
critical crack size.  However, for this problem, the failure occurs prior to the field detectable 
crack size.   

Force Management Decisions 
Since the critical crack size (af)= 0.458 inch is less than the NDE detectable size (aNDE = 0.5 
inch), the situation precludes the use of multiple inspections.  And the structure must be 
classified as slow crack growth critical.  This means that once the initial inspection period 
has been reached, the life limit of the structure has been reached, i.e., the life is 1550 flights 
(=3100/2).  Alternately, one could use the results to assess different inspection and repair 
options.  For example, if an inspection method can be found that will detect the presence of 
0.005 inch long cracks, then the time between inspections becomes 6575 flights.  Thus, if 
after pulling the fasteners from the holes for the first in-depth inspection, these holes are then 
coldworked, the lives can be extended tremendously, and subsequent inspections might not 
be required. 

Complementary Sensitivity Studies 
• Cold working of holes/compressive residual stresses due to taper-lok. 

• Filled hole load transfer.  
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• Taper-lok holes – one method for accounting for fatigue rated fasteners systems is to start 
the analysis with initial crack size of 0.005 inches.  

• Retardation model (currently using no retardation). 

 



Problem No. UDRI-2 
Title: Structural Risk Assessment for a Discrete Source Damage 

Threat to the Fail Safety Capability of a Stringer 
Objective: 
To illustrate the use of PROF for the calculation of the probability of failure due to 
discrete source damage at a stringer. 

General Description: 
This sample problem illustrates the use of the PROF risk analysis computer program for 
evaluating the fail-safe capability of a wing stringer given a discrete source damage 
event. The probability of failure as a function of flight hours given a two bay crack is 
calculated using data representative of a Boeing 707 JSTARS airframe. An equivalent 
initial flaw size distribution was used to model hole quality for the structure as it enters 
service. The initial flaw size distribution was grown using the crack growth life curve for 
an intact structure under normal operating conditions. Probability of failure was 
calculated using the stress distribution and residual strength of the stringer with the two 
bay discrete source damage event having occurred. The risk analysis was used to estimate 
the number of flight hours for the airframe to reach a probability of failure of 10-4. In 
some applications, the 10-4 failure probability is the maximum acceptable risk for fail 
safety and the flight hours to reach this risk level is the time of the onset of widespread 
fatigue damage. 

Topics Covered: Failure probability, discrete source damage, onset of WFD, 
residual strength, crack size distributions, crack growth life curves 

Type of Structure:  wing stringer 

Relevant Sections of Handbook:  Section 8 

Author:    Peter W. Hovey and Alan P. Berens 
Company Name:  University of Dayton Research Institute 

Structural Integrity Division 
Dayton, OH  45469-0120 

   937-229-4417 
   www.udri.udayton.edu 
Contact Point:  Alan P. Berens 

Phone: 937-229-4475 
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Overview of Problem Description 
The goal in analyzing the effect of widespread fatigue damage (WFD) in the discrete 
source damage (DSD) problem is to evaluate the ability of the structure to complete the 
current mission when a partial structural failure occurs. This analysis is aimed at one of 
two or more structural details that interact by providing a fail-safe capability in the event 
that one or more of the structural details has failed. The evaluation will use the 
conditional single-flight probability of failure, given that DSD is present as the measure 
of this ability. The prototype for this analysis is the ability of the structure to survive the 
sudden appearance of a two-bay crack in the fuselage or wing skin. 

The two-bay crack is a crack that spans two bays in the skin, including the stringer or 
frame between the two bays. The size of two bays is considered an upper bound on the 
damage that would directly result from penetration of an engine blade thrown from the 
engine in an uncontained failure or from battle damage. The concern in this damage 
scenario is whether the crack-stopping structures on either side of the damage will hold 
through the remainder of the mission. The conditional probability that the crack-stopping 
structure will fail, given that the DSD has occurred, provides a measure of the ability of 
the structure to complete the mission. 

Since the flaw size distribution changes in time, the PROF DSD analysis is calculated as 
a function of time. The presence of DSD only affects the structure during the flight in 
which it occurs. Therefore, the same model of the growing crack size population that is 
used in a standard PROF analysis can be used to assess the influence of aging on the 
conditional probability of failure given DSD. The details of the crack growth model are 
given in Berens, et al.[1991]. Because of its severity, DSD, will be detected and repaired 
before the next flight so that a model of crack growth in the presence of DSD is 
unnecessary. 

Example Input Data 
The data from the B-707 teardown inspection performed as part of the JSTARS 
assessment will be used to illustrate the procedures for an analysis of the impact of WFD 
on the fail safety in the presence of DSD using PROF. A detailed description of the data 
and the problems associated with using the B-707 for the JSTARS was given by Lincoln 
[1997]. The example presented here centers on the fail-safety capability of stringer 7 in 
the lower wing skin after stringer 8 and the adjacent wing panels have failed. 

Figure UD-2.1 contains a schematic of the B-707 wing. The left half of Figure UD-2.1 
shows the entire structure and the location of stringer 8 (S8). A cross-section of the skin 
and stringers is shown in the right half of Figure UD-2.1. The example will analyze the 
effect of a break in stringer 8 and the adjacent skins on the large adjacent stringer S7. 

The data were collected and the structural analyses were performed by Boeing under an 
Air Force contract. The data and analysis results were delivered in a series of letter 
reports and in Excel spreadsheets. The data used for this example were extracted from the 
spreadsheets. 
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Figure UD-2.1.  Schematic of the B-707 Wing and Side View of the Skin and Stringer 

Structure [Lincoln, 1997]. 

The structural analyses relevant to the DSD analysis include the crack growth curve, the 
stress exceedance data in the presence of DSD and the residual strength of stringer 7 in 
the presence of DSD. Figure UD-2.2 contains a plot of the crack growth curve; which 
was determined for intact structure under normal conditions. The DSD analysis is not 
concerned with crack growth in the presence of DSD because it is assumed that the DSD 
will be detected and repaired before the next flight. 
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Figure UD-2.2.  Crack Growth Curve for Stringer 7 with All Structure Intact. 

 

Figure UD-2.3 illustrates the analysis of the peak load distribution from the exceedance 
data. The basis for the exceedance data is the spectrum used to generate the crack growth 
curve. The stresses were transformed to account for the damage to stringer 8 and the 
adjacent panels to get the empirical stress versus exceedance probability illustrated by the 
points in Figure UD-2.3. The straight line represents the Gumbel distribution that was fit 
to the data. 

UDRI-2.3 



1E-11

1E-10

1E-09

1E-08

1E-07

1E-06

1E-05

0.0001

0.001

0.01

0.1

1

0 30 60 90 120

Peak Stress per Flight (Ksi)

Empirical Probability
Gumbel Fit

 
Figure UD-2.3.   Peak Stress Distribution with DSD Present. 

The residual strength function is plotted in FigureUD-2.4. The shape of the stringer is 
responsible for the flat region in the residual strength function. The residual strength 
function was derived primarily from the stress intensity curve for the stringer. Modifications 
from the Irwin criterion were required at low crack lengths and at the flat region in the 
middle of the curve. At low crack lengths, the Irwin criterion would push the residual 
strength to infinity, so it was necessary to truncate the residual strength function to the 
maximum material strength. The stress intensity factor actually dips between 0.5 and 1.5 
inches because of the shape of the stringer. The residual strength does not, however, 
decrease, resulting in the flat region in the residual strength function.  
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Figure UD-2.4.  Residual Strength as a Function of Crack Length in Stringer 7. 

The analysis was performed for two different initial crack length distributions. The crack 
length data were collected from an aircraft with 57,382 flight hours. The single-flight 
probability of failure is unacceptably high for the distribution seen in the teardown data. 
Since many of the JSTARS aircraft will have fewer hours, the distribution was adjusted 
to an age of 40,000 flight hours. The two-crack length distribution functions are 
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illustrated in Figure UD-2.5. A lognormal distribution was fit to the upper tail of the 
teardown data and the time adjustment was made by back extrapolating the percentiles 
from the 57,382 distribution using the crack growth curve. 
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Figure UD-2.5.  Comparison of the Flaw Size Density Function at 40,000 Hours with the 

Density Function at 57,382 Hours. 
 

The results of two different PROF DSD analyses are plotted in Figure UD-2.6. The solid 
line represents the analysis using the flaw size distribution from the 57,382-hour aircraft 
as the starting point. The dashed line plots the results from using the flaw size distribution 
adjusted to a 40,000-hour aircraft. The two curves show close agreement in the overlap; 
however, some difference is expected since the time points at which calculations are 
made do not coincide from the two analyses. 

Lincoln [1997] cited 10-7 as the desirable overall single-flight probability of failure and 
an estimated probability of DSD as 10-3. The resultant requirement for the fail-safe 
capability of stringer 7 is 10-4. Clearly, the aircraft at 57,382 hours does not meet this 
requirement. Starting at 40,000 hours, an aircraft will have approximately 16,000 hours 
before the conditional single-flight probability of failure exceeds the 10-4 requirement. 
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Figure UD-2.6.  Comparison of Single-Flight Probability of Failure Starting from 

57,382 Hours versus 40,000 Hours. 
 

The use of the PROF DSD analysis module has been illustrated using data from the B-707 
JSTARS aircraft. The problem of evaluating the fail safety capability of lower wing 
stringers in the B-707 is an example of the prototype DSD analysis. The essential 
elements that made the problem suitable for the PROF DSD module are: 

a) interest in the conditional probability of failure, given that adjacent structural 
elements have failed, 

b) likelihood of failure is increased by the presence of MSD, 

c) prediction of the growth of MSD cracks with time being available, and 

d) analysis of residual strength as a function of MSD crack size being available. 
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Overview of Problem Description 
In the multi-element damage (MED) scenario, two or more structural elements bridge the 
same load path and the damage states of the elements can interact. In this scenario, failure 
of selected combinations of elements may not lead to system failure, but the effects of the 
failures may well lead to changes in the fracture mechanics (loads or geometry factors) of 
the remaining elements. Thus, the probability of system failure changes when the non-
critical elements fail. To evaluate the failure risks of the complete structure, the functional 
interaction of the structural elements must also be taken into account. PROF can provide a 
reasonable approximation to this potentially complex calculation. 

A fault tree type of analysis is first performed to identify all of the interactive states that 
have an affect on the conditions leading to system failure. This step is performed external 
to PROF and may prove to require extensive stress and fracture mechanics analyses. These 
states will represent structural conditions that can be modeled by deterministic crack growth 
analysis. PROF can then be used to calculate the conditional probability of failure, given 
the potential combinations of failed and intact states of the elements. The unconditional 
failure probability of the complete structure is a weighted average of the conditional 
probabilities in which the weights are the probabilities of being in each of the states, i.e., 
the probability that selected elements will have failed. 

It is apparent that there are, potentially, a very large number of possible combinations of 
structural elements that would need to be considered in the analysis of a complex structure. 
From the viewpoint of structural interaction, it is judged that three or four elements will 
generally suffice. For two elements, there are only two basic combinations: the structure 
will fail if either element fails (the elements are in series), or the structure will not fail if 
one of the elements fails (the elements are in parallel). Note in the latter case, that the crack 
growth properties of either element will change upon failure of the other. Even this simple 
multi-element structure would require four PROF runs to be combined. If there are three 
interacting elements, there are a total of five basic combinations of series and parallel 
arrangements, and many more potential analysis combinations that could require PROF 
runs. 

Problem Statement 
Failure occurs at WS405 in the C-141 airframe when the chordwise joint fractures. Since 
the stress levels and crack growth behavior in the chordwise joint are dependent on the 
intact or failed status of both the splice fitting and the beam cap, the risk analysis for 
WS405 must combine conditional fracture probabilities for the relevant combinations of 
the states of the structural details. The probability of failure at this wing station under 
routine operations was previously calculated by Lockheed Aeronautical Systems 
Company (LASC) for a single inspection interval at 31,000 spectrum hours using a 
Monte Carlo analysis [Cochran, et al., 1991]. The data were re-analyzed to demonstrate 
using PROF to calculate the failure risks for the same scenario. 

The input required by PROF was provided by LASC from their evaluation of the failure 
risks at WS405. The input data that were used in the analyses are presented in discussed in 
detail in Berens [1993] and Cochran et al. [1991]. 
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LASC performed extensive finite element analyses of the chordwise joint, splice fitting 
and beam cap at WS405 of the C-141 airframe. The intact or fractured status of the beam 
cap affects the stress levels in both the splice fitting and the chordwise joint. The intact or 
fractured status of the splice fitting also affects the stress levels in the chordwise joint. 
Thus, different crack size versus flight hour relations and different maximum stress per 
flight distributions are needed for the various combinations of intact and fractured beam 
caps and splice fittings. 

Since structural failure at WS405 of the C-141 airframe occurs when the chordwise joint 
fractures, LASC established a fault tree, Figure UD-3.1, which isolated the fracture 
events that need to be evaluated in the calculation of the probability of failure of WS405 
[Cochran, et al., 1991]. The fault tree of Figure UD-3.1 was restructured to demonstrate 
that the WS405 failure probability can be modeled as a weighted average of the 
probability of fracture of the chordwise joint, given the intact or failed status of the splice 
fitting and the beam cap. The weighing factors are the probabilities of the intact or 
fractured status of the splice fitting and the beam cap. The chordwise joint fracture can 
also be visualized in terms of the Venn diagram of Figure UD-3.2 in which the event is 
partitioned four mutually-exclusive sub-events. 
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Figure UD-3.1.  WS405 Fault Tree. 
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Figure UD-3.2.  WS405 Venn Diagram. 

 

Probabilistic Approach 
The probability of failure at WS405 (POF) is given by: 

 

POF =  P{CSF,SFTAC,BCTAC} + P{CSF,SFTAC,BCF} 

 + P{CSF,SFF,BCTAC} + P{CSF,SFF,BCF} 

 =  P{CSF  SFTAC,BCTAC} • P{SFTAC} •P{BCTAC} 

 + P{CSF  SFTAC,BCF} • P{SFTAC} •P{BCF} 

 + P{CSF  SFF,BCTAC} • P{SFF} •P{BCTAC} 

 + P{CSF  SFF,BCF} • P{SFF} •P{BCF}) 

(UD-3.1) 

where 

CSF = chordwise joint fracture 

SFTAC  = splice fitting intact 

SFF = splice fitting fractured 

BCTAC = beam cap intact 

BCF = beam cap fractured 

P{A,B,C} 
= Probability of events A and B and C 
= P{AB,C} • P{B} • P{C} 

P{AB,C} = Conditional probability of event A given the events B and C 
 

Note that because of the effect of the failed or intact effect of the beam cap on the splice 
fitting that  
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P{SFF}  = P{SF | BCTAC} • P{BCTAC} + P{SF|BCF} • P{BCF} (UD-3.2) 

Further, 

P{SFTAC} = 1 – P{SFF} 

P{BCTAC} = 1 – P{BCF}. 
(UD-3.3) 

Time histories of the conditional probability of chordwise joint fracture given the intact or 
failed status of the splice fitting and beam cap were calculated using PROF (with the 
appropriate a versus T and maximum stress per flight distribution). Similarly, the time 
histories of the probability of the splice fitting and beam cap being in an intact or failed 
status were also calculated using PROF. These numbers were combined to calculate the 
unconditional probability of WS405 failure. 

Selected WS405 Risk Analysis Results 
PROF computed the single flight probability of fracture at ten approximately equally 
spaced times throughout each usage interval. The usage intervals were specified in terms 
of spectrum hours from the zero reference time (31,000 spectrum hours in this example) 
and define the times at which the inspection and repair actions are taken. In this risk 
evaluation at WS405 of the C-141, the analyses were performed over two usage intervals 
of 328-hour duration. The reported analyses were run assuming an inspection at the start 
of the analysis (Reference time T = 0 or 31000 spectrum hours). 

PROF also calculates interval probability of fracture, but only at the end of a usage interval. 
For the structural elements and conditions of this example, the probability of fracture was 
dominated by cracks reaching unstable size (about 1 in.) as opposed to an encounter of a 
maximum stress in a flight. That is, the probability of fracture was determined primarily 
from the distributions of crack sizes. As a result, the single flight and interval probabilities 
of fracture were equal (to three significant figures) for the chordwise joint and the beam 
cap. The interval probabilities of fracture for the splice fitting were about five percent 
greater than the single flight fracture probabilities. Therefore, in this application, the 
single-flight fracture probabilities were used for the probabilities of intact and fractured 
status of the splice fitting and beam cap, Equation UD-3.1, in calculating the unconditional 
probability of failure at the ten times in a usage interval. This assumption is expected to 
occur in problems of interest because of the relatively small failure probabilities of risks 
in any realistic problem. 

Sample results from the WS405 analysis are as follows. Figure UD-3.3 presents the 
probability of fracture as a function of spectrum hours for the splice fittings and the beam 
caps. This analysis assumed that maintenance (inspection and repair of detected cracks 
and failures) was performed at T = 0  (31,000 spectrum hours) and a subsequent 
maintenance was performed at 328 hours. The figure displays the relatively high fracture 
probabilities for the splice fittings, even after the maintenance cycle. In the original data, 
approximately 75 percent of the beam caps were in a failed crack size state and these were 
repaired before the failure probability calculations were started. The inspection capability 
assumed in the analysis was not sufficient to find and repair the cracks in the splice 
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fittings. The effect of the failed beam cap on the fracture probability of the splice fitting 
was relatively minor in comparison to other effects. 
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Figure UD-3.3.  Failure Probabilities of Splice Fitting and Beam Cap. 

Figure UD-3.4 presents the conditional probability of failure of the chordwise joint, given 
the intact or fractured status of the splice fitting and beam cap. The unconditional failure 
probability is a weighted average of these conditional probabilities, with the weights 
being determined by the proportion of intact and failed splice fittings and beam caps. 
Figure UD-3.5 displays the chordwise joint (system) unconditional failure probability 
along with the conditional failure probabilities. With the inspection at time zero, the 
intact or failed status of the splice fitting and beam cap had relatively minor effect on the 
failure probability of the system. Figure UD-3.6 compares system probabilities of failure 
for the analyses with and without an inspection at time zero. The effect of the 
maintenance action decreases the failure risks by about a factor of five. 
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Figure UD-3.4.  Conditional Failure Probabilities of Chordwise Joint. 
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Figure UD-3.5.  Unconditional Probability of Failure of Chordwise Joint. 
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Figure UD-3.6.  Unconditional Probability of Failure of Chordwise Joint – 

With and Without Initial Inspection/Repair. 
 

Summary for Multi-Element Damage Example 
The computer code PRobability Of Fracture, PROF, was used to evaluate the probability 
of failure at WS405 of the C-141 aircraft. Failure occurs at this location when the 
chordwise joint fails. The stress levels experienced by the chordwise joint are dependent on 
the failed or intact status of the splice fitting and the beam cap. This multi-element 
analysis was calculated in terms of the failure probability of the chordwise joint, given 
the status of the splice fitting and the beam cap, and the probabilities of the condition of the 
splice fitting and beam cap. The probability of failure at WS405 was calculated for a set of 
conditions comparable to those used in an independent analysis performed at LASC. For 
these conditions, the probability of a failure at WS405 in one wing was less than 2 • 10-4 
during a period of 656 hours of operational usage with an inspection/repair cycle at 328 
hours. 
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Overview of Problem Description 
The example risk analysis of a lap joint with MSD and corrosion is based on data from a 
specimen that is representative of a fuselage lap joint. The lap joint specimens had been 
used in a fatigue test program by Carleton University and the National Research Council 
(NRC) of Canada [Scott,1997; Eastaugh, et al., 1995]. Crack growth predictions for the 
specimens were performed as part of a program to develop an analytical corrosion 
damage assessment framework and the specimen test data were used to verify the 
predictions. The example is presented to demonstrate the risk analysis methodology. 

The specimen, Figure UD-4.1, is constructed of two 1 mm sheets of 2024-T3 clad 
aluminum with three rows of 4 mm 2117-T4 rivets (MS20426AD5-5). The rivet pattern 
has 25.4 mm pitch and row spacing with an edge margin of 9.1 mm. The test specimens 
were 25.4 cm wide with eight fasteners in each row across the width. 
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Figure UD-4.1.  Schematic of Lap Joint Specimen. 

 

Constant amplitude fatigue tests had been conducted at Carleton University on the lap 
joint specimens in non-corroded and corroded conditions with a constant amplitude far 
field stress of 88.9 MPa with R = 0.2. Details of the test procedure and resulting fatigue 
crack growth data are presented in Eastaugh, et al. [1995]. Nine non-corroded specimens 
were tested to failure to provide baseline data for comparison with corrosion specimens. 
Only data from these non-corroded baseline specimen tests are used in this example. 
Histories of crack size versus cycles for all cracks that initiated in the top row of rivet holes 
were recorded during the tests and were available for analysis. Examination of the histories 
showed that 95 percent or more of the joint life was expended when the lead crack reached 
about 9 mm and crack growth became unstable. Further, lead cracks initiated in accordance 
with two dominant scenarios. Scenario 1 is defined as a single crack originating from one 
side of a central hole. Scenario 2 is defined as approximately simultaneous, diametric cracks 
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originating from both sides of a central hole. Subsequent analysis showed significantly 
shorter lives for the double initial cracks. Analysis also showed that assuming both cracks 
were of equal size produced only 5 percent shorter lives than assuming one crack was 
twice the size of the second. Consequently, the assumptions were made that: 

a) joint life is determined by the initiation and growth of lead cracks that originate by 
one of two scenarios, 

b) cracks are of equal size in the double crack scenario, and, 

c) panel is essentially failed when the lead crack reaches 9 mm. 

Because first cracks were simultaneously discovered in different holes in four of the nine 
data sets, there were a total of 13 lead cracks. Eight were from Scenario 1 and five were 
from Scenario 2. For this population of structural elements, it was assumed that 
probability of a randomly selected lap joint having a Scenario 1 lead crack was 8/13 and 
the probability of a randomly selected lap joint having a Scenario 2 lead crack was 5/13.  

Crack growth analyses were performed for both scenarios [Trego, et al., 1998]. Stress 
analysis was performed using FRANC2D/L, a finite element, fracture mechanics analysis 
code with crack propagation capability [Wawryznek & Ingraffea, 1994; Swenson & James, 
1997]. The resulting crack tip stress intensity factor values as a function of crack size were 
then input to the crack growth code AFGROW [Boyd, et al., 1998] for selected degrees of 
corrosion severity. The no-corrosion, constant amplitude peak stress of the baseline fatigue 
tests and crack growth analyses was 88.9 MPa with an R ratio of 0.2. Predicted cyclic life 
from 0.25 mm to 9 mm averaged about 30 percent more than the test data. 

Corrosion severity was modeled in terms of percent of thinning with the attendant increase 
in stress. To reflect corrosion severity, crack growth predictions were made for the 
somewhat arbitrarily selected levels of 0, 2, 5, 8, and 10 percent corrosive thinning by 
proportionate adjustments of the stress levels. 

For the specimen conditions being modeled, the population of lap joint specimens has 
been divided into sub-populations based on combinations of two MSD scenarios and five 
corrosion severity levels. Cracking occurred in the two dominant MSD scenarios whose 
influence on crack growth was exhibited through the stress intensity factor. Corrosion 
severity was characterized by the metric of uniform thickness loss whose influence on 
crack growth is exhibited through the experienced stress levels. Each combination of 
MSD scenario and thickness loss produces a different crack growth analysis so that each 
combination must be individually analyzed in the risk analysis. 

Figure UD-4.2 illustrates the partitioning of the total population of the lap joints into the 
ten sub-populations. Every lap joint must fit into one of the sets of conditions defined by 
MSD scenario and thickness loss. The probability that cracks will initiate under Scenarios 
1 and 2 are p1 (=8/13) and p2 (=5/13), respectively. The probability that a randomly 
selected lap joint will have uniform thickness loss level j is qj. POF(T/Si,Lj) = POFij(T) is 
the probability of fracture as a function of time for the combination of MSD Scenario i 
and thickness loss j. The calculation of the unconditional probability of failure for a 
random lap joint in the fleet for each corrosion severity level is shown in the last column. 
An analogous calculation could be performed across severity levels to obtain composite 
failure probabilities for each MSD scenario. 
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Dominant MSD 
Corrosion 
Severity 

Proportion 
of Joints Scenario 1 

p1 

Scenario 2 
p2 

Composite over MSD 

Thickness Loss 1 q1 POF11(T) POF21(T) p1POF11(T)+p2POF21(T) 
Thickness Loss 2 q2 POF12(T) POF22(T) p1POF12(T)+p2POF22(T) 
Thickness Loss 3 q3 POF13(T) POF23(T) p1POF13(T)+p2POF23(T) 
Thickness Loss 4 q4 POF14(T) POF24(T) p1POF14(T)+p2POF24(T) 
Thickness Loss 5 q5 POF15(T) POF25(T) p1POF15(T)+p2POF25(T) 

POFij(T) = POF(T/Si,Lj) = Probability of failure for Scenario i, Thickness Loss j 
p  = Proportion of lap joints with crack initiating under Scenario i 
qj = Proportion of lap joints with uniform thickness loss at level j 

Figure UD-4.2.  Conditional Failure Probabilities for two MSD Scenarios and Five 
Levels of Uniform Thickness Loss. 

 

An interpretation of the corrosion effects can be made directly from the PROF output. If 
an estimate of the distribution of thickness loss in the fleet is also available, the results of 
the individual runs of PROF can be combined using Equation (UD-4.1) to provide an 
overall fracture probability for a randomly-selected detail. 

POF(T) = Σ POF(T/Ci) • P(Ci) (UD-4.1) 

Further, the distribution of time to reach a fixed fracture probability can be inferred from 
the percentiles associated with the corrosion severity levels. These analyses will be 
demonstrated for corrosion in a representative lap joint. 

It is realized that the risk analysis discussed herein does not account for the stress levels 
increasing as a result of increasing corrosion over the analysis period. At present, there are 
no accepted models for the corrosion damage growth (thickness loss) as a function of time 
so that the crack growth calculations are based on the state of corrosion at the beginning of 
the analysis interval. In reality, the stresses in the spectrum should be slowly increasing. If 
this effect could be accounted for in the deterministic analysis, the crack growth data input 
to PROF would reflect the change. However, the peak stress distribution would need to 
be made more severe at discrete increments. This added complexity could also be 
introduced by adding the additional level of conditioning and performing multiple PROF 
runs for each of the other ten conditions. This added level of conditioning provides insight 
into the total number of different runs that might be required to completely analyze a 
structure. 

It might be noted that in the lap joint example of this paper, the peak stress distribution had 
no effect on the failure probability. The failure of the joint specimen was determined by 
reaching an unstable crack growth state when the lead crack reached 9 mm, a size far 
below the critical crack size for the applied far field stress. 

 

UDRI-4.4 



PROF Input 

The risk analysis for the lap joint corrosion example requires ten individual runs of PROF – 
two MSD scenarios and five stress levels for each of the MSD scenarios. The most 
significant inputs for the runs of this lap joint example are the crack growth projections 
and the initial crack size distribution. The other PROF inputs that reflect the changes 
between runs are the table of stress intensity factor divided by stress (K/σ) as a function 
of crack size and the distribution of peak stresses. These were changed between runs even 
though they had no affect on the results. K/σ came from the FRANC2D/L analysis. The 
peak stress distribution was estimated by a Gumbel extreme value distribution that had a 
mean at the appropriate constant amplitude level and a very small standard deviation to 
reflect the constant amplitude nature of the tests. Fracture toughness for the specimen was 
assumed to be normally distributed, with a mean and standard deviation of 152 and 11.4 
Mpa√m, respectively. Because the example being modeled does not include inspection 
and repair cycles, reasonable, but arbitrary, data were used to define the inspection 
capability and the equivalent repair flaw size distributions. 

The AFGROW crack growth curves for Scenarios 1 and 2 are presented in Figures UD-4.3 
and UD-4.4, respectively. Each figure contains five crack growth curves reflecting the 
five levels of corrosion severity. The shorter crack growth lives from Scenario 2 are 
apparent from a comparison of these figures. 
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Figure UD-4.3.  Crack Size versus Cycles for Scenario 1. 
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Figure UD-4.4.  Crack Size versus Cycles for Scenario 2. 

The initiating flaw size distribution was generated by back calculating from the sizes of 
the first observed lead cracks and their corresponding ages in the specimen test data. The 
back calculation was performed in two steps. First, the no-corrosion crack size versus 
cycles data of Figures UD-4.3 and UD-4.4 were used to determine the time at which each 
lead crack would have reached 0.25 mm. An exponential growth model was then fit to 
each lead crack to estimate an equivalent crack size at 50,000 cycles. Note that the inverse 
of this process returns each of the observed lead cracks to its original size and cycles. 

The times to reach 0.25 mm for the cracks from the two MSD scenarios were statistically 
indistinguishable. Similarly, there was no statistical difference between the equivalent 
lead crack sizes from the two MSD scenarios at 50,000 cycles. The two sets of data were 
pooled to obtain the initiating flaw size distribution. The equivalent crack sizes at 50,000 
cycles were fit with a mixture of two Weibulls as shown in Figure UD-4.5. Also indicated 
in Figure UD-4.5 are the MSD scenarios of origin of the lead cracks. 
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Figure UD-4.5.  Weibull Mixture of Initial Crack Sizes. 

PROF Risk Analysis Results 
Probability of failure as a function of cycles was calculated for each of the ten 
combinations of cracking scenario and corrosion severity. Failure of the lap joint 
specimens was defined as the lead crack exceeding 9 mm, as previously discussed. 
Figures UD-4.6 and UD-4.7 present the failure probabilities as a function of experienced 
cycles for Scenarios 1 and 2, respectively. The failure probabilities behave as expected 
with increased risk of failure at a fixed age for Scenario 2 as compared to Scenario 1, and 
increasing risk of failure as the stress level increases due to corrosion material loss. These 
calculations do not account for any additional corrosive thinning after the start of the 
analysis. 
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Figure UD-4.6.  POF versus Cycles for Scenario 1. 
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Figure UD-4.7.  POF versus Cycles for Scenario 2. 

 

As a gross check on the capability of the risk analysis methodology, Figure UD-4.8 
compares the calculated probability of failure as a function of cycles for 0% corrosion for 
Scenarios 1 and 2 to the observed distributions of failure times. Superimposed on the 
predicted failure probabilities are the observed cumulative distributions of the cycles to 
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failure from the lap joints that were the basis of the analysis. The observed cumulative 
distribution function was obtained by ordering the cycles to failure and dividing the ranks of 
the ordered times by the sample size plus one. That is, 

F(Ti) = i/(n+1) (UD-4.2) 

where i is the rank for Ti, the time at which the ith crack exceeded 9 mm, and n is the number 
of observed cracks that met the definition for the scenario. Sample sizes for Scenarios 1 
and 2 were eight and five, as noted earlier. The differences between the observed and 
predicted probabilities of failure are most likely due to the conservative deterministic life 
predictions or the extrapolation of the crack-size-versus-cycles relation that was required 
to obtain the initiating distribution of crack sizes. 
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Figure UD-4.8.  POF versus Cycles for Scenarios 1 and 2 Showing Comparison with 

Observed Data. 

 

Figures UD-4.6 and UD-4.7 presented the conditional failure probabilities given the 
respective cracking scenario. The unconditional failure probability for a lap joint chosen 
at random from the population being analyzed is calculated as a weighted average of the 
conditional probabilities where the weighting factors are the proportion of specimens, 
which will initiate cracks in the two scenarios. See Equation UD-4.1 and Figure UD-4.2. 
The weighting factors were estimated from the lap joint data in which eight of the 13 lead 
cracks were from Scenario 1 (initial lead crack from one side of the hole) and five of the 
13 were from Scenario 2 (initial lead crack from diametrically opposite sides of the hole). 
Thus, p1 = 8/13 and p2 = 5/13. Using these factors, a comparison of the observed and 
predicted cycles to failure for the composite of the two scenarios without corrosion is 
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shown in Figure UD-4.9. Again, the difference between the predicted and observed 
distributions of cycles to failure displays the somewhat non-conservative risks of the 
predicted failure probabilities. 
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Figure UD-4.9.  POF versus Cycles for Composite of Scenarios 1 and 2 Showing 

Comparison with Observed Data. 
Figure UD-4.10 summarizes the probabilities of failure for a randomly-selected lap joint 
that can have either MSD scenario and is subject to the expected stress history for five 
levels of corrosion severity. These results will be interpreted both in terms of the times to 
reach a defined probability of fracture (POF) and in terms of the relative differences in POF 
at a fixed number of cycles. 
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Figure UD-4.10.  POF versus Cycles for Scenario Composites. 

 

The cycles to reach a fixed POF for the different degrees of corrosion severity can be read 
from Figure UD-4.10 as indicated, for example, at POF equal to 0.001 and 0.0001. 
Assume that the proportion of lap joints in the population that contain each of the five 
degrees of corrosion is known. Then the distribution of the time to reach the POF levels 
can also be inferred. 

To illustrate, three representative distributions of corrosion damage were assumed, as given 
in Table UD-4.1. Mix 1 is symmetric about a five percent material loss. Mix 2 is 
representative of a more severely corroded population. Mix 3 is representative of a less 
severely corroded population and is considered to be more representative of the corrosion 
that would be expected in aircraft. 

Table UD-4.1.  Assumed Distributions of Corrosion Damage. 

Severity Mix 1 Mix 2 Mix 3 

0% 5 5 15 

2% 25 15 40 

5% 40 35 25 

8% 25 35 15 

10% 5 10 5 

Figure UD-4.11 presents a histogram of Mix 3. The corresponding percentage of lap joints 
would be expected to reach the selected POF level in the indicated number of cycles. The 
histogram for cycles to reach POF = 0.0001 for severity Mix 3 is shown in Figure UD-4.12. 
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The cumulative distribution of time to reach the two POF levels for the three distributions 
of corrosion severity are shown in Figure UD-4.13. 
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Figure UD-4.11.  Example Histogram of Levels of Corrosion Damage – Severity Mix 3. 

 

60000 65000 70000 75000 80000 85000 90000
CYCLES TO POF = 0.0001

0.00

0.10

0.20

0.30

0.40

0.50

P
R

O
P

O
R

TI
O

N
 O

F 
JO

IN
TS

Severity Mix 3

5%

15%

25%

40%

15%

 
Figure UD-4.12.  Example Histogram of Cycles to POF = 0.0001 – Severity Mix 3. 
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Figure UD-4.13.  Cumulative Distribution of Cycles to Selected POF – 3 Corrosion 

Severities. 

 

At a fixed number of cycles, the failure risk of a corroded lap joint can significantly 
exceed that of a non-corroded lap joint. To illustrate this difference, Figure UD-4.14 
presents the ratio of failure probabilities for each of the four degrees of corrosion severity 
to that of the non-corroded lap joints. The ratios are presented as a function of the failure 
probability of the non-corroded lap joint. The lap joint failure probability for the severity 
characterized by ten percent thinning can be 70 times greater than that of a non-corroded 
lap joint. If maintenance scheduling were based on keeping the failure probability below 
about 0.0001 to 0.001, a lap joint with ten percent corrosion thinning would have a 25 to 
50 times greater chance of resulting in fracture. 
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Figure UD4-14.  Risk Ratios Normalized to No Corrosion Condition. 

 

MSD/Corrosion Example Summary 
This example demonstrates that it is possible to extend PROF to include probabilistic 
descriptions of the factors which influence fatigue life. In particular, a risk analysis was 
performed for fatigue failures in a representative lap joint in which the crack growth 
calculation was influenced by corrosion thickness loss and two scenarios of MSD. The 
basic approach to the analysis was to use deterministic crack growth calculations for 
different percentiles of the influencing factors in the probability of failure calculations, 
yielding conditional probabilities of failure. The full use of the analysis assumed that 
estimates of the proportion of Scenarios 1 and 2 and an estimage of the proportion of 
lapjoint with the discrete level of corrosive thinning were available, so that the 
conditional failure probabilities can be combined or otherwise interpreted. 

In the lap joint example of this paper, the relative frequency of the two dominant MSD 
scenarios was estimated from data from a test program of the modeled specimen. 
Example distributions of thickness loss were assumed to demonstrate the calculations and 
interpretation. For this example, a ten percent thickness loss increased the failure 
probability by a factor of as much as 70 over the no-corrosion condition. Depending on 
the consequences of failure, inspection intervals based on the no-corrosion stress levels 
could pose a safety issue to corroded joints. The results were also used to demonstrate the 
generation of the distribution of time to a fixed risk. 
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